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The periods of the k-step Fibonacci and k-step Pell
sequences in Do, X Zgi and Doy, X, Zgy:
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Abstract The direct product D2, X Z,: and the semidirect product D2, X, Z,i for
n, ¢ > 3 are defined by the presentations

D2n X Z2i = <$,y,2 : xz = y" = (my)2 = Zzyi = [z,z] = [y’ Z} = €>

and

Doy X Zgi = <a:,y, zia = y" = (avy)2 =% = e, 2 taza = e, z_lyzy = e> ,

respectively. In this paper, we obtain the periods of the k-nacci sequences and the gener-
alized order-k Pell sequences in the direct product Da,, X Zs: and the semidirect product
D2y X Zgi for n, i > 3.
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1 Introduction and preliminaries

The recurrence sequences in groups was firstly studied by Wall [18] who
calculated the periods of the Fibonacci sequences in cyclic groups. As a
natural generalization of the problem, Wilcox [19] investigated the Fibonacci
lenghts to abelian groups. In [3] the Fibonacci length of a 2-generator group
is defined, thus extending the idea of forming a sequence of group elements
based on a Fibonacci-like recurrence relation first introduced by Wall in [18].
The theory has been expanded to nilpotent groups, see for example [1,16].
Campbell et al. [2] examined the Fibonacci lengths of D, , i > 1 where Do,
is the dihedral group of order 2n. Knox [14] proved that the periods of the
k-nacci (k-step Fibonacci) sequences in dihedral groups were equal to 2k+2 .
Lii and Wang [15] contributed to the study of the Wall number for the k-step
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Fibonacci sequence. Falcon and Plaza [10] examined the periods k-Fibonacci
sequences modulo m. Deveci and Karaduman [8] calculated the periods of
the k-nacci sequences in the semidircet product Q2 X Zay,. Deveci and
Karaduman [6] expanded the concept to Pell sequences. Recently, many
authors have studied some special linear recurrence sequences in groups;
see for example, [5,7,12,17].

Let fy(Lk) denote the nth number of the k-step Fibonacci sequence defined as

k

=3P forn >k (1.1)

Jj=1

with boundary conditions fi(k) =0for 1 <i <k and f]gk) = 1. Reducing
this sequence by a modulus m, we can get a repeating sequence, which we
denote by

f(k,m) = (fl(km”v f2(k7m)v-"v fr(Lhm)»"')a

where f\"™ = ") (mod m). We then have that (fl(k’m), Flkm) - ,f,gk’m)>

=(0,0,...0,1) and it has the same recurrence relation as in (1.1).
For more information see [15].

Theorem 1.1 f (k,m) is a periodic sequence [15].

Let hg (m) denote the smallest period of f(k,m), called the period of
f (k,m) or the Wall number of the k-step Fibonacci sequence modulo m. It
is important to note that hy (2) =k + 1.

For more information see [15].

Definition 1.2 A k-nacci sequence in a finite group is a sequence of group
elements xo, 1, ..., Ty, ... for which, given an initial (seed) set xo, ..., xj_1,
each element is defined by

 Jzox1 T for j <n <k,
Tn = Tk Tp—k+1 " Tn—1 forn > k.
We also require that the initial elements of the sequence, xo,...,2;_1,
generate the group, thus forcing the k-nacci sequence to reflect the structure
of the group. The k-nacci sequence of a group generated by xo,...,z;_1 is

denoted by Fi(G;xo,...,xj-1) [14].

It is well-known that a sequence of group elements is periodic if, after a cer-
tain point, it consists only of repetitions of a fixed subsequence. The number
of elements in the repeating subsequence is the period of the sequence.

Theorem 1.3 A k-nacci sequence in finite group is simply periodic [14].
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In [14], Knox had denoted the period of the sequence Fj(G;xo,...,xj_1)
by Pi(G;xo,...,xj-1).

In [13], Kili¢ and Tagci defined the k sequences of the generalized order-k
Pell numbers as follows:

forn>0and 1 <i<k

Pi=2P 4+ P _,4---+P (1.2)
with initial conditions

i J1 ifn=1-—4,
Py = {0 otherwise, forl—k<n<0,
where P! is the nthterm of the ith sequence. If k = 2, the generalized order-k
Pell sequence, {P,’f}, is reduced to the usual Pell sequence, {P,}.
Reducing the generalized order-k Pell sequence by a modulus m, we can get
a repeating sequence, denoted by

kom | k.m k.m k,m k.m k,m k,m
{P }_{Pl_k,PZ_k,...,PO ,phm phm o ph }

where PP™ = P* (mod m). It has the same recurrence relation as in (1.2).
For more information see [6].

Theorem 1.4 {P"™}is a periodic sequence [6].

Let the notation APy (m) denotes the smallest period of {Pk’m}, called the
period of the generalized order-k Pell sequence modulo m. When k& = 2,
hPs (m) is the period of the Pell sequence modulo m [6].

Definition 1.5 A generalized order-k Pell sequence in a finite group is a se-
quence of group elements To, X1, ..., Ty, ... for which, given an initial (seed)
set xg,...,xj_1, each element is defined by

. { 2oz (Tn1)” 2forj§n<k,
" =
Tk Tp—k+1 - (Tn—1)® forn > k.

It is required that the initial elements of the sequence, xo, ..., z;_1, gener-
ate the group, thus, forcing the generalized order-k Pell sequence to reflect
the structure of the group. We denote the generalized order-k Pell sequence
of a group G generated by zo,...,z;—1 by Qk (G;xo,...,zj—1) [6].

Theorem 1.6 A generalized order-k Pell sequence in a finite group is peri-
odic [6].

In [6], Deveci and Karaduman had denoted the period of the sequence
Qk (G;‘TOa REE xj—l) by Peer (G;:L’Oa LR xj—l)-

From the definitions it is clear that the periods of both the k-nacci sequence
and the generalized order-k Pell sequence in a group depend on the chosen
generating set and the order in which the assignments of xg, 1, z2,...,2;_1
are made.
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2 Main results and proofs

We use the natural generating set for Day,, as in [4], defined as satisfying
Dy, = <x, y:al =yt = (a:y)2 = e>. This is extended to direct product by
using the following well known method of construction:

IfGl = <A : R1> and GQ = <B . R2>, then Gl XG2 = <A,B : R]_, RQ, [A,BD
where [A, B] = {[a,b] : a € A, b€ B}, see [11].

The direct product Da, X Zsi, (n, i > 3) is defined by the presentation
Do x Ly = (w2 2% =y = (ay)” = 2% = [w,2] = [y, 2] = e)
The usual notation G X, G is used for the semidirect product of the group
G1 by G, where ¢ : Go — Aut (G1) is a homomorphism such that by = ¢y

and ¢p : G — G is an element Aut (G1).

The semidirect product Day, X, Zsi, (n, @ > 3) is defined by the presentation
Doy X Ligi = <x, Y,z al=y"= (:L”y)2 =2 =e, z lzzr=e, zilyzy:e> )
Where if Zg: = (z), then ¢ : Zgi — Aut (Day,) is a homomorphism such that
20 = .; @, : Doy — Do, is defined by ¢, = x and yp, = y~!.

For more information see [9].

Theorem 2.1 The periods of the k-nacci sequences in the direct product
Doy X Zoi, (n, i > 3) are as follows: }

i. Py(Daop X Zoi; 3y, 2) = lem [ho (2') , ho (n)], the least common multiple
of the hy (2') and the hs (n).

ti. If k > 3, then Py(Dap X Zoi;x,y,2) =

Proof. We first note that in the group defined

lcm[Qi, n] (k+1)
—_—

2i

(myzia® =y = (ay)’ = 2% =[w,2] = [y, 5] = ),

xz = zx and yz = zy.
i. If K = 2, we have the sequence

_ _ _ _ 2 _ 3,2
To=T, T1 =Y, T2 =2, T3 =Yz, T4 = 27Y, T5 = 27Y",

_ 5,3 _ 8,5 _ 13,8 _ 21,13 _ 34,21
Te ==Y, Ty =2"Y", LZg=2""Y, L9 =2""Y ", LT10 =2 Y "y....

From this sequence we obtain a subsequence as follow:

_ _ _ _ 2 _ 3,2 _ 5,3
a =Y, G2 =%z, Az =Yz, a4 = 27Y, a5 = 27Y~,46 = 27Y",

— 8,5 — 13,8 — 21,13 — 34,21
ar =27Y", ag =277y, a9 = 27y, 410 = 2TY T, ..

In fact it is easy to see that the 2-nacci sequence conforms to the following
pattern:

2 2
f{+jl yf{ j’
2 2
ft,+2 yff,+1 .

at41 = 2

aty2 = 2
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The periods of the k-step Fibonacci and k-step Pell sequences 5

We need the smallest ¢, satisfying a;y1 = y and as42 = 2z . Letting

lem [hg (21) ,hz (TL)] = q,

then we have 2l| fa-l—l’ n| fa+17 P =1mod 2, £% =1modn, fa+2 =

1 mod 2¢ and f o = 1 mod n (where by 2l| fa+1 we mean that 2 divides

fﬁzﬂ If we choose t = «, then we obtain Ga+1 = Yy and aqq2 = 2. SO we
get Po(Dap X Zgi; x,y, z) = lem [hy (2°) , ha (n)].
ii. If k£ = 3, then we have the sequence

_ _ _ _ _ .2
To =T, X1 =Y, T2 =2, X3 = TY=, T4 = 2",
Ts5 = z4y_1, xg = 2"y "%, w7 = 2PyPa, xg = 2,
_ _ 81,4 — 3136,
zg = 2* 73/7 Tio=2"Y", yL1e = 2
_ 5768 10609, 8 410744
5617—27 Y, x18 = 2 v, 7--7$24 Z 367,
_ 755476 _ 138953712 _ 53798080
To5 = 2 Y, T26 = 2 37J yooey 32 =2 Z,
_ 98950096 _ ,181997601,,18
X33 = 2 Y, T34 = =2 Yy ...
Using the above, the 3-nacci sequence becomes:
_ L T4u Lduq L %dugq2+], da
Tag =2t °F, Tagtl = 2t oy, Tagqpo = 2t o2yt L

Where tisodd and @ € N such that a=27.t and u,, Ugt+1, Uat2 € N

such that lem [ug, Ua+t1, Uat+e] = 1. We need the smallest «, satisfying
= — _ _ lem[2¢, n]
Tag = T, Tagy1 = Y and Tag42 = 2. If we choose a = —5-—, then we

obtain Tgiem2i, n) = T, Tolem([2i, nl+1 = Y and Tolem[2i, nj4+2 = 2. SO we get
Pi(Dop X Zoi;x,y, z) = 2lem [21, n).
If £ > 4, we have the sequence

To =%, T1 =Y, T2 = 2, T3 = TYZ,

2 2k=3 k=2
x4:z,...,mk:z ) Thil =27 T,
_ 2kt _ L 2k—1, -2 L28H1-3, 3.
Tkt+2 = 2 22/ $k+3 < 3@/ S Lh+4 = yx,
_ ,2FT2_24 _ 2kt8_225
Th45 z ohen o) aék‘—&-ﬁ_z ARSI
_ L 22k—2_ok=3 _ 22kl k=2 (k4
Tok+1 = 2 y L2k42 = % (k+1)y
_ 2%k okl (k42 _ 2%kl ok (k4+3)+1,,4
Lok+3 = 2 (+)y,x2k+4—z (+)+y,....
Using the above, the k-nacci sequence becomes:
74T, 47,
Ta(2k+2)—k+3 = 2t 5 Ta(2k+2)—k+d = 2t TH L,
L47,, L4,
Ta2kt2)-1 = 2 L Dokt = 200 T,
Xdeqt1 45a+2+1 4a
e

Ta(2k4+2)41 = < Y, Ta(2k42)42 = #¢ Y

where ¢ is a positive odd integer and « is a positive integer such that a= 27.¢,

Tay Ta+ls- -+ Tatk—4; €as €atl; €at2 € N

and
lem [Taa Ta+1s-++ Tatk—4; €as €a+1, 5a+2] =1.
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We need the smallest a, satisfying zo2k42)—1=€, Ta(2k+2) =T, Ta(2k+2)+1
= yand To(2k42)+2 = 2, where k —3 < [ < 1. If we choose a = w,
then we obtain

Liem2i, n](k+1) I = €y Tiem|2i, n](k+1) — L)
- 2 -2

xlcm[Qi,;](k+1)+1 =Y and mlcm[2i,;](k+1)+2 = z.

1cm[2i, n] (k+1)

So we get Py(Dap X Zoi;x,y, 2) = 2

Theorem 2.2 The periods of the k-nacci sequences in the semidirect product
Doy, X Zoi, (n, i > 3) are as follows:
1. P273(D2n X ng;x, Y, Z) = h273 (27‘)
1. P4)5(D2n ch Zgi;x,y, Z) = w
iii. Let k > 6.
i, If there is no w € [3, k — 3] such that w is an odd factor of n, then
lem| 21 (k+1)
Pk(DQn Xy Zyisz,y, 2) = 2 lERD
. Let )\ be the biggest odd factor of nin [3, k — 3], then two cases occur:
1. If X397 ¢ [3, k — 3] for j €N, then

lem 2, n] (k+ 1) A
5 :

Pk(DZn X Zzi;Q?,y,Z) =

2. If p is the biggest odd number which is in [3, k — 3] and u = A3/ for
7 €N, then

lem [20, n] (k+1)
2

Pk:(D2n X Z2i;x>yaz) =

Proof. We first note that in the group defined

Doy, X Zgi = <x,y, z: m2:y”:(xy)2:22i —e, z lzzr=ce, zilyzy:e> ,

vy =y 'z, rz=zzx and yz = 2y~

i. If £k = 2, we have the sequence

1

_ _ _ _ _ 2,1
To =T, T1 =Y, T2 =2, T3 =Yz, T4 =27Y ~,

_ 3,2 _ .5,—1 _ .8 _ 13 _ 21
r5=20y"%, xe = 2y, wr =2y, g = 20, g =y2?, ...

The 2-nacci sequence can be said to form layers of length 6. Using the above,
the 2-nacci sequence becomes:

2 2
f() f()

Tea4+1 = 2701y, Teata = 276
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We need the smallest «, satisfying x¢o1 = y and zeat2 = 2. If we choose
a = 272 we obtain that

2 o
Tgoi-241 = 2 6.21-2 419 Tg.oi-242 = 2 6.21-242

Since hy (2') = 2°"Lhy (2) = 27713 = 6.2, we have 2/| £} ., and

fé'ZQ)i72+2 = 1 mod 2'. Thus, zg241 = yand Tgai219 = z that is
Po(Dan B ) = o (2) = 213

If k£ = 3, we have the sequence

— — _ _ 2,2
To =T, X1 =Y, T2 =2, L3 = LYz, T4 = 2°TY -,

_ 4,1 7,2 _ 13 _ 24
Ty ==Y s Te=2Y = Ty =YLz, I8 = 27X,
_ 4 _ 81 _ 149
Tg =2Y, 10 =%, T11 = TYZ yee e
The 3-nacci sequence can be said to form layers of length 8. Using the above,
the 3-nacci sequence becomes:

@ £® @
Tgo = 2'8T1T, Tga41 = 278F2Y, Tga4a = 27813, ...

We need the smallest o, satisfying zsq, = 2, Tgat1 = ¥ and zga42 = 2. If
we choose a = 2'72, we obtain that

£ ey e
Trgoi-2 = 2 8‘21724“11', Trgoi-241 = 2 8.21*2+2y7 Trgoi-242 = 2 8.20=243 |
Since
hs (2') =271 hs (2) =214 =822,
we have 2i| fé.:)’Q)L_QH, Zi‘ féz)i_2+2 and féz)i_2+3 =1 mod2’ . Thus, zgqi-2 =

x, Tgoi-241 =y and xggi-249 = 2 that is P3(Day, X, Zoi;x,y,2) = hs (2’) =
2i=1 4.
ii. The proof is similar to the proof of Theorem 2.1.ii. and is omitted.
iii. If kK > 6, we have the sequence

To =T, X1 =Y, T2 =2, T3 = TY=z,

Ty = 229727 T5 = Z4y747 Te = Zsy787 sy

v =22y e =ay T e =22y,
Tkt3 = ZQk_ly_27 Thtda = zz? 3

Ty = 2k+2_9 4yl Thto = 2813225 2

Tops1 = Z22’c*272’~‘*3.ky4191’ Topyo = 222k7172k*2.(k+1)xy41927
Tokys = z22k_2k—1_(k+2)y7 Tokhyq = 222k+1_2k.(k+3)+lz’ o
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where 91, 95 € N. Using the above, the k — nacci sequence becomes:

To(2k42)—k+3 = 2 4Bay
Ta(2k+2)—k+4 = 204Ba+1 y80¢2+4a,
To(2k+2)—k+5 = Za46a+2y4’ua7 o
Ta(2k42)—1 = 204Boti—agMVati-s
La(2k+2) = Za4’8a+k*3xy4va+k75’
To(2k4+2)+1 = 204Patk-2q
To(2k+2)4+2 = 504Batk-1 5 ’

where t is a positive odd integer and « is a positive integer such that a= 27.¢,

Bom ﬁa-l—la .. '76a+k—17 Vay Va+1;s -+ Va+k—5 S N)

lCI’I’l [ﬁaa ﬁa—}—la -y /Ba—i-kfl] =1

and
lem [Ua, Va+1; - - ->Ua+kf5] =1.

We need the smallest «, satisfying zqar42)-1 = €, Ta(2k+2) = T, Ta(2k+2)+1
=y and Ty (ok42)+2 = 2, Where k —3 <1 < 1.
i’. The proof is similar to the proof of Theorem 2.2.ii. and is omitted.
ii’. Let A be the biggest odd factor of n is [3, k — 3], then two cases occur:
1. If A37 ¢ [3, k — 3] for j € N, then we obtain

T rem[2i, n](k+l)A . = €, Tiem[2i, n](k+1)x — L)
lem|2%, nj(k+ DA P A

T tom[2 1 =y and Ticmfoi, n](rt1 =z
(2} 2]<k+ LYY [ 2](k+ LD

M So we get Pp(Dop X Zoi; 2,4, 2) = M
2. If pis the biggest odd number which is in [3, k — 3] and u = \.37 for

j € N, then we obtain

for a =

L em[2i, n](k+1)p . = €, Liem[2i, n](k+1)p — L
- 2 - 2
xlcm[Qi. z}(k«}»l)p,_l_l - y a’nd xlcm[zi. g](k+1)p+2 =z

’ lem |2 k
for o = %. So we get Py(Dap X Zoi;x,y, 2) = W O

Theorem 2.3 The periods of the generalized order-k Pell sequences in the
direct product Doy, X Zoi, (n, i > 3) are as follows:

i. PerQa(Dap X Zai;x,y, z) = lem [hPQ (21) ,hPs (n )]

G If k>3, then PerQy(Dan X Zov:z,y,2) = 2 nhPe@
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Theorem 2.4 The periods of the generalized order-k Pell sequences in the
semidirect product Doy, X, Zoi, (n, i > 3) are as follows:
i. PerQa3(Dan Xy Lo x,y,2) = hPa3 (27)

.. m|2!, n|hPy
1. PBT‘Q475(D2n X ZQi;x,y’z) — M

211. Let k > 6.
i’ If there is no w € [3, k — 3] such that w is an odd factor of n, then

lem [21, n] hPy (2)
5 :

1’. Let A be the biggest odd factor of n in [3, k — 3], then two cases occur:
1. If N3 ¢ [3, k—=3] for j € N, then PerQp(Day Xy Zoi;x,y,2) =
lcrn[Zi7 n]th, (2)A

Peer(DQH X Z2i§$,yvz> =

2 ‘
2. If p is the biggest odd number which is in [3, k — 3] and p = A3? for
j €N, then

lem [21, n| hPy (2) p
5 .

The proofs of the Theorem 2.3 and Theorem 2.4 are similar to the proofs
of Theorem 2.1 and Theorem 2.2, respectively and are omitted.

Peer(DQn X ZQi;xayvz) =
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