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On matrices with the Pell, Pell-Lucas, k−Pell and
k−Pell-Lucas quaternions
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Abstract In this paper, for any positive real number k, we introduce the k−Pell and
k−Pell-Lucas quaternions and we consider certain matrices whose entries are Pell, Pell-
Lucas, k−Pell and k−Pell-Lucas quaternions. We investigate the g−circulant, right circu-
lant, left circulant and a special kind of a tridiagonal matrices whose entries are elements
of these sequences. We present the determinant of these matrices and with the tridiagonal
matrices we show that the determinant is equal to the nth term of the Pell, Pell-Lucas,
k−Pell and k−Pell-Lucas quaternion sequences.
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1 Introduction and background

Recently we find in the literature several research involving the study of
sequences of quaternions defined by recurrence relations of second order.
For example, the Fibonacci quaternions have been studied in several papers
(see, for example, [15], [18], [20] and [21]). Also some generalizations of
the Fibonacci quaternions have been presented in the literature (see, for
example, [1], [11], [27] and [32]). Properties of the Fibonacci and Lucas
quaternions can be found in [16] and [21] and different types of sequences
of quaternions have been exploited by several authors (see, for example, [5],
[11], [15], [26], [27] and [31]).

The Pell sequence {Pn}∞n=0 is a sequence of nonnegative integers defined
recursively by

Pn+1 = 2Pn + Pn−1, (1.1)

with the initial conditions P0 = 0 and P1 = 1.
Also the Pell-Lucas sequence {Qn}∞n=0 is a sequence of nonnegative inte-

gers defined by
Qn+1 = 2Qn +Qn−1,
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with the initial conditions Q0 = Q1 = 2. The Pell and Pell-Lucas sequences
have also been studied by several authors (see, for example, [2], [8], [14] and
[17]).

For any positive real number k, a generalization of these sequences are
the k−Pell and k−Pell-Lucas sequences defined by

Pk,0 = 0, Pk,1 = 1, Pk,n+1 = 2Pk,n + kPk,n−1, n ≥ 1,

Qk,0 = Qk,1 = 2, Qk,n+1 = 2Qk,n + kQk,n−1, n ≥ 1,

respectively. For more details about these sequences see [4], [6] and [8].
The quaternion was formally introduced by W. R. Hamilton in 1843 and

some background about this type of hypercomplex numbers can be found,
for example, in [7] and [36]. A quaternion q is defined by

q = q0 + q1i1 + q2i2 + q3i3,

where q0, q1, q2, q3 ∈ R and i1, i2 and i3 are complex operators such that
i21 = i22 = i23 = −1, i1i2 = −i2i1 = i3, i2i3 = −i3i2 = i1, i3i1 = −i1i3 = i2
and i1i2i3 = −1.

The algebra H of quaternions is a four-dimensional that is a noncommu-
tative R−algebra generated by four base elements e0 ∼= 1, e1 ∼= i1, e2 ∼= i2
and e3 ∼= i3 that satisfy the following rules e2l = −1, l ∈ {1, 2, 3}; emen =
−enem = βmnet, m 6= n, m, n ∈ {1, 2, 3}, where βmn and et are uniquely
determined by em and en.

Using the sequence of Pell quaternions and Pell-Lucas quaternions studied
by Szynal-Liana and W loch in [31], we continue the study of these quater-
nions using certain type of matrices whose entries are exactly elements of
these quaternion sequences. We consider two types of matrices: circulant
matrices (g−circulant, right and left circulant) and tridiagonal matrices.
The g−circulant matrices have been one of the most important and active
research field of applied mathematic and the study of this type of matri-
ces is a long one (see, for example, [9], [13], [23], [30] and [37]) and more
recently we can found several papers on certain types of circulant matrices
(see, for example, [3], [19], [28], [29] and [33]). These matrices have many
applications in several areas of applied mathematics, they are also incorpo-
rated in some mathematical software and they have been used in the study
of geometric tools (see, for example, [9] and [25]).

In the literature there are some authors who study these type of matrices
whose entries are elements of sequences of integers numbers defined recur-
sively. For example, we have the work of Ipek in [19], the work of Shen,
Cen and Hao in [28], the work of Solak in [29] and the work of Zhou and
Jiang in [35], where the authors considered this type of matrices with the
Fibonacci and Lucas numbers, the work of Bozkurt and Tam in [3] and the
work of Gong, Jiang and Gao in [12], where the entries of these matrices
are Jacobsthal and Jacobsthal-Lucas numbers and the work of Yazlik and
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Taskara in [33] and in [34], where the k−Horadam mumbers are considered
as entries.

For a natural number n we consider a g−circulant matrix as a square
matrix of order n with the following form:

Ag,n =




a1 a2 · · · an
an−g+1 an−g+2 · · · an−g
an−2g+1 an−2g+2 · · · an−2g

...
...

. . .
...

ag+1 ag+2 · · · ag



, (1.2)

where g is a nonnegative integer and each of the subscripts is understood
to be reduced modulo n. The first row of Ag,n is (a1, a2, . . . , an) and its
(j + 1)th row is obtained by giving its jth row a right circular shift by g
positions.

Note that, g = 1 or g = n+ 1 yields the standard right circulant matrix,
or simply, circulant matrix. Thus a right circulant matrix is written as

RCirc(a1, a2, . . . , an) =




a1 a2 · · · an
an a1 · · · an−1
...

...
...

a2 a3 · · · a1


 . (1.3)

If g = n − 1, we obtain the so called left circulant matrix, or reverse
circulant matrix. In this case we write a left circulant matrix as

LCirc(a1, a2, . . . , an) =




a1 a2 · · · an
a2 a3 · · · a1
...

...
...

an a1 · · · an−1


 . (1.4)

In this paper we introduce the k−Pell and k−Pell-Lucas quaternions and
we consider g−circulant, right and left circulant matrices whose entries are
Pell, Pell-Lucas, k−Pell and k−Pell-Lucas quaternions instead of integer
numbers. We present the determinant of these matrices and with the tridi-
agonal matrices we show that the determinant is equal to the nth term of
the Pell, Pell-Lucas, k−Pell and k−Pell-Lucas quaternion sequences.

The Pell quaternions sequence {Rn}∞n=0 was introduced in [31] and is
defined by the recurrence relation

Rn =
3∑

l=0

Pn+lel, (1.5)

where Pn is the nth Pell number. Note that the initial conditions of this
sequence are given by
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R0 =
3∑

l=0

Plel = P0e0 + P1e1 + P2e2 + P3e3 = e1 + 2e2 + 5e3

and

R1 =
3∑

l=0

Pl+1el = P1e0 + P2e1 + P3e2 + P4e3 = e0 + 2e1 + 5e2 + 12e3.

The Pell-Lucas quaternions sequence {Sn}∞n=0 was introduced also in [31]
and is defined by the recurrence relation

Sn =
3∑

l=0

Qn+lel, (1.6)

where Qn is the nth Pell-Lucas number. Note that the initial conditions of
this sequence are given by

S0 =
3∑

l=0

Qlel = Q0e0 +Q1e1 +Q2e2 +Q3e3 = 2e0 + 2e1 + 6e2 + 14e3

and

S1 =
3∑

l=0

Ql+1el = Q1e0 +Q2e1 +Q3e2 +Q4e3 = 2e0 + 6e1 + 14e2 + 34e3.

It is easy to show that the sequences {Rn}∞n=0 and {Sn}∞n=0 are more two
examples of sequences defined by a recurrence relation of order two. From
the recurrence relations (1.5), using the recurrence relations (1.1) and some
properties of summation formulas we obtain that

Rn+1 =
3∑

l=0

Pn+l+1el

=
3∑

l=0

(2Pn+l + Pn+l−1)el

= 2(
3∑

l=0

Pn+lel) + (
3∑

l=0

Pn+l−1el),

and so,
Rn+1 = 2Rn +Rn−1, n ≥ 1.
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In a similar way we obtain

Sn+1 = 2Sn + Sn−1, n ≥ 1.

Next we introduce a generalization of the previous sequences. For any pos-
itive real number k, we define the k−Pell quaternions sequence {Rk,n}∞n=0
by the recurrence relation

Rk,n =
3∑

l=0

Pk,n+lel, (1.7)

where Pk,n is the nth k−Pell number. Note that the initial conditions of
this sequence are given by

Rk,0 =
3∑

l=0

Pk,lel

= Pk,0e0 + Pk,1e1 + Pk,2e2 + Pk,3e3
= e1 + 2e2 + (4 + k)e3

and

Rk,1 =
3∑

l=0

Pk,l+1el

= Pk,1e0 + Pk,2e1 + Pk,3e2 + Pk,4e3
= e0 + 2e1 + (4 + k)e2 + (8 + 4k)e3.

Now we define the k−Pell-Lucas quaternions sequence {Sk,n}∞n=0 by the
recurrence relation

Sk,n =
3∑

l=0

Qk,n+lel, (1.8)

where Qk,n is the nth k−Pell-Lucas number. Note that the initial conditions
of this sequence are given by

Sk,0 =
3∑

l=0

Qk,lel

= Qk,0e0 +Qk,1e1 +Qk,2e2 +Qk,3e3
= 2e0 + 2e1 + (4 + 2k)e2 + (8 + 6k)4e3

and

Sk,1 =
3∑

l=0

Qk,l+1el

= Qk,1e0 +Qk,2e1 +Qk,3e2 +Qk,4e3

= 2e0 + (4 + 2k)e1 + (8 + 6k)e2 + (16 + 16k + 2k2)e3.
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Note that for k = 1 the sequence {Rk,n}∞n=0 defined in (1.7) reduces to
{Rn}∞n=0 defined in (1.5) and the sequence {Sk,n}∞n=0 defined in (1.8) reduces
to {Sn}∞n=0 defined in (1.6).

In the next two sections we consider the circulant matrices whose entries
are the Pell quaternions and their generalizations and the Pell-Lucas quater-
nions and their generalizations, respectively, and in both cases we present
the determinant of these matrices. In what concerning the tridiagonal ma-
trices, in Section 4 we show that the determinant is equal to the nth term
of the Pell, Pell-Lucas, k−Pell and k−Pell-Lucas quaternion sequences and
we end this paper with some conclusions and plans for further investigation.

2 Circulant matrices with the Pell quaternions and their
generalizations

In this section, we consider right circulant matrices Ak,n and An as in (1.3),
whose entries are elements of the sequences {Rk,n}∞n=0 and {Rn}∞n=0, re-
spectively. We give a determinant formula for these matrices following the
idea of Gong, Jiang and Gao in [12]. First we state that det(Ak,1) = Rk,1,
det(A1) = R1 and for n ≥ 2 we have

Theorem 2.1 For n ≥ 2, let Ak,n = RCirc(Rk,1, Rk,2, . . . , Rk,n) and An =
RCirc(R1, R2, . . . , Rn) be right circulant matrices. Then we have

1. det(Ak,n) = (Rk,1 −Rk,n+1)n−2(Rk,1βk,n −Rk,0αk,n),
2. det(An) = (R1 −Rn+1)n−2(R1βn −R0αn),

where

αk,n =
n−1∑

l=1

(
kRk,n − kRk,0
Rk,1 −Rk,n+1

)n−(l+1)

Rk,l+1, (2.1)

βk,n = (Rk,1 − 2Rk,n) +
n−2∑

l=1

(
kRk,n − kRk,0
Rk,1 −Rk,n+1

)n−(l+1)

kRk,l, (2.2)

αn =
n−1∑

l=1

(
Rn −R0

R1 −Rn+1

)n−(l+1)

Rl+1 (2.3)

and

βn = (R1 − 2Rn) +
n−2∑

l=1

(
Rn −R0

R1 −Rn+1

)n−(l+1)

Rl. (2.4)

Proof. 1. In the case n ≥ 2 and k any positive real number, we consider the
following square matrices of order n used in the theory of circulant matrices
and given by
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Γ =




1 0 0 0 · · · 0 0 0
−2 0 0 0 · · · 0 0 1
−k 0 0 0 · · · 0 1 −2
0 0 0 0 · · · 1 −2 −k
...

...
...

... · · · ...
...

...
0 0 0 1 · · · 0 0 0
0 0 1 −2 · · · 0 0 0
0 1 −2 −k · · · 0 0 0




and

Π =




1 0 0 · · · 0 0

0
(
kRk,n−kRk,0

Rk,1−Rk,n+1

)n−2
0 · · · 0 1

0
(
kRk,n−kRk,0

Rk,1−Rk,n+1

)n−3
0 · · · 1 0

...
...

...
...

...
...

0 kRk,n−kRk,0

Rk,1−Rk,n+1
1 · · · 0 0

0 1 0 · · · 0 0




.

Note that
det(Γ ) = detΠ = (−1)

(n−1)(n−2)

2 . (2.5)

Considering the product ΓAk,nΠ of matrices we obtain the following ma-
trix




Rk,1 αk,n Rk,n−1 · · · Rk,3 Rk,2
kRk,0 βk,n kRk,n−2 · · · kRk,2 kRk,1

0 0 Rk,1 −Rk,n+1

0 0 k(Rk,0 −Rk,n)
. . . 0

...
...

. . .
. . .

0 0
0 0 0 k(Rk,0 −Rk,n) Rk,1 −Rk,n+1




,

where αk,n and βk,n are given by (2.1) and (2.2), respectively. Now calcu-
lating the determinant of the matrix ΓAk,nΠ we obtain

det(ΓAk,nΠ) = (Rk,1 −Rk,n+1)n−2det
(
Rk,1 αk,n
Rk,0 βk,n

)
.

Using the property of the determinant of a product of matrices and the
identity (2.5), we conclude that

det(Ak,n) = det(ΓAk,nΠ)

and the result follows.
2. For k = 1 in 1. of this theorem we obtain the result required. ut
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Let Bk,n = LCirc(Rk,1, Rk,2, . . . , Rk,n) and Bn = LCirc(R1, R2, . . . , Rn)
be left circulant matrices as in (1.4), whose entries are elements of the
sequences {Rk,n}∞n=0 and {Rn}∞n=0, respectively.

Next we give a determinant formula for these matrices following once more
the idea used by Gong, Jiang and Gao in [12]. Lemma 5 in [22] will help us
to obtain the determinant of these matrices. The authors in [22] define the
following matrix

∆ :=




1 0 0 · · · 0 0
0 0 0 · · · 0 1
0 0 0 · · · 1 0
...

...
... · · · ...

...
0 0 1 · · · 0 0
0 1 0 · · · 0 0



,

that is an orthogonal cyclic shift matrix (and a left circulant matrix) of
order n. They stated that

LCirc(a1, a2, . . . , an) = ∆RCirc(a1, a2, . . . , an). (2.6)

Using the fact that det(∆) = (−1)
(n−1)(n−2)

2 , calculating the determinant
in both sides of the identity (2.6) and according the results obtained in
Theorem 2.1, the following result is easily proved.

Theorem 2.2 For n ≥ 2, let Bk,n = LCirc(Rk,1, Rk,2, . . . , Rk,n) and Bn =
LCirc(R1, R2, . . . , Rn) be left circulant matrices. Then we have

1. det(Bk,n) = (−1)
(n−1)(n−2)

2 (Rk,1 −Rk,n+1)n−2(Rk,1βk,n −Rk,0αk,n),

2. det(Bn) = (−1)
(n−1)(n−2)

2 (R1 −Rn+1)n−2(R1βn −R0αn),

where αk,n and βk,n are given by (2.1) and (2.2), respectively and αn and
βn are given by (2.3) and (2.4), respectively.

Now let Ck,n and Cn be g−circulant matrices as in (1.2), which entries are
elements of the sequences {Rk,n}∞n=0 and {Rn}∞n=0, respectively. Let Qg be
a g−circulant matrix with the first row e∗ = [1, 0, . . . , 0]. In order to obtain
the determinant formula of the matrices Ck,n and Cn we use the following
result of [22]:

Lemma 2.3 (Lemma 7 of [22]) Ag,n is a g−circulant matrix with the
first row [a1, a2, . . . , an] if and only if Ag,n = QgRCirc(a1, a2, . . . , an).

From this lemma and Theorem 2.1, we deduce the following results.

Theorem 2.4 For n ≥ 2, let Ck,n and Cn be g−circulant matrices whose
entries are elements of the sequences {Rk,n}∞n=0 and {Rn}∞n=0, respectively.
Then

1. det(Ck,n) = det(Qg)[(Rk,1 −Rk,n+1)n−2(Rk,1βk,n −Rk,0αk,n)],
2. det(Cn) = det(Qg)[(R1 −Rn+1)n−2(R1βn −R0αn)],
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where αk,n and βk,n are given by (2.1) and (2.2), respectively and αn and
βn are given by (2.3) and (2.4), respectively.

In the case of n = 1, we immediately obtain that det(Bk,1) = det(Ak,1) =
det(Ck,1) = Rk,1 and det(B1) = det(A1) = det(C1) = R1.

3 Circulant matrices with the Pell-Lucas quaternions and their
generalizations

In this section we get similar results to those stated in the previous section.
The proofs are similar and for this reason we decide do not include them.
Therefore let Dk,n and Dn be right circulant matrices whose entries are
elements of the sequences {Sk,n}∞n=0 and {Sn}∞n=0, respectively. We give a
determinant formula for these matrices in the following result:

Theorem 3.1 For n ≥ 2, let Dk,n = RCirc(Sk,1, Sk,2, . . . , Sk,n) and Dn =
RCirc(S1, S2, . . . , Sn) be right circulant matrices. Then we have

1. det(Dk,n) = (Sk,1 − Sk,n+1)n−2(Sk,1δk,n − Sk,0µk,n),
2. det(Dn) = (S1 − Sn+1)n−2(S1δn − S0µn),

where

µk,n =
n−1∑

l=1

(
kSk,n − kSk,0
Sk,1 − Sk,n+1

)n−(l+1)

Sk,l+1, (3.1)

δk,n = (Sk,1 − 2Sk,n) +
n−2∑

l=1

(
kSk,n − kSk,0
Sk,1 − Sk,n+1

)n−(l+1)

kSk,l, (3.2)

µn =
n−1∑

l=1

(
Sn − S0

S1 − Sn+1

)n−(l+1)

Sl+1 (3.3)

and

δn = (S1 − 2Sn) +
n−2∑

l=1

(
Sn − S0

S1 − Sn+1

)n−(l+1)

Sl. (3.4)

About the left circulant matrices, let Ek,n = LCirc(Sk,1, Sk,2, . . . , Sk,n)
and En = LCirc(S1, S2, . . . , Sn) be left circulant matrices as in (1.4), whose
entries are elements of the sequences {Sk,n}∞n=0 and {Sn}∞n=0, respectively.

As before, Lemma 5 in [22] and the results obtained in Theorem 3.1 will
help us in the following result where we state the determinant formula of
these matrices.

Theorem 3.2 For n ≥ 2, let Ek,n = LCirc(Sk,1, Sk,2, . . . , Sk,n) and En =
LCirc(S1, S2, . . . , Sn) be left circulant matrices. Then we have

1. det(Ek,n) = (−1)
(n−1)(n−2)

2 (Sk,1 − Sk,n+1)n−2(Sk,1δk,n − Sk,0µk,n),
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2. det(En) = (−1)
(n−1)(n−2)

2 (S1 − Sn+1)n−2(S1δn − S0µn),

where µk,n and δk,n are given by (3.1) and (3.2), respectively and µn and δn
are given by (3.3) and (3.4), respectively.

Now let Gk,n and Gn be g−circulant matrices as in (1.2), which entries
are elements of the sequences {Sk,n}∞n=0 and {Sn}∞n=0, respectively. In order
to obtain the determinant formula of these matrices we use Lemma 2.3
(Lemma 7 of [22]) and the results of Theorem 3.1:

Theorem 3.3 For n ≥ 2, let Gk,n and Gn be g−circulant matrices whose
entries are elements of the sequences {Sk,n}∞n=0 and {Sn}∞n=0, respectively.
Then

1. det(Gk,n) = det(Qg)[(Sk,1 − Sk,n+1)n−2(Sk,1δk,n − Sk,0µk,n)],
2. det(Gn) = det(Qg)[(S1 − Sn+1)n−2(S1δn − S0µn)],

where µk,n and δk,n are given by (3.1) and (3.2), respectively and µn and δn
are given by (3.3) and (3.4), respectively.

Finally for n = 1, we have that det(Ek,1) = det(Dk,1) = det(Gk,1) = Sk,1
and det(E1) = det(D1) = det(G1) = S1.

4 Tridiagonal matrices with the Pell, Pell-Lucas quaternions and
their generalizations

Following [10], we know that the determinant of a special kind of tridiagonal
matrices is related to a special nth element of a sequence. If we consider the
(n× n) tridiagonal matrices Nn, defined as:




a b
c d e
c d e

. . .
. . .

. . .
c d e
c d



,

computing the sequence of determinants, we obtain:

|N1| = a

|N2| = d |N1| − bc
|N3| = d |N2| − ce |N1|
|N4| = d |N3| − ce |N2|

...

|Nn+1| = d |Nn| − ce |Nn−1| ,
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and therefore we can obtain the following result related with the sequence
{Rk,n}∞n=0:

Proposition 4.1 The (n× n) tridiagonal matrices

Mk,n =




Rk,2 Rk,1
−k 2 1

−k 2 1
. . .

. . .
. . .
−k 2 1
−k 2




satisfy

|Mk,n| = Rk,n+1

that is, the nth element of the sequence {Rk,n}∞n=0 may be obtained through
the computation of the the determinant of the ((n− 1)× (n− 1)) tridiagonal
matrix Mk,n−1.

Proof. If we consider a = Rk,2, b = Rk,1, c = −k, d = 2 and e = 1, it is
straightforward to see that the sequence of determinants becomes:

|N1| = |Mk,1| = Rk,2(x)

|N2| = |Mk,2| = 2Rk,2 + kRk,1 = Rk,3
|N3| = |Mk,3| = 2Rk,3 + kRk,2 = Rk,4

...

|Nn−1| = |Mk,n−1| = 2Rk,n−1 + kRk,n−2 = Rk,n,

...

as required. ut

About the sequence {Sk,n}∞n=0 we get a similar result using the following
matrix

Tk,n =




Sk,2 Sk,1
−k 2 1
−k 2 1

. . .
. . .

. . .
−k 2 1
−k 2




and the result:
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Proposition 4.2 The (n× n) tridiagonal matrices Tk,n satisfy

|Tk,n| = Sk,n+1

that is, the nth element of the sequence {Sk,n}∞n=0 may be obtained through
the computation of the the determinant of the ((n− 1)× (n− 1)) tridiagonal
matrix Tk,n−1.

Taking the particular case of k = 1, the matrices Mk,n of Proposition 4.1
and Tk,n of Proposition 4.2 give the following tridiagonal matrices Mn and
Tn that correspond to {Rn}∞n=0 and {Sn}∞n=0, respectively.

Mn =




R2 R1

−1 2 1
−1 2 1

. . .
. . .

. . .
−1 2 1
−1 2




and

Tn =




S2 S1

−1 2 1
−1 2 1

. . .
. . .

. . .
−1 2 1
−1 2



.

The corresponding results involving these matrices are stated in the fol-
lowing proposition:

Proposition 4.3 The (n× n) tridiagonal matrices Mn and Tn satisfy

1. |Mn| = Rn+1,
2. |Tn| = Sn+1,

that is, the nth element of the sequences {Rn}∞n=0 and {Sn}∞n=0 may be
obtained through the computation of the determinant of the ((n−1)×(n−1))
tridiagonal matrices Mn and Tn.

Following the ideas of [24], we can relate the nth order Pell, Pell-Lucas,
k−Pell and k−Pell-Lucas quaternions using the computation of others tridi-
agonal matrices. In [24], the following result is presented:

Theorem 4.4 Let {xn}n be any second order linear sequence, defined re-
cursively as:

xn+1 = Axn +Bxn−1, n ≥ 1,
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with x0 = C, x1 = D. Then, for all n ≥ 0:

xn =

∣∣∣∣∣∣∣∣∣∣∣∣

C D 0 0 · · · 0 0
−1 0 B 0 · · · 0 0
0 −1 A B · · · 0 0
...

...
...

. . .
. . .

...
...

0 0 0 0 · · · A B
0 0 0 0 · · · −1 A

∣∣∣∣∣∣∣∣∣∣∣∣
(n+1)×(n+1)

.

In the case of the k−Pell and k−Pell-Lucas quaternion sequences, we have
A = 2, B = k, where C and D are the initial conditions of the sequences, and
then, a direct application of Theorem 4.4 leads to the following proposition
(for the Pell and Pell-Lucas case consider k = 1):

Proposition 4.5 For n ≥ 0, we have

1. Rk,n =

∣∣∣∣∣∣∣∣∣∣∣∣

Rk,0 Rk,1 0 0 · · · 0 0
−1 0 k 0 · · · 0 0
0 −1 2 k · · · 0 0
...

...
...

. . .
. . .

...
...

0 0 0 0 · · · 2 k
0 0 0 0 · · · −1 2

∣∣∣∣∣∣∣∣∣∣∣∣
(n+1)×(n+1)

;

2. Sk,n =

∣∣∣∣∣∣∣∣∣∣∣∣

Sk,0 Sk,1 0 0 · · · 0 0
−1 0 k 0 · · · 0 0
0 −1 2 k · · · 0 0
...

...
...

. . .
. . .

...
...

0 0 0 0 · · · 2 k
0 0 0 0 · · · −1 2

∣∣∣∣∣∣∣∣∣∣∣∣
(n+1)×(n+1)

;

3. Rn =

∣∣∣∣∣∣∣∣∣∣∣∣

R0 R1 0 0 · · · 0 0
−1 0 1 0 · · · 0 0
0 −1 2 1 · · · 0 0
...

...
...

. . .
. . .

...
...

0 0 0 0 · · · 2 1
0 0 0 0 · · · −1 2

∣∣∣∣∣∣∣∣∣∣∣∣
(n+1)×(n+1)

;

4. Sn =

∣∣∣∣∣∣∣∣∣∣∣∣

S0 S1 0 0 · · · 0 0
−1 0 1 0 · · · 0 0
0 −1 2 1 · · · 0 0
...

...
...

. . .
. . .

...
...

0 0 0 0 · · · 2 1
0 0 0 0 · · · −1 2

∣∣∣∣∣∣∣∣∣∣∣∣
(n+1)×(n+1)

.
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5 Conclusions

In this paper we introduced the k−Pell quaternions and the k−Pell-Lucas
quaternions for any positive real number k. We have considered certain
types of g−circulant, right and left circulant matrices whose entries are Pell,
Pell-Lucas, k−Pell and k−Pell-Lucas quaternions. In this work we have con-
sidered the determinant formula of these matrices following the idea present
in [12].
Types of tridiagonal matrices whose entries are Pell, Pell-Lucas, k−Pell and
k−Pell-Lucas quaternion were considered and we presented a way to obtain
the nth term of the Pell, Pell-Lucas, k−Pell and k−Pell-Lucas quaternion
sequences using these matrices.
In the future, we intend to discuss the invertibility of these circulant type
matrices associated with these type of sequences, following, for example, the
studies of Shen in [28] in the case of Fibonacci and Lucas numbers, Yazlik
in [34] with Generalized k−Horadam numbers and Bozkurt in [3] with Ja-
cobsthal and Jacobsthal-Lucas numbers, among others.
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