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On a generalization of reversible rings

Debraj Roy - Tikaram Subedi

Abstract We call a ring R generalized reversible if for any a,b € R — {0}, ab = 0 implies
there exists a positive integer n such that b" # 0, b"a = 0. It is proved that generalized
reversible rings are NCI and abelian. It is also proved that the class of generalized reversible
rings is closed under finite subdirect product. Some extensions of generalized reversible
rings are looked into. Some conditions are provided for a generalized reversible ring to
be reduced. Finally, a generalized reversible left (right) SF-ring is proved to be strongly
regular.
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1 Introduction

R denotes a ring and all rings considered in this paper are associative rings
with identity. The symbols F(R), N(R), Z(R) respectively stand for the
set of all idempotent elements, the set of all nilpotent elements and the set
of all central elements of R. We denote the left (right) annihilator of any
element a € R by l(a) (r(a)). R is abelian if all its idempotents are central.
R is reduced if N(R) = 0. R is reversible ([1], [7]) if for any a,b € R, ab=10
implies ba = 0.

Various generalizations of reversible rings have been explored by many
authors over the last several years. This paper presents a generalization of
reversible rings which we call generalized reversible rings. We establish some
properties of generalized reversible rings. Some results on reversible rings
are extended to this generalized version.
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2 Debraj Roy, Tikaram Subedi

2 Generalized reversible rings

Definition 2.1 We call a ring R generalized reversible if for any a,b €
R — {0}, ab = 0 implies there exists a positive integer n such that b™ # 0,
b"a = 0.

Every reversible ring is generalized reversible. A generalized reversible
ring need not be a reversible ring as shown by the following example.

Ezample 2.1 Let R = Zs[x,y]/I where zy # yx and I is the ideal <
zy,y?z,yz? > of Zs[z,y]. Then R is not reversible as (z + I)(y + 1) = 0
but (y + I)(x + I) # 0. We claim that R is generalized reversible. If
0 # f(z,y) € R, then without loss of generality we can assume that f(z,y)
is of the form =™, y", yz, 2™ + y", 2™ + y" + yx, y" + yx, 2" + yz, 2™ +
v+ 2"+ y " +yr+1, 2ty + 1, y"+yr+1, 2+ 1, y" + 1, yr 4+ 1, 1.
For any 0 # f(z,y) € R, if 0 # g(z,y) € R such that f(z,y)g(z,y) € I, we
have to prove that there exists a positive integer k such that g(z,y)* ¢ I
and g(z,y)* f(z,y) € I. We observe that if the constant term of f(z,y) ¢ I
is 1, then there does not exist any g(z,y) ¢ I such that f(z,y)g(z,y) € I.
Hence, to establish the claim, it remains to check for each f(x,y) of the
above mentioned form, whose constant term is zero. In this example, all
polynomials considered are from Zs[z,y] and unless otherwise mentioned,
m, n are arbitrary positive integers.

Case 1: f(x,y) = 2™ or 2™ +yx. The corresponding polynomials g(z,y) are
y", yx,

y"+yz. If g(z,y) = y" or y" +yx, then g(z,y)* ¢ I and g(z,y)*f(x,y) € I.
If g, y) =y, then g(z,y)f(w,y) € I.

Case 2: f(z,y) = y™ or y" —i—yw If n = 1, then g(z,y) = yz, 2™ (m >
1), 2™ + yz (m > 1) and in each case, g(z, y) (x,y) € I. If n > 2, then
g(z,y) = 2™, yx, 2™ 4 yr and in each case, g(z, y)f(x,y) el

Case 3: f(z,y) = yz. The corresponding polynomials g(z, y) are ™, y", yz,
™ty 2™+ y" +yx, 2™ +yz, y" +yr and in each case, g(z,y) f(z,y) € 1.
Case 4: f(z,y) = 2™ + y™ or 2™ + 3" + yx. Then g(x,y) = yx and in this
case, g(z,y)f(z,y) € 1.

A ring R is NCI ([2]) if N(R) = 0 or there exists a non-zero ideal of R
contained in N(R). R is NI ([2]) if N(R) is an ideal of R. It is evident that
NI rings are NCI but the converse need not be true ([2]).

Proposition 2.2 Let R be a generalized reversible ring. Then R is NCI and
abelian Ting.

Proof. Let N(R) # 0 and 0 # a € N(R). Let n be the least positive integer
such that @™ = 0. Then ™! # 0. Now for any r € R, ra(a™!) = 0. As R is
generalized reversible, there exists a positive integer m such that (a™~1)™ #
0 and (a"')™ra = 0. It follows that m = 1 and hence a" 'Ra""! = 0.
Therefore Ra" 'R is a non-zero ideal of R contained in N(R). Hence R is
NCI.
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On a generalization of reversible rings 3

Let 0, 1 # e € E(R). For any r € R, re(1 —e) = 0. Since R is generalized
reversible, there exists a positive integer n such that (1—e)"re = (1—e)re =
0, so re = ere. Similarly r(1 — e)e = 0 leads to er = ere. This proves that
R is abelian.

O

The following example shows that an abelian ring need not be generalized
reversible.

Ezxample 2.2 Let R = Zcbl ta,b,c,d € Z, ad:b:c:O(mod2)}.

Then E(R) = {0, I}, where [ is the 2 x 2 identity matrix over Z. It follows

that R is abelian. Let A= ( 09 ), B=( (2] € R. Then AB =0, B2 =0

and BA # 0. Therefore R is not generalized reversible.

An NCI ring need not be generalized reversible which is shown by the
following example.

Example 2.8 Let F be a field and R = Fg g]
__|OF
— 100

ring and hence R is an NCI ring.

11
Now A = 00

hence R is not generalized reversible.

Then N(R) which is an ideal of R which implies that R is an NI

€ E(R) and A is not central. Therefore R is not abelian,

R is weakly reversible ([6]) if for any a,b,r € R,ab = 0 implies Rbra is a
nil left ideal.

Proposition 2.3 A generalized reversible ring is weakly reversible.

Proof. Let a,b,r € R with ab = 0. For any s € R, (bra)(bras) = 0. Since
R is a generalized reversible ring, there exists a positive integer n such that
(bras)™bra = 0. This implies (bras)"* = 0, so (sbra)"™2 = 0. Hence Rbra
is a nil left ideal.

O

R is weakly semicommutative ([5]) if for any a,b € R,ab = 0 implies
aRb C N(R).

Theorem 2.4 A weakly reversible ring is weakly semicommutative.

Proof. Let R be a weakly reversible ring and a,b € R with ab = 0. Then for
any r € R, rba € N(R) which implies arb € N(R).
O

Corollary 2.5 A generalized reversible ring is weakly semicommutative.
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4 Debraj Roy, Tikaram Subedi

Recall that a ring R is central reversible ([3]) if for any a,b € R, ab =0
implies ba € Z(R). The following example shows that a central reversible
ring need not be generalized reversible.

Example 2.4 Let x,y, z be indeterminates and consider the set
R ={ap+ a1z + asy + azz : ap, a1, az,a3 € Z}

with the usual componentwise addition and the following multiplication:
(ao + a1 + agy + azz)(bo + b1 + bay + b32) =

aopby + (apb1 + arbo)x + (apbe + abo)y + (aobs + asby + a1bs)z.

R is a ring with 1 as the identity ([10], Example 5.1). From this multipli-
cation it can be seen that 22 = 0,42 = 0,22 =0,y2 =0, 2y = 0, 22 =
0, zz = 0, yr = 0 and 2y = z and z is central. Therefore R is central re-
versible. Now yz = 0 but 2y = z # 0 and 22 = 0 which proves that R is not
generalized reversible.

Theorem 2.6 Finite subdirect product of generalized reversible rings is gen-
eralized reversible.

Proof. Let R be a subdirect product of two generalized reversible rings A
and B. It suffices to prove that R is generalized reversible. It is clear that
there exists ideals I,J of R such that A ~ R/I, B~ R/J and INJ = 0.
Let 0 # a, 0 # b € R such that ab=0. Let a ¢ TUJ and b ¢ I U J. Then
a,b¢ I, a,b¢ J. Nowab=0in R/I. As R/I is generalized reversible, there
exists a positive integer m such that b # 0, b"@ = 0 which implies that

b™a € I. Similarly there exists a positive integer k such that Bk £0, bka € J.
Let n= max (m, k). Then b" # 0, b"a € INJ =0.Leta € IUJ orb e IUJ.
Then ba € TU J. If ba € I N J, then ba = 0, so assume ba € I and ba ¢ J.
Now @b = 0 in R/J which implies that there exists a positive integer [ such
that b # 0, bla € J and so b'a € IN.J = 0. This proves that R is generalized
reversible.

O

Proposition 2.7 Let I be an ideal of R containing no non-zero nilpotent
elements. If R/ is generalized reversible, then R is generalized reversible.

Proof. Let 0 # a,0 # b € R such that ab = 0. Then ab = 0. If a,b ¢ I, then
a # 0,b#0. As R/I is generalized reversible, there exists a positive integer
n such that " # 0 and 5"a@ = 0. So b" # 0 and b"a € I. Now (b"a)? = 0.
As I does not contain any non-zero nilpotent elements, we have ba = 0. If
a€lorbel,then ba € I. Then (ba)? = 0 leads to ba = 0.

O

Ezample 2.5 A semicommutative ring need not be generalized reversible.

abc
Let R = S3(R) = {(0 ad) :a,b,c,dER}. Then by ([4], Proposition
00a
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On a generalization of reversible rings 5

1.2), R is semicommutative.

000 010

Let A = <001>, B = (000). Then AB = 0, B> = 0 and BA # 0.
000 000

Therefore R is not generalized reversible.

Proposition 2.8 Let R be a generalized reversible ring which is not re-
versible. Then

apg a1 a2 ... [47%%
0 apar ... ap—1

Va(R)=4 [0 0@ .o tnz|.geRi=01,2---,n
0 00 ... ag

is not generalized reversible for any n > 1.

Proof. As R is not reversible, there exists a,b € R such that ab = 0, ba # 0.

a00...0 000... b
0a0O... 0 000...0

Then A= |[..... . |,B=|..... .| €VyR).But AB =0,
000... a 000 0 0

B? =0 and BA # 0 as ba # 0.
O

Theorem 2.9 Let R be a ring and S be a multiplicatively closed subset of
R consisting of central reqular elements. Then R is generalized reversible if
and only if ST'R is generalized reversible.

Proof. Let R be generalized reversible and 0 # «,0 # 3 € S™'R such that
af = 0. Let a = m~la,3 = n~1b where m,n € S,a(# 0),b(#£ 0) € R. Now
S C Z(R) leads to 0 = a = m~tan™'b = (m~tn"1)ab = (mn) tab, so
ab = 0. By hypothesis, there exists a positive integer k such that b* # 0,
b*a = 0. Therefore f* # 0 and BFa = (n=')*m~'b*a = 0. Hence S™'R is
generalized reversible. The converse easily follows.

O

Corollary 2.10 For any ring R, R[x] is generalized reversible if and only
if the ring of Laurent polynomials R|z;x~'] is generalized reversible.

Proof. Assume R[z] is generalized reversible. Let S = {1,z,2% .-+ 2", ---}.
Then S is a multiplicatively closed subset of R[x] consisting of central reg-
ular elements. Therefore by Theorem 2.9, S~ R[x] is generalized reversible.
As R[z;x71] =~ ST1R]x], the result follows. Converse is trivial.

O
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The Dorroh extension, denoted by D(R,Z), of a ring R over Z is the ring
R x Z with the usual componentwise addition and the following multiplica-
tion:

(r1,81)(re, s2) = (r1re + 172 + S2r1, $182) where r1,72 € R, $1, 82 € Z.

Lemma 2.11 For any (r,s) € D(R,Z),

for any positive integer k.

Proof. We will prove the result by induction on k, the power of (r,s).
For k =2, (r,8)? = (r2 + sr + sr, s2) = (r? + 2Cysr, s?), the result is true.
Let the result be true for £k = n. Now,
i=n—1
(r, )" = (r,5)"(r, s) = ( > "CistrT ’,S”> (r,s)

=0

i=n—1
= (( Z "Cisir”_l) (r+s)+ s"r, s”“)
=0 )
i=n
— (TnJrl +Z(nc«i+nci_1)8irn+l—i’ 8n+1)

=1

i=n i=n
— <n+1corn+1 +Zn+1cisz‘rn+1—i Sn+1> _ (Zn+IC¢SiT"+1i 8n+1>
) y .
i=1 i=0
So the result is true for k = n + 1 if it is true for k = n.
O

Theorem 2.12 R is generalized reversible if and only if D(R,Z) is gener-
alized reversible.

Proof. Let (0,0)#(r1, s1), (0,0)#(r2, s2)€D(R, Z) such that (r1,s1)(r2, s2)=
0. Then riro + s179 + sor1 = 0, $152 = 0 so that s =0 or s = 0. If 57 =0,
then r17re + sar1 = ri(r2 + s2) = 0.

If (ro 4+ s2) # 0, by hypothesis there exists a positive integer n such that
(ro+s2)" #0, (ro+s2)"r1 = 0. By Lemma 2.11, we see that the sum of the
components of (rg, s2)™ is (1o + s2)™. Therefore it follows that (rg, s2)™ #
(0,0).

i=n—1
Now, (r2, s2)"(r1, s1) ( Z C527"n lﬁ”) (r1,0)

i=n—1
= (( Z nCislzrg_Z> 1+ 82”7“170)
i=0
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On a generalization of reversible rings 7

= ((ro + s2)"r1,0) = (0,0). If (ro + s2) = 0, then ra = —sy so that
(r2,82)(r1,81) = (r2,52)(r1,0) = ((r2 + s2)71,0) = (0,0).

If s5 =0, then r17rs + s179 = 0 = (11 + s1)r2. Now s2 = 0 and (79, $2) #
(0,0) which implies that ro # 0. By hypothesis, there exists a positive integer
n such that r2"#0 and r9™(r1+s1) =0. Therefore (rq, s9)™ = (2™ 0) # (0, 0)
and (rg, 89)" (11, 81) = (12", 0) (71, 81) = (r2"r1+8172",0) = (r2"(r1+51),0) =
(0,0). Hence D(R,Z) is generalized reversible.

Converse follows trivially.
0

Let A be an arbitrary ring with identity and B be a subring of A contain-
ing the identity element of A. R[A, B] denote the set
{(a1, ag, -+ ,an,b,b,---):a; € A,b€ B,n>1,1<4<n}. Then R[A, B]
is a ring under the componentwise addition and multiplication.

Theorem 2.13 Let A be an arbitrary ring and B be a subring of A contain-
ing the identity element of A. Then the following conditions are equivalent:

1. A is generalized reversible.
2. R[A, B] is generalized reversible.

P’I’OOf (1):(2) Let f:(a‘laan Tty 0ng, G, 4 ')a g:(b17b27 to 7bn27 b,bv o )
€ R[A, B] be non-zero elements with fg = 0 where a;,b; € A, a,b €
B,ny,ng > 1,1 <i < ny,1 < j < ng Take n = maz{ny,no}. If ny
is maximum, let b; = b for any i, ny + 1 < i < ny and if no is maxi-
mum, let a; = a for any i, n1 +1 < i < ny. Then ab = 0 and for any
i, 1 <1 < n, a;b; = 0. By hypothesis, there exists positive integers k£ and
ki (1 < < n) such that b¥a = 0 = b¥a; where b* # 0 if b # 0 and b # 0
if b; # 0. Let m = max{ky, ko, - ,kn,k}. Then g™ # 0, g™f = 0. This
implies that R[A, B] is generalized reversible.

(2) = (1) is trivial.

3 Consequences of generalized reversibility on some classes of
rings

A left R-module M is Wnil-injective ([11]) if for any 0 # a € N(R), there
exists a positive integer n such that a™ # 0 and every left R-homomorphism
from Ra"™ to M extends to one from R to M.

Theorem 3.1 Let R be a generalized reversible ring. Then R is reduced if
R satisfies any of the following conditions:

1. R 1is semiprime.

2. Fvery simple singular left R-module is Wnil-injective.

3. Fvery simple singular right R-module is Wnil-injective.
4. Every mazximal essential left ideal of R is Wnil-injective.

337



8 Debraj Roy, Tikaram Subedi

5. Bvery maximal essential right ideal of R is Wnil-injective.

Proof. Let R be a generalized reversible ring which satisfies condition (1)
and 0 # a € R with a> = 0. Then for any r € R, (ra)a = 0. Since R
is generalized reversible, we obtain ara = 0 and hence aRa = 0. As R is
semiprime, this leads to a = 0.

Let R be a generalized reversible ring satisfying condition (2). If0 # a € R
with a? = 0, then there exists a maximal left ideal L C R containing [(a).
Since R is abelian, it is easy to see that L is essential so that R/L is a simple
singular left R-module and so it is Wnil-injective by hypothesis. Hence every
left R-homomorphism from Ra to R/L extends to a left R-homomorphism
from R to R/L. Consider the left R-homomorphism f : Ra — R/L defined
by f(ra) =7+ L and let g : R — R/L be the left R-homomorphism which
extends f. Then 1+ L = f(a) = g(a) = ag(1) = ab+ L for some b € R
so that 1 — ab € L. As R is generalized reversible and baa = 0, we obtain
aba = 0 so that ab € I(a) C L which leads to 1 € L, a contradiction. This
proves that R is reduced.

Let R be a generalized reversible ring satisfying condition (3). If 0 # a €
R with a? = 0, then there exists a maximal essential right ideal K of R
containing r(a). Arguing as in last paragraph, we see that there exists some
b € R such that 1 — ba € K. As R is generalized reversible and baa = 0,
we have aba = 0 and so (ba)? = 0 so that 1 — ba is a unit. This leads to a
contradiction as K # R.

Let R be a generalized reversible ring which satisfies condition (4). Let
0 # a € R such that a®> = 0. There exists a maximal left ideal M of R
such that I(a) € M. We claim that r(a) C M. If this is not true, then
there exists x € r(a) such that z ¢ M. This implies that M + Rz = R
which yields v + vz = 1 for some u € M, v € R. Now zazv = 0. As
R is generalized reversible, there exists some positive integer n such that
(zv)"za = 0 so that v(zv)"za = 0. This implies that (vz)"*la = 0 and
hence (1 — u)"*t = (vz)" ™! € l(a) C M. As u € M, this leads to 1 € M, a
contradiction. Therefore r(a) C M. It is easy to see that M is essential. By
hypothesis, every left R- homomorphism from Ra to M extends to a left
R-homomorphism from R to M. It follows that there exists some b € M
such that a = ab, whence 1 — b € r(a) C M which leads to 1 € M, a
contradiction. This proves that R is reduced.

Let R be a generalized reversible ring which satisfies condition (5). Let
0 # a € R with a? = 0. There exists a maximal essential right ideal K C R
containing r(a). By hypothesis, every right R-homomorphism from aR to
K extends to one from R to K. It follows that there exists some b € K such
that a = ba which implies that (1 — b)a = 0. As R is generalized reversible,
we obtain a(1 —b) =0 and so 1 —b € r(a) C K which leads to 1 € K, a
contradiction.

O

Corollary 3.2 Let R be a generalized reversible ring. Then R is reversible
if R satisfies any of the following conditions:
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On a generalization of reversible rings 9

R is semiprime.

. Every simple singular left R-module is Wnil-injective.

. Every simple singular right R-module is Wnil-injective.

. Bvery mazimal essential left ideal of R is Wnil-injective.

. Bvery mazimal essential right ideal of R is Wnil-injective.

Cuds Lo to ~

Theorem 3.3 A ring R is a domain if and only if R is prime and general-
ized reversible.

Proof. If R is a domain, then clearly R is prime and generalized reversible.
Conversely, let R be a prime, generalized reversible ring and a,b € R with
ab = 0. Then for any r € R, (bra)? = br(ab)ra = 0. Since R is generalized
reversible, (bra)R(bra) = 0. As R is prime, this leads to bRa = 0 which
further leads to a =0 or b = 0.

O

R is (von Neumann) regular if for any a € R, there exists some b € R such
that @ = aba. R is strongly reqular if for any a € R, there exists some b € R
such that a = a?b. It is known that R is strongly regular if and only if R is
reduced regular. A ring R is right SF ([8]) if its simple right modules are
flat. Left SF-rings are defined similarly. It is known that regular rings are
left (right) SF-rings. However, till date, it is unknown whether left (right)
SF-rings are regular. The following theorem proves the strong regularity of
a generalized reversible left (right) SF-ring.

Theorem 3.4 Let R be a generalized reversible ring. The following condi-
tions are equivalent:

1. R is a strongly reqular ring.
2. R is a left SF-ring.
8. R is a right SF-ring.

Proof. 1t is well known that a regular ring is a left and right SF-ring. So
(1) = (2), (3) holds.

(2) = (1). As a reduced left (right) SF-ring is strongly regular ([9]), it is
enough to prove that R is reduced. Let 0 # a € R such that a? = 0. There
exists a maximal left ideal M of R such that {(a) C M. Arguing as in the
proof of Theorem 3.1, we have r(a) C M. As R is left SF and a € l(a) C M,
by ([9], Lemma 3.14) there exists some b € M such that a = ab and hence
1—-ber(a) C M. Then using b € M we get 1 € M, a contradiction. So R
is reduced.

(3) = (1). It is sufficient to prove that R is reduced. Let 0 # a € R
with a? = 0. If = € I(a), then za = 0 which implies that ax = 0 as R is
generalized reversible. This implies that [(a) C r(a). Since r(a) # R, there
exists a maximal right ideal M of R such that 7(a) C M. Asa € r(a) C M
and R is right SF, by (][9], Lemma 3.14) there exists b € M such that
a = ba. Therefore (1 —b) € l(a) Cr(a) C M. Then1l=(1-b)+be M, a
contradiction.

O
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