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On different notions of higher curvature
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Abstract We compare different notions of higher scalar and Ricci curvature of Shen, of
Wolfson and of the author. We show that k-positivity of curvature in the sense of Wolfson
or Shen is equivalent to a system of polynomial inequalities in the higher curvatures
considered by the author. The proof uses algebraic methods for positive quadratic forms
and for symmetric polynomials. Moreover, we make this explicit in dimensions 3, 4 and 5.
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1 Summary of results

There exist several definitions of higher curvatures with different algebraic
properties and geometric implications.

In [5], the author has shown that the positivity of the Ricci curvature
Ric of an n-dimensional Riemannian manifold (M, g) is equivalent to the
positivity of all higher scalar curvatures scalg, 1 < k < n, and that the
positivity of the sectional curvature K is equivalent to the positivity of all
higher Ricci curvatures Ricg, 1 < k < n — 1. Positivity of the curvature
operator was also considered but we do not use these results here. There
are also similar statements for non-negative curvature. These results were
proved by an algebraic lemma concerning positive definite quadratic forms.

We relate these algebraic notions to the higher Ricci curvature definitions
of Z. Shen [7] and to the k-positive Ricci curvature of J. Wolfson [9] which
have interesting geometrical applications.
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2 Stephan Klaus

2 Higher curvature notions

The author’s results on the positivity relation between scalar, Ricci and
sectional curvature in [5] can be summarized as follows:

Ric> 0<% scalp, >0 forallk=1,2,..,n
K>0 < Ricp; >0 foralk=1,2,..,n—1
On the left-hand side,

Ric: S(T'M)—R

is the Ricci curvature of an n-dimensional Riemannian manifold (M, g)
which is a quadratic function on the tangent unit sphere bundle, and

K :Go(TM) - R

is the sectional curvature which is a function on the Grassmannian bundle
of tangent 2-planes on M.
On the right-hand side, there are the higher scalar curvature functions

scaly : M — R,
which are defined as the elementary symmetric invariants
scaly, = ok (A1, -5 An)

in the eigenvalues \; of the Ricci quadratic function. In particular, scal; =
scal is the standard scalar curvature.
The higher Ricci curvatures are homogeneous symmetric forms

Ricy, : S(TM) = R

of order 2k on the tangent unit sphere bundle, in particular Ric; = Ric is the
standard Ricci curvature. These are defined as the elementary symmetric
invariants

Rick(v) = op(uy, ..., 1y)
in the eigenvalues p1) of the (bi-)quadratic function

Q" (w) := R(v,w,v,w)

with v fixed. As QV(w) is only interesting on the orthogonal complement
vt, at least one of the eigenvalues u? vanishes and we have Ric,,(v) = 0.
The result above displays the information lost in the implications

K>0 = Ric>0 = scal>0

which consists in the additional positivity of the higher scalar curvatures
respectively higher Ricci curvatures.

In [5] these results were proved by an application of an algebraically in-
variant version of Sylvester’s criterion on positive definite matrices and their
elementary invariants:
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On different notions of higher curvature 3

Lemma 2.1 (Positivity lemma, [5]) A real symmetric matriz is positive if
and only if its elementary invariants are positive. In particular, a set of n
real numbers A; (1 <i <n) consists of positive numbers if and only if their
elementary symmetric polynomials o; (1 < i < n) are positive.

Of course, only the ’if” part of this statement is interesting, whereas the
‘only if’ part is trivial. Moreover, in [5] the case of non-negative curvature
is discussed and similar results were obtained. The main interest lies in the
reduction of the number of dimensions from the left-hand to the right hand
side.

In order to give an impression of these higher invariants, we cite from [5]
the explicit expressions for k = 2 and 3 for the higher scalar curvatures

scaly = 3((R))? — RIR}) '
scals = §((R})® — 3R{RFR] + 2R/ R R})
and for the higher Ricci curvatures:

Ricy(v) = L((RE . ,0%0P)2 — R7 . w®uBRE 0°
2 aif3 aif V38
Rics(v) = (R ,v*vP)3 — 3R" . .v*vPRE WO R? who” .
6 aif aif3 Y58 (%
—|—2Rflwvo‘v'@R,ﬁjévVv‘sRkav“v”)

This definition of Ricy, is different from the notion of higher positive Ricci
curvature given by Z. Shen in [7]:

k+1
Rz’cka) >cie ZRklklezvleﬁgvl >c
i=1

where the right-hand side has to hold for all (k + 1)-dimensional sub-
spaces VA1 < T,M and for all unit vectors v € V*t! and where €,
i=1,2,...,k+1 denotes an (arbitrary) orthonormal basis (ONB) of V*+1.

In order to have a real function, we define kth Shen-Ricci curvature Ric® (v)
to be the minimum of the left hand side with respect to all V¥*! that contain
v:
k+1
Ric(k)(v) = min{z Ruriejviegv|v € vkl c T, M, ¢! ONB of VF+1}
i=1
Note that the minimum is realized by some V**t! as the corresponding
Grassmann manifold is compact. This gives a continuous function

Ric® . S(TM) — R.

There are interesting geometric applications, for example, kth positive
Ricci curvature in the sense of Shen gives restriction on the embedding
of totally geodesic submanifolds which sometimes can be used to derive
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4 Stephan Klaus

vanishing results for characteristic numbers: see remark 2.4, p. 267 in the
work of C. Béhm and B. Wilking on manifolds with positive curvature
operator [1] and section 6 in A. Dessai’s work on obstructions to positive
curvature [4].

Moreover, J. Wolfson defines in [9] k-positive Ricci curvature by the pos-
itivity of the sum of the first &k eigenvalues (where the eigenvalues are in-
creasingly ordered)

AMF A+ A

of the Ricci quadratic function Ric (in an arbitrary point z). As Wolfson
shows, this notion of positivity is strongly related to topological invariants
and surgery theory. See also the recent work of D. Crowley and D. J. Wraith
[2] for applications of k-positive Ricci curvature to highly connected mani-
folds which are based on the work of S. Hoelzel on surgery stable curvature
conditions [3].

However, note that our definition of higher scalar and Ricci curvature is
non-linear in the eigenvalues and thus does not satisfy the positive cone
criterion of S. Hoelzel for surgery stability in [3].

In the next section, we consider the minimum of traces of restrictions of
quadratic forms to subspaces and its connection to the sum of its first &
eigenvalues. This gives us a reformulation of Shen’s k-th Ricci curvature

Ricgk) and Wolfson’s sum of first & eigenvalues of the Ricci form.

3 Restrictions of quadratic forms and eigenvalues

By an n-dimensional quadratic form A, we understand an n-dimensional
euclidean vector space V together with a real symmetric bilinear form A
on V. Choosing an orthonormal basis of V', A is represented by a symmet-
ric n-matrix. By Sylvester’s law, we can find an orthonormal basis which
diagonalizes A. As usual, we call the real diagonal elements

A< A< <N
the eigenvalues of A and the elementary symmetric functions
O’k(/\l, /\27 e /\n)

for k =1,...,n the elementary invariants of A. In particular, o7 = tr(A) is
the trace and o, = det(A) is the determinant of A. It is well-known how to
compute the elementary invariants in terms of traces of powers of A by the
Newton formula (e.g. see [5]).

If U is a subspace of V, the restriction of A to U gives a quadratic form
Ay. Now we define the k-subspace trace of A as

tr®)(A) := min{tr(Ay)|dim(U) = k}.

The next lemma answers the question how small ¢r(Ay) can be.
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On different notions of higher curvature 5

Proposition 3.1 Let A be n-dimensional quadratic form with eigenvalues
A <A <L <

Then the k-subspace trace, which is the minimum of tr(Ay) for all k-dimen-
stonal subspaces U of V', is given by the sum of the first k eigenvalues:

tr®(A) =M 4+ do+ .o+ Mg

Proof. Let P be the orthogonal projection operator for U, i.e. P is a sym-
metric matrix with P? = P and tr(P) = dim(U) = k. Then the restriction
of Ay is, up to a trivial summand of dimension n — k, given by PTAP.
Hence tr(Ay) = tr(PTAP) = tr(AP) and by choosing an orthonormal ba-
sis which diagonalizes A we obtain tr(AP) = 371 pii. Aspii = 3 p?j >0
and Y1 | pii = k, tr(AP) is in the convex hull of the sums of k eigenvalues
A; and takes its minimum if p;; = 1 for ¢ = 1,...%k and p;; = 0 for i > k.
This is exactly the case if P is the orthogonal projection to the subspace U
spanned by the eigenvectors of the first k eigenvalues. 0O

A quadratic form is called k-positive if tr®)(A) = Ay + Ao + ... + X\ > 0.
As an example, tr*) (Ric) > 0 is just the condition of Wolfson’s k-positive
Ricci curvature.

Note that o1 (A) is a polynomial function of A and hence is also differen-
tiable with respect to A. In contrast, the k-subspace trace tr*)(A) depends
continuously on A, but is in general not differentiable with respect to A.
For example, the restriction of tr(l)(A) to the linear subspace of diagonal
matrices A is given by the minimum of the diagonal elements.

Moreover, Shen’s higher Ricci curvature

k+1
Ric(k)(v) = min{z Rklklezvlef;vAv e V1 c T, M, e ONB of VkH}
i=1
is given by
Ric (v) = tr™(Q",»)
where QV(w) = R(v,w,v,w) denotes the biquadratic form associated to
sectional curvature, which is quadratic in v and in w, and Q|],- denotes its
restriction to v*. Note that Q¥(v) = 0, hence the minimum over all V*+1
which contain v equals the minimum over all V¥ in v*. This is just the
definition of tr*) applied to QV|,. .
The proof of the following lemma is straightforward just by inserting the
definitions:

Lemma 3.2 An n-dimensional quadratic form A is positive definite if and
only if tr(M(A) > 0, and A is non-negative if and only tr)(A) > 0. More-
over, A is non-negative with degeneracy k (number of eigenvalues which are
zero) if and only if

tr)(A) = tr(Q)(A) =...=tr®A)=0
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6  Stephan Klaus

and trFTU(A) > 0. It holds A\; = tr®(A) — tr=V(A) and

1 1 1
M o=trM(A) < ZtrP(A) < gtr@(A) <. < =trM(A) = —tr(A).
n

n

~ =

Moreover, if tr®(A) > 0 then it follows also \y > 0 and tr*)(A) > 0 for

all k > 1.

By definition, tr(™(A) = tr(A) = o1(A). The relation between o3(A) and
the k-subspace traces of A is more complicated:

Proposition 3.3 Let A be an n-dimensional quadratic form with eigenval-
ues

M <A< < N\
Then it holds

09(A) = Mg + trP (A + tr®(A)Ay + ...+ trD (AN,

If n > 4, then tr(A) > 0 implies 02(A) > 0. This is not the case for
n < 3. Moreover, for n > 4 there are A with tr(Q)(A) < 0 but o2(A) > 0.

Proof. The first equation is easily checked by inserting the definition of
tr®)(A). Now, the condition \; + Ay = tr(?(A) > 0 is equivalent to —\g <
A1 < Ao. Products of the form A;)\; are critical as they can be negative,
whereas products \;\; are positive for all 2 < ¢ < j. But the sum of the
products A1 Ax + A2\, is positive for k& > 3. The sum of the remaining
critical product A\; Ay with A3Ay4 is also positive. This proves o9(A) > 0 for
n > 4. Counter examples for n < 3 are given by (A1, A2) = (—0.5,1) and
(A1, A2, A3) = (—0.6,1,1). For the last statement, consider (Ay, Ag, ..., \,) =
(-1,05,1,1,...,1). O

It seems to be difficult to generalize this method to find a relation between
or(A) and tr®)(A) for k > 2. Instead we will use methods from the theory
of symmetric polynomials in the next section in order to give equivalent
conditions for k-positivity.

4 k-positivity of quadratic forms

Now we will use methods from the theory of symmetric polynomials in order
to show how to measure k-positivity of a quadratic form by its elementary
invariants.

The idea is to consider not only the special k-fold sum Ay + Ao + ... 4+ A
of the lowest eigenvalues but all such sums of k eigenvalues

AI::)\i1+)\i2+-~~+>\ik
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On different notions of higher curvature 7

with I denoting the multi-index given by 1 < i1 < iy < ... < i < n. The
number of these multi-indices is N := (}) and we can form the elementary
symmetric polynomials of the new variables Aj:

a; := 0;(Ar| all multi-indices I)

for j =1,2,...N. Thus we have

N
Zajtj: H (t+Xiy F iy o+ )

7=0 1<41 <12 <...<1x,<n

As the a; are symmetric in the A; by definition, the main theorem on sym-

metric polynomials ([8], chapter 7) yields that they can be uniquely ex-
. . n,k .

pressed as universal polynomials Aj (01,...,0p) in the elementary sym-

metric polynomials o; of the variables ;.

Proposition 4.1 A quadratic form A is k-positive if and only if its elemen-
tary invariants o;(A) satisfy A?’k(al, ceyop) >0 forallj=1,2,...,N :=

(&)-

Proof. k-positivity is is defined as A4, > 0 where the \; are the eigenvalues
of A. As Ay > Ay for all I, this is equivalent to the positivity of all A;.

By the positivity lemma, this is equivalent to A;L’k(ol,oz, ..., 0p) for all
j=1,...,N. O

Note that these universal polynomials also express the j-th Chern class

¢;j(A*E) of the k-th exterior power of an n-dimensional complex vector
bundle E by its Chern classes ¢;(F):

(A E) = AVM(c1(B), ca(E), ..., cn(E)).
This follows from the splitting principle, from the fact

MLy oLy L) 2@PL,®L,o oL,
1

and because of ¢1(L® L) = ¢1(L) +¢1(L') for line bundles (e.g., see chapter
14 in [6]).
Now we give first some trivial cases of these universal polynomials:

Lemma 4.2 In any dimension n, it holds A;L’l = oy for all j,
k_ -
AT = (7))o

for all k, A" = o1 and A?’k =0 for all j > N := (}).
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8  Stephan Klaus

Proof. The first statement is trivial as for k = 1, the A; are just given by
the A;. The second statement follows as ) ; A\; consists of a k(}})-fold sum
of the \; which is symmetric and thus has to be a multiple of ;. As oy has
n summands, the factor is given by %(2) = (}7]). The third statement is
trivial again. The fourth statement follows from the fact that the number
of variables Ay is N. 0O

The next two cases are more complicated:

Lemma 4.3 In any dimension n, it holds
ATL,2 . n— 1 2 2
5= 5 o1 + (n — 2)os.

Proof. There are (3) variables A;; = A; 4+ A; with ¢ < j. Hence ag = > (A +
Aj)(Ak 4+ ;) where the sum is over all lexicographically ordered pairs (ij) <
(kl) (with ¢ < j and k < 1). As a symmetric polynomial of degree 2, it can
be expressed as a linear combination of o7 and 5.

In order to find the coefficients of this decomposition, we have just to look
at the term \? (which correspond to 0% —205) and at the term A\; Ay (which
correspond to o3). Now A? occurs in ag by multiplying the ordered pairs
(1,7) and (1,1) (with 1 < j < 1) and there are exactly (";') of such pairs.
Moreover A1 \y occurs in ag by multiplying the ordered pairs (1, 7) and (2,1)
(with 1 < j and 2 < I) or by multiplying the ordered pairs (1,2) and (1,1%)
(with 2 < 7). Hence the coefficient is given by (n—1)(n—2)4+n—2 = n(n—2).
Thus we have

a5 = (” N 1) (02 — 203) + n(n — 2oy

which proves the statement. 0O
Lemma 4.4 In any dimension n, it holds

l .
n,n— —i(n—= l+] j
APt =3 (1) J( , >a{a,j

J=0

4f/n—-1+1 n—2\ ;_ n
= (=)l + (-1) 1< 1 >0101_1+...+ (l_2>‘7l1 209+ (Z_1>0l1.

Proof. Here, we denote the A; as complementary variables \i =01 — A\
(n—1)

Moreover, the elementary symmetric functions a; in the )\; are denoted
by ¢%. Then we have

St = [+ X)) =[]t +01) = N) =
k=0

i=1 i=1
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On different notions of higher curvature 9

=S+ o) (=) Fo = > (‘1)7”]( 'J>”{“nijtl.
k=0 i,j>0 J
This proves that 6; = Zézo(—l)l*j ("_JZ.H)U{UI_]». Note that the last two
terms (j =1 and j =1—1) give

n n—1 _ n
(- (o= e

which proves the statement. O

Corollary 4.5 Forn =3 it holds

3,2 3,3

Al’ = 201 Al, =01
3,2

A§2 =09+ 0}

A3’ = —03 + 0201

Already the next dimension n = 4 needs a more elaborate computation.

Theorem 4.6 For n =4 it holds

4,2 43
Ai’ =301 A}l’ =301
2 3
AZ’2 = 209 + 307} AZ’3 =09 + 307}
A" =4dog01 + 0':13 A3” = —0o3 + 20901 + 0%
1,2 13
Ay = —doy + 0301 + 03 + 2020% Ay° =04 — 0301+ 020%
4,2
A" = —30401 + 030% + U%Ul
1,2
Ag” = —040% — 0?2) + 030901

44
and A7 = o1.

Proof. We have already computed A?’Q, Ag’Q, A?’S (for j = 1,2,3,4) and

A;l’4. Of course it is possible to compute the remaining terms by applying
symbolic computational software such as Maple, Mathematica or Sage to
expand the product

(EHFAHA2) (B HA3) (EFA +Ag) (E+ A2+ A3) (E+H Ao+ Ag) (E+ A3+ Ay)
:tG+A41172t5+A421,2t4+A43172t3+A3,2t2+A451,2t1+A461,2

and to find the polynomial expressions of the coefficients A?’Q in terms of the
elementary symmetric functions. Instead we describe here the combinatorial
computation by hand, avoiding the brute force expansion of the product
which involves 3% = 729 terms.

In order to expand the remaining terms Aj’Q for j = 3,4,5 and 6 in ele-
mentary symmetric polynomials, we utilize the following standard method
of combinatorial analysis. Let I := (i1,42,...,%,) be a partition of d, i.e.
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iy > i > ... > 1 > 0 and 4y +i2 + ... + i, = d. Denote ‘the symmetric
polynomial which is the symmetrization of Al := X' A2 - .- \ir by

m! = )\lf )\22 )\; + sym.

In particular, we have
mtD = o

with r-times index 1 in m(*1. The m! form the so-called monomial basis
of the ring of all symmetric polynomials and A’ is called the leading term
of m!. Hence m(Y) is the only basis vector of degree 1, m and m(b
form the basis in degree 2, m®), m®1) and m('Y) form the basis in degree

3, and so on. Then the A?’k and also products of elementary symmetric

polynomials can be expanded in the m! and this enables us to expand the
A;L’k in elementary symmetric polynomials.

Moreover, a formula can be checked by applying the augmentation homo-
morphism to both sides of an equation. This gives a necessary (not sufficient,
in general) condition that an equation is true. Augmentation associates an
integer €(p) to every polynomial p by inserting 1 for every variable. In par-
ticular, e(o;) = (}), E(A;-L’k) = k:j(é»v)7 and e(m!) = h'l:%l' is the symmetry
factor of the partition I, i.e. (I1,ls,...,ls) give the size of groups of equal
indices (exponents) i; in I. Note that we count here also the frequency of
the exponent 0 in a monomial. For example, ¢(m*)) = n (one time exponent
k and n — 1 times exponent 0), e(m**)) = (1) (two times exponent k and
n — 2 times exponent 0) if & > 0 and e(m®)) =n(n — 1) if k> 1> 0.

For n = 4, the combinatorics of products of the A;; can be visualized by
the following matrix which allows an easy computation of the coefficients of
A?’Q in the monomial basis by a quick counting of all combinations of rows
which produce the corresponding leading term.

A1 A2 Az Ay
A12 011
/113 | 1
A14 01 1
Agg . 11
A24 . 1 1
A34 : 11

We apply this method to Ag,z and this gives
A2 =m® 4 7m D 41gm LD,

checking augmentation of both sides gives the value 160:

6\ 4l 4 41
B(0) = X 47t gt
<3> TEIRSTT T IETIT
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On different notions of higher curvature 11

Moreover, we compute the decomposition of products of elementary sym-
metric polynomials into the monomial basis as follows. In order to find the
coefficient of m! for a product of o, we have to count all possibilities how
the leading term A’ can be produced by the factors oj. BE.g. A2D can be
produced from 0? = 0101071 by the combinations AoA1 A1, A1 Ao or Aj A1 s,
which shows that the corresponding coefficient is given by 3. More gener-
ally, we have to know how the product of m! and m’ decomposes in the
monomial basis. The same argument as above gives

I J _ IJ K
mo-m —E cgm
K

where the coefficient cﬁ%‘] is given by the number of decompositions of the
partition K into non-negative multi-indices I’ and J' (i.e., k; = i} + j; for all
[) such that I’ and J' are given by permutation of the partitions I and J,
respectively (with 0 inserted at suitable places, if necessary). For example,
it is straightforward to see that

m(l)m(l) = m(Z) +2m(11)
m(z)m(l) = m(S) +m(21)
m(ll)m(l) = m(zl) +3m(111)

This method gives the following matrix

o} =m® +3mC) 46m1)
0901 = m(21) +3m(111)
o3 = m111)

and we easily obtain from this the stated expansion of Aé’Q in elementary
symmetric polynomials. See the first four sections of chapter 7 in [8] for
more properties of this decomposition (in particular, the coefficients form a
triangle matrix with 1 as diagonal elements).

As next we compute Ai’z which gives
Ai’Q =2mBY 4 5m(22 4 13m LY 4 30, LLLY

with augmentation of both sides equal to 240:

4! 4! 4! 4!
24<6> =2——+5— +13 +301.

4 11112! 212! 1!12!11!
Because of
a‘f =m® +4mBY 16m2 412m 1) L2411
7002 = mB £2m(22) 45y (211) 419, (1111)
o2 = m22) Loy g1
0307, = m@1D) 4 gy (1111)
oL = m(1111)
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we obtain the stated expansion of Ai’z.
For Ag’Q we obtain the following decomposition:

Ag,Q = m32) 4 3GLD |7 (221) 4 15211

with augmentation of both sides equal to 192:

6 4! 4! 4! 4!
5 — -
2 <5> =z e T e TP T

Now we use the table (computed for the case of 5 variables, we list here the
coefficients of the decomposition as a matrix)

m®) (D) 7 (32) 1 (311) 4, (221) ) (2111) ) (11111)

o3 1 5 10 20 30 60 120
0203 1 3 6 12 27 60
U%Ul : 1 2 5 12 30
0307 1 2 6 20
0309 : 1 3 10
0407 : 1 5

o5 : 1

In our case, m® and m*Y do not occur as no variable appears more than 3

times in A3, Moreover, m(1'"1) = g5 = () as there are only four variables.

After a straightforward computation this yields the stated expansion of Ag’z.
For Ag’Q we get the following decomposition by a tedious computation

Aé’Q = B2 49 BGLL1) |9 (222) g (22.11)
with augmentation of both sides equal to 64:

4! 4! 4! 4!
6 _ = = =
= T 2 T e T e
Now we use the following matrix computed for the case of 6 variables, where
the columns denote the coefficients of the decomposition of products of

elementary symmetric polynomials into the monomial basis with order m(%),
mOD | (A2) (1) (33) - (321) - (B111) - (222) -y (2211) -y (21111)
m(111111)

af: 16 15 3020 60 120 90 180 360 720
o907 14 9 622 48 36 78 168 360
ol0%: 1 2 2 8 18 15 34 78 180
0303 1 03 10 6 18 48 120
o5 13 6 6 15 36 90
030907 : 1 3 3 8 22 60
040% : 1 0 2 9 30
0§ : 1 2 6 20
0409 : 1 4 15
o501 : 1 6

Og - 1
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On different notions of higher curvature 13

In our case, the basis polynomials from m(® to m®3) do not occur as no
variable appears more than 3 times and also terms like A3\3 cannot occur.

After a straightforward computation this yields the stated expansion of A§’2.
O

5 Application to Wolfson’s k-positivity

Now we apply the universal polynomials to Wolfson’s k-positive Ricci cur-
vature.

Theorem 5.1 Wolfson’s k-positive Ricci curvature is equivalent to the non-
linear system of N inequalities given by the A;L’k with variables o; replaced
by the higher scalar curvatures scal;:

A?’k (scaly, scals, ..., scaly) >0
forallj =1,2,...,N with N := (}}).

Proof. Wolfson’s k-positive Ricci curvature is equivalent to A5 > 0 where
the \; are the eigenvalues of the Ricci curvature form Ric (in an arbitrary
point z which we fix at the moment). As A; > Ajo j for all I, this is
equivalent to the positivity of all A;. By the positivity lemma, this is equiv-
alent to A?’k(al, ...,0p) for all 5 = 1,..., N. This proves the theorem as
o; = scal;(x). O

Recall that scal; = scal is the usual scalar curvature. Our computation of
certain cases of the universal polynomials A?’k gives the following explicit
formulas in low dimensions:

Corollary 5.2 A 3-manifold has 2-positive Ricci curvature if and only if
the following inequalities hold for the higher scalar curvatures:

0 < scal
0 < scaly + scal?
0 < —scals + scalsscal

Corollary 5.3 A 4-manifold has 2-positive Ricci curvature if and only if
the following inequalities hold for the higher scalar curvatures:

0 < scal

0 < 2scaly + 3scal?

0 < 4scalyscal + scal®

0 < —4scaly + scalzscal + scal% + 2scalyscal?
0 < —3scalyscal + scalzscal® + scal3scal

0 < —scalyscal® — scal% + scalzscalsscal

339
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Corollary 5.4 A 4-manifold has 3-positive Ricci curvature if and only if
the following inequalities hold for the higher scalar curvatures:

0 < scal

0 < scaly + 3scal?

0 < —scalz + 2scalyscal + scal®

0 < scaly — scalzscal + scalyscal?

6 Application to Shen’s k-th Ricci curvature

The same method also applies to the positivity of Shen’s k-th Ricci curva-
ture. The proof works again as this condition can also be formulated using
a sum of eigenvalues.

Theorem 6.1 In dimension n, Shen’s k-th Ricci curvature is positive if and
only if the nonlinear system of inequalities given by the A?_l’k applied to
the higher Ricci curvatures holds:

A;Lil’k(Ricl (v), .., Ricy—1(v)) >0
forallj=1,2,... (";1) and for all unit vectors v € S(TM).

Proof. Because of Ric®)(v) = tr*)(QV],.), the condition Ric®)(v) > 0 for
all unit vectors v is equivalent to

tr® Q) = i + ps + -+ > 0

where we have ordered the eigenvalues of )V such that pj < u§ < ... <pur_,
and py, = 0 corresponds to the degenerate direction v of Q¥. As 0;(Q"[,+) =

0j(Q") = Ricj(v) for j <n — 1, the statement follows. 0O

Recall that Ric; = Ric is the usual Ricci curvature. Again, this gives the
following low-dimensional cases:

Corollary 6.2 A 4-manifold has positive Shen’s 2-nd Ricci curvature if and
only if the following inequalities hold for the higher Ricci curvatures for all
veS(TM):
0 < Ric(v)
0 < Rica(v) + Ric(v)?
0 < —Rics(v) + Rica(v)Ric(v)
Corollary 6.3 A 5-manifold has positive Shen’s 2-nd Ricci curvature if and
only if the following inequalities hold for the higher Ricci curvatures for all
veS(TM):
0 < Ric(v)
0 < 2Rica(v) + 3Ric(v)?
0 < 4Rica(v)Ric(v) + Ric(v)?
0 < —4Ricy(v) + Ricg(v)Ric(v) + Rica(v)? + 2Rico(v) Ric(v)?
0 < —3Ricy(v)Ric(v) + Ricz(v)Ric(v)? + Rica(v)? Ric(v)
0 < —Ricy(v)Ric(v)? — Ricz(v)? + Rics(v)Rica(v) Ric(v)
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Corollary 6.4 A 5-manifold has positive Shen’s 3-rd Ricci curvature if and
only if the following inequalities hold for the higher Ricci curvatures for all
veS(TM):

0 < Ric(v)

0 < Rica(v) + 3Ric(v)?

0 < —Ricz(v) + 2Rice(v) Ric(v) + Ric(v)?

0 < Ricy(v) — Ricz(v)Ric(v) + Rica(v)Ric(v)?
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