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Applications of four dimensional matrices to generating
some roughly />-convergent double sequence spaces
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Abstract In [3] Diindar introduced the notion of rough I>-convergence and obtained two
criteria for rough I2-convergence. In the present paper we introduce some new rough ideal
convergent sequence spaces of Musielak-Orlicz functions and four dimensional bounded-
regular matrices. We study some topological and algebraic properties of these spaces. We
also establish some inclusion relations between these spaces. Finally, we examine that
these spaces are normal as well as monotone and sequence algebras.
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1 Introduction

The notion of I-convergence was initially introduced by Kostyrko et al. [9]
as a generalization of statistical convergence [5]. Later on, it was further
investigated from the sequence spaces point of view and linked with the
summability theory by Salat [26], Tripathy and Hazarika [29], Savas and
Das [27] and many others. The concept of rough I-convergence of single
sequences was introduced by Pal et al. [18] which is a generalization of the
earlier concepts namely rough convergence [28] and rough statistical con-
vergence [1] of single sequences. Recently, rough statistical convergence of
double sequences has been introduced by Malik and Maity [12] as a gen-
eralization of rough convergence of double sequences [11] and investigated
some basic properties of this type of convergence and also studied relation
between the set of statistical cluster points and the set of rough limit points
of a double sequence. Recently, the notion of rough Is-convergence for dou-
ble sequences has been introduced by Diindar [3]. So in view of the recent
applications of ideals in the theory of convergence of sequences, it seems
very natural to extend the interesting concept of rough convergence further
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2 Kuldip Raj, Charu Sharma

by using Orlicz functions.

Let X be a non empty set. Then a family of sets I C 2% (Power set of X)
is said to be an ideal if I is additive, that is, A,B €l = AUB € I and if
Ael, BCA=Bel

A non-empty family of sets F' C 2% is said to be a filter on X if and only if
(i) peF

(t7) forall ABe F=ANBeF

(tit) Ae F, ACB=Be€F.

An ideal I C 2% is called non-trivial if T % 2X A non-trivial ideal in I is
called admissible if and only if I D {{z} : z € X}. A non-trivial ideal is
maximal if there does not exist any non-trivial ideal J # I, containing I as
a subset. For each ideal I there is a filter F'(I) corresponding to I, that is,
F(I)={K CN:K°e I}, where K¢ = N\ K.

An Orlicz function M : [0,00) — [0,00) is a continuous, non-decreasing
and convex such that M(0) = 0, M(z) > 0 for x > 0 and M(z) — oc
as r — oo. If convexity of Orlicz function is replaced by M(z + y) <
M (x) + M(y), then this function is called modulus function. Let w denote
the set of all real or complex sequences. Lindenstrauss and Tzafriri [10] used
the idea of Orlicz function to define the following sequence space,

KM—{J;—(LU;C)Ew:gM(Mﬁ) < 00, forsomep>0}

is known as an Orlicz sequence space. The space £, is a Banach space with

the norm -
I|z|| = inf{p >0 ZM(@) < 1}.
k=1 P

A sequence M = (Mj,) of Orlicz functions is said to be Musielak-Orlicz
function (see [16], [17]). A Musielak-Orlicz function M = (M}) is said to
satisfy As-condition if there exist constants a, K > 0 and a sequence
¢ = (cp)2, € l% (the positive cone of ') such that the inequality

My,(2u) < KMy (u) + i

hold for all k € N and u € R", whenever My (u) < a.

By Iy, c and ¢y we denote the classes of all bounded, convergent and null
sequence spaces, respectively. The notion of difference sequence spaces was
introduced by Kizmaz [8] who studied the difference sequence spaces I (4),
¢(A) and ¢o(A). The notion was further generalized by Et and Colak [4] by
introducing the spaces lo(A™), ¢(A™) and co(A™).

Let m be a non-negative integer. Then for Z = ¢, ¢y and I, we have the
following sequence spaces

Z(A™) ={x = (z) e w: (A™xy) € Z},
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Applications of four dimensional matrices 3

where A™z = (A™xy) = (A" oy, — A™ lpy ) and Az, = xy for all
k € N, which is equivalent to the following binomial representation

A"y, = i(*l)v (T) Thyp-

v=0

Taking m = 1, we get the spaces studied by Et and Colak [4]. Similarly, we
can define difference operators on double sequence spaces as:

Az = (Tpg — This1) — (Th1] — Tht1,i41)

=Xk — Thitl — That1,] T Thr1,i41
and
m m—1 m—1 m—1 m—1
Az = A" xpy — A" g — A" g + AT T

For more details about sequence spaces (see [13], [14], [15], [20], [22], [23],
[24]) and references therein.

Let X be a linear space. A function p : X — R is called paranorm if

(1) p(x) > 0 for each z € X,

(17) p(—z) = p(x) for any = € X,

(i) p(z +y) < p(z) + p(y) for any z,y € X,

(i) if (A\y,) is a sequence of scalars with A\, = X as n — oo and (z,) is a
sequence of vectors with p(z, — z) — 0 as n — oo, then p(A,z, — Az) —
0 asn — oo.

A paranorm p for which p(xz) = 0 implies = 0 is called total paranorm on
X and the pair (X, p) is called a total paranormed space. It is well known
that the metric of any linear metric space is given by some total paranorm
(see [30] Theorem 10.4.2, pp. 183).

By the convergence of double sequence x = (x;) we mean the conver-
gence in the Pringsheim sense, i.e. a double sequence = = (zy;) is said to
converges to the limit L in Pringsheim sense (denoted by, P-limz = L)
provided that given e > 0 there exists n € N such that |z — L| < € when-
ever k,l > n (see [21]). We shall write more briefly as P-convergent. If, in
addition, x € [, then x is said to be bounded P-convergent to L. We shall
denote the space of all bounded convergent double sequences by c¢2 . A dou-
ble sequence x = () is said to be bounded if ||z (o0,2) = supy; |2r| < 0.
By (2., we denote the space of all bounded double sequences. Throughout
the paper we take I5 as a nontrivial ideal in N x N.

Definition 1.1 A double sequence (x;) € w is said to be Iy-convergent to
a number L if for every ¢ > 0, {(k,]) € Nx N :|zg — L| > €} € Iy and we
write Is — limxy; = L.

Definition 1.2 A double sequence (rg;) € w is said to be Ia-null if for every
e>0, {(k,]) e Nx N:|zg| > e} € Iy and we write Iy —limzy; = 0.
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4 Kuldip Raj, Charu Sharma

Definition 1.3 A double sequence (xy;) € w is said to be Iz-bounded if there
exists M > 0 such that {(k,l) e Nx N: |zg| > M} € L.

Definition 1.4 A sequence space E is said to be solid or normal if (xzy;) € E
implies oy for all sequence of scalars (o) with |ag| < 1 for all k1.

Definition 1.5 A sequence space E is said to be convergence free if (yx) €
E, whenever (zy) € E and xg; = 0 implies yg; = 0 for all k, 1.

Definition 1.6 A sequence space E is said to be a sequence algebra if
(zriyk) € E whenever (zy) € E and (yg) € E.

Definition 1.7 [19] A double sequence x = (xy;) is said to be rough con-
vergent (r-convergent) to . with the roughness degree r which is denoted by

T — T, provided that
Ve>03 ke e Nkl >ke= |z — x| <7r+e¢,

or equivalent, if
limsup ||zg — .|| < 7.

Definition 1.8 [3] For some given real number r > 0, a double sequence
x = (xg) is said to be rough Is-convergent to x. with the roughness degree

r which is denoted by xy EN Ty provided that
{(k,1) e NXN: ||z — z4|]| > 7 + €} € I,
for every € > 0 or equivalent, if the condition

I — limsup ||zg — x| < 7

18 satisfied. In addition, Ty LN Zx if the inequality ||k — .|| < r+e€ holds
for every e > 0 and almost all k, 1.

Lemma 1.9 [7] Every normal sequence space is monotone.

Let A = (apmri) be a four-dimensional infinite matrix of scalars. For all
m,n € Ny, where Ny := NU {0}, the sum

Ynm = E ApmEl Tkl
k,l

is called the A-means of the double sequence (zx;). A double sequence (xy;)
is said to be A-summable to the limit L if the A-means exist for all m,n in
the sense of Pringsheim’s convergence:

Pq
P- lim Z UnmklThl = Ynm and P- lim  ypu, = L.

P,q—00 n,m—00
k,l=0,0
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Applications of four dimensional matrices 5

A four-dimensional matrix A is said to be bounded-regular (or RH-regular)
if every bounded P-convergent sequence is A-summable to the same limit
and the A-means are also bounded.

The following is a four-dimensional analogue of the well-known Silverman-
Toeplitz theorem [2].

Theorem 1.10 (Robison [25] and Hamilton [6]) The four dimensional ma-
trix A is RH-regular if and only if

(RHy) P-limapmi = 0 for each k and I,

(RHo) P-lm Y Janmu| =1,
k.l

(RH3) P—limz |@nmit| = 0 for each
’m k
(RHy) P-limz |@nmit| = 0 for each k,
7m l
(RH3) Z |@pmii| < oo for all n,m € Ny.
Kl

Let M = (My;) be a Musielak-Orlicz function, p = (pk;) be a bounded
double sequence of real numbers such that pg; > 0 for all k, 1, u = (ug) be a
double sequence of strictly positive real numbers and let A = (aumii) be a
nonnegative four-dimensional bounded-regular matrix. In the present paper
we define the following classes of sequence spaces:

wi[A,M,u,r, A™ pl =

00,00 Am o
{:1: = (wg) {(k,l) ENXN: Y anmm [Mkl(“w
kl=1,1

)"

> T+6}€ I, for some p > 0 and z, € R},

w%O [A, M, u,r, A™ p| =

fomtm {0 emen 3 it 22

kil=1,1

21“—1—6}6 15, for some p >0 },
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6  Kuldip Raj, Charu Sharma

w%x [A’ Mv U, T, Am’p] =

{x:(xkl):3K>0,{(k,l)EN><N: Z anmkl{MM(HW )i|Pkl
k,l=1,1

2r+K}€IQ, forsomep>0andx*€R}

and

wZQOC [A7 Ma u,r, Amap] =

{x = (xp) : {(k:,l) e NxN:sup OOZO:O Gl [Mkl(HUMAp%HﬂpM < oo,

WM 1=1,1
for some p > O}.

The following results are obtained for some special cases:

(1) If we take My (z) = x for all k,l, then the above classes of sequences
are denoted by wi [A,u,r, A™, p], wio [A,u,r, A™ p], w% [A,u,r, A™ p], re-
spectively.

(#3) If (pry) = (1,1,1,...) for all k,1, then we denote the above sequences by
wi [A, M, u,r, A™], wio [A, M, u,r, A, wi [A, M, u,r, A™], respectively.

(#i7) If we take A = (C, 1, 1) in wi [A, M, u,r, A™, p], wio [A, M, u,r, A™, p],
w% [A, M, u,r, A™ p] then these sequences are reduced to w% M, u,r, A™],

wio [Mv u,r, Am]’ w%m [M, u,r, Am]
(iv) Ifr = 0, we gt w} [A, M,u, A™],wf [A, M, u, A™],wf [A, M, u,

A™], respectively.

Throughout the paper, we shall use the following inequality. Let (ax;) and
(bgr) be two double sequences, then

lags + b | < K (Jagg P + |br|P*), (1.1)
where K = max(1,27~1) and suppy = H.
k.l

The main purpose of this paper is to introduce and study some rough
I>-convergent sequence spaces by using four dimensional bounded-regular
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Applications of four dimensional matrices 7

(shortly, RH-regular) matrices and a Musielak-Orlicz functions in more gen-
eral setting. We also make an effort to study some properties like linearity,
paranorm, solidity and some interesting inclusion relations between these
spaces.

2 Main results

Theorem 2.1 Let M = (My;) be a Musielak-Orlicz function, p = (pyi) be a
bounded sequence of strictly positive real numbers and u = (ug;) be a sequence
of strictly positive real numbers. Then the spaces w% [A, M, u, r, A™ p],

wio [A, M, u,r, A™ p] and wim [A, M, u,r, A™ p| are linear spaces over the
complex field C.

Proof. We shall prove the result for the space w?O [A, M, u,r, A™ p] only

and the others can be proved in a similar way. Let x = (zg) and y = (yx)
belongs to w%co [A, M, u,r, A™ p]. Then there exists p; > 0 and py > 0 such

that

00,00 Am kl

Ay = {D NN S anma [t (| ) 5 4 e,

2 P1 2

k,l=1,1

and
00,00 Am Kkl

By ={(k) €NxN: 37 apua [ M (|21 )" 3”6}612'
k,l=1,1 P2 ’

Let «, 8 be any scalars. Then by using the inequality (1.1) and continuity
of the function M = (My,;), we have

ey up A" (g + Byr) ||\ 1P+
> anmst [ M| D]
L= |alp1 + |Blp2

wf s s M (5 D™
— “mkalor + 1Blpe p1

|| p1 |4ﬁ—| |5|PQM Z<H u’”ﬁ;nykl H)Tm

e (e Vg

+D Anmkl [
k

Z

J=1,1

<DKZ
kJl=1,1

s,

+DK Z Anmkl [Mkl< 5
2

k,l=1,1
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8  Kuldip Raj, Charu Sharma

H H
where K = max< 1, lad 18] > }

[alp1+]8]p2 7\ ledpi+Blp2

From the above relation we obtain the following:

= u A™ (axy + Byrr) |\ ]P+
(k1) e NxN: Akl | Mk H H >r+epC
{ kg% [ ( |alp1 + [Blp2 )}

00,00 Am o
{(k,l)eNxN:DK 3 anmk,[Mk,(HuH)]p 27‘—!—6}
P1 2
k,l=1,1

00,00 Am .
U3 (k1) € N X N5 DK S gt [Mig (| 2= )] ™ 2 74 £ 8 € 1o,
ki=1,1 P2 2

This completes the proof. O

Theorem 2.2 Let M = (My;) be a Musielak-Orlicz function, p = (pi) be a

bounded sequence of strictly positive real numbers and u = (ug;) be a sequence

of strictly positive real numbers. Then the spaces w% [A, M, u,r, A™, p],

w? [A,M, u, r, A™ p|] and w% [A, M, u,r, A™ p| are paranormed spaces
0 -

with the paranorm g defined by

oo =it { (9% (3 22272 ) " <

kil=1,1

for some p > 0},

where H = max{r, sup pg; }-

kl

Proof. Clearly, g(—x) = g(x) and g(0) = 0. Let x = (x;) and y = (yx)

belongs to w? [A, M,u,r, A™ p]. Then for every p > 0 we write
)

iy up A Dri B
= 0: (3 w2 )] ) <)

kl=1,1

and

kS

H
<r,.

Ay = {pg >0: ( Oozij Crmi [Mkl<HWlA%H)r“>

ki=1,1 P2
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Applications of four dimensional matrices 9

Let p1 € Ay and ps € As. If p = p1 + po, then we get the following:

( Oio Anmkl {Mkl(Hu“Am(mkl+ykz)H)}pm>

kl=1,1 P

pP1 = Ut A™ Ty ||\ Pr
<( ) 22 o [ ([ =74)
p1+ p2 ( . Z S p1

=11

0,00
: A p
(5 2) (32 v (220 ),

k,l=1,1

Thus, we have

00,00

uklAm il + Ykl Dkl
D (e e I
k,l=1,1 P

and
g(x +y) =inf{(p1+ p2) 7 : p1 € A1, ps € Az}
<inf{(p1)# :p1 € A} +inf{(p2) " : py € Ao}
= g(x) + 9(y).

Let t}}j — t, where ]}, t € C and let g(x}] — x3) — 0 as m — oo. To prove
that g(t7jz]} — txr) — 0 as m — oo. Let ¢y — t, where ¢y, t € C and
g(z}] — xy) — 0 as m — oco. We have

00,00
- U A" Pkt
A3 =qpp>0: E anmkl[Mkl<H7le)} <r
k=11 Pk

and
fading A (g — Pri
Ay=3p>0: ) tnmm [Mkz<HWH)} <ro.
kl=1,1 Pk

If p € As and p) € Ay then by inequality (1.1) and continuity of the
function M = (My;), we have

V(| o 1) = )
[t — tlpr, + [t]py [t —tlpx + [t|py,

up A™ (trg — to)
[t — tlpx + [t o},
e el B )
Tt =tk + [t]p),
el e )
[t — tlpr + ‘ﬂpk -

+Mkz(H
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From the above inequality it follows that

3 (AL ) <
Anmkl kl
Ry " tlpx + 117}

and consequently,

g™y + tx) = inf{([t" — t|pr + |t|Pk)} T pp € Az, p) € Aa}
< I = () € g} 1 it F g € A
< max{1, |t — ¢ Yg(afy) + max{1, |t bg(aff — )
— 0asm — oo.

This completes the proof. O

Theorem 2.3 (i) Let 0 < inf pyy < pgy < 1. Then

wi [A, M, u,r, A™, p|] C wi [A, M, u,r, A™], in[A Mu,r, A™ p] C

w?o [A, M, u,r, A™].

(i1) Let 1 < pp; < suppyy < oo. Then
wi [A, M, u,r, A™] C wi [A, M, u,r, A", p], wio [A, M u,r, A™] C

wio [A, M, u,r, A™, p].
Proof. (i) Let x = (x1) € wi [A, M, u,r, A™, p]. Since 0 < inf pyy < py < 1,
we have

00,00

uklAm.’L‘kl — T
5 2220
kJl=1,1 P
0,00
: uklAm:ckl — Tk Pri
< ) [Mkl(H— )] :
k,i=1,1 P
Therefore,
0,00
) Am — X
{(k,l) ENXN: 3ty [Mk,(HW )} > T+e}
k,i=1,1

00,00 Am .
Cq(k 1) eNxN: Z Anmkl [Mkl("w
k=11 P

" zrechen

The other part can be proved in a similar way.
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Applications of four dimensional matrices 11

(1) Let x = (z) € wi [A, M, u,7, A™]. Since 1 < py < suppy < oo.
Then, for each 0 < € < 1 there exists positive integer ng such that

00,00
U A" T — Ty
Z Akt | My | || —————

)} <e<1 forall n,m>ng.

k=11 P

This implies that

00,00
U A" T — Ty ||\ ]PM

Z Anmkl [Mkl (H—* )}
k=11 P
0,00
’ uklAmxkl — X
< > [Mkl(H—* )}

k=11 P

Therefore, we have

00,00 Am .
{(ka ) eNxN: Z Anmkl [Mkl<Hw
k=11 P

e
|orechen

The other part can be proved in a similar way. This completes the proof.
O

00,00 Am s
C< (k1) eNxN: Z anmkl[Mkz(Hw
k,l=1,1 P

Theorem 2.4 Let M = (My;) be a Musielak-Orlicz function, p = (pgi)
be a bounded sequence of strictly positive real numbers and u = (uy) be a
sequence of strictly positive real numbers. Then

wi [A, Mou,r, A™, p] C wi [A, M, ur, A", p] Cwi[A,M,u,r, A7, pl.

Proof. The inclusion wio [A, M, u,r, A™, p] C wi [A, M, u,r, A™,p] is ob-

vious. Let = = (x) € w% [A, M, u,r, A™, p]. Then there is some number z,

such that
Pkt
)] >r+ e} € Is.

00,00 Am o
{(k:,l) ENxN: Z Anmkl [Mkl(Hw
k=11 P

Now by inequality (1.1), we have
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0,00
’ Ut A™ T ||\ Pr
> | Ma( |5 )
kd=1,1 P
0,00
. U,klAmxkl — Tk Pkt
<D Y anmkl[Mkl(H— )]
k=11 P
faing x Pkt
+D ) anmkl[Mkl(‘i )} :
k=11 P

This implies that x = (zg) € w% [A, M, u,r, A™ p]. This completes the
proof. O

Theorem 2.5 Let M = (M) and M’ = (M},) be Musielak-Orlicz func-
tions. Then

w? [A, M u,r, A™, p] ﬂw% [A, M Ju,r, A p] C w% [A, M+ M Ju,r, A™, p].

Proof. Let x = (zx1) € wi [A, M, u,r, A", p] Nw} [A, M, u,r, A™, p] using
the inequality (1.1), we have

0,00
: uklAmCCkl — X Pri
> pm [(Mk:l +M’I€l)(H—* )]
kJl=1,1 P
0,00
: U AT — Tk U A Ty — T ||\ ] PR

= 3w M ([P ) i (=)

k,l=1,1 P P

0,00
: U A" Ty — T ||\ PR
< D{ S [ (| A2 2
k=11 P

00,00
Z ;|| Ukt AT TR — T
+ Anmkl Mk;l
kl=1,1 p

I

Thus, z = (xy) € w% [A, M + M u,r, A™ p]. This completes the proof.
O

Theorem 2.6 Let M = (My;) be a Musielak-Orlicz function which satisfies
the Ag-condition. Then w% [A,u,r, A™ p| C w% [A, M, u,m, A™, p].

Proof. Let x = (zx1) € wi [A,u,r, A™, p], that is,

00,00 Am -
{(k:,l) eNxN: 3 anmk,[(Hw
k,l=1,1 P

Pkl
)} zr—i—e} € I.
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Applications of four dimensional matrices 13

Let € > 0 and choose § with 0 < § < 1 such that My (t) < e for 0 <t <.

Write gy = (|| 2™ ze—c.

) and consider

)
= Pri
> nm [Mkl(ykl)}
kJl=1,1
Pri Pri
= Y [Mkl(ykl)} + Y i [Mkl(ykl)}
Kl |yn | <6 ki |y >6
Pri
=e > tpmmt Y anmkl[Mkl(ykl)} ,
Feyl:yre | <6 kL |y | >0

For yi; > §, we use the fact that yi; < % <1+ %. Hence,

My (2
Mi(ynr) <Mkl(1+%> - k;( )

Since M satisfies the As-condition, we have

1 Ykl
M (2—)
tgMu{=75

Y Y Y
Mig(yr) < K25 My (2) + K 2% My (2) = K 72 M (2),

26 26 1)
and hence,
Pkl
> [Mkl(ykl)}
k,l:|yri|>6

My . X U A Ty — Tk
o R (L

) )

I

Since A is RH-regular and 2 € w3 [A,u,r, A™,p], we get x € w} [A, M,
u,r, A™ pl. O

Theorem 2.7 Let M = (Myy) be a Musielak-Orlicz function, A = (anmki)
be a nonnegative four-dimensional RH-reqular matriz such that

= Mi(2)
sup Z Apmikl < 00 and B = lim TR < 0. Then
M L 1=0,0 foo

wi [Av u, T, Amap] = wi [A7 M7 u,r, Amap]

Proof. In order to prove that wi [A, u,r, A™ p] = wi [A, M, u,r, A™, p]. Tt
is sufficient to show that wj [A, M, u,r, A™,p] C w} [A,u,r, A™, p]. Now,
let 8 > 0. By definition of 3, we have My, (t) > St for all t > 0. Since 8 > 0,
we have t < %Mkl(t) for all ¢ > 0. Let © = (zp) € wi[A,M,u,r, A™ pl.
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Thus, we have

00,00

Z — [(H U A™ Ty — Tk

kJl=1,1 P

)"

0,00
U AT — T
Z Anmk [Mkl (Hf

)"

which implies that x = (zy) € w? [A,u,r, A™ p|. This completes the proof.
5 :

Theorem 2.8 The spaces wio [A, M, u,r, A™, p] and w? [A, M, u,r, A™, p]
are normal as well as monotone.

QM—‘

Proof. We shall prove the result for wio [A, M u,r, A™ p|. Let = (zy) €
wio [A, M, u,r, A™ pl, then we have

(CEEEEEED S T () e

) )

Let (ay) be a sequence scalar with |ay| <1 for all k,I. Then we get

00,00

apup A x D
>~ ot [ M (| )]
p

k,l=1,1

B )

00,00

S I et

k=11

A

)

5 o P2

k,l=1,1

IN

The spaces w? [A, M,u,r, A™, p] is normal and hence monotone follows
cg
from Lemma 1.9. Similarly, we can prove other. 0O

Theorem 2.9 The sequence spaces w? [A, M, u,r, A™, p| and w? [A, M,
c 0

u,r, A™, p] are sequence algebras.

Proof. Let x = (zy;) and y = (yx;) belongs to w%C[A,M,u,T, A™ p|. Let
€ > 0 be given. Then

Ae) =

00,00 Am .
{(kJ) € NxN: Z Anmkl [Mkz(Hw
kyi=1,1 P

Pkl
)] 2r+e} € I,

306



Applications of four dimensional matrices 15

B(e) =
<~ AT — Tk Pt
(k) ENxN: Y- anmkl[Mle‘M ) zrteb et
k=11 P
and
00,00 Am . .
C(e) =13 (k,1) e Nx N: Z - {Mkl(Hukl (xkpzykz) T )]p
ki=1,1

>r+4e, € Is.

Now it can be easily shown that C(e) C A(e) U B(e) and C(e) € wi [A, M,
u,r, A™ pl. O

Theorem 2.10 The spaces w3 [A, M, u,r, A™, p] and wio [A, M,u, T,
A™ pl are not convergence free in general.

Proof. The proof is easy so we omit it. O
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