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On porosity-convergence of real valued sequences
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Abstract In this paper, we define a new type of convergence called p,-convergence for

real valued sequences by using the porosity notion for subsets of natural numbers at
infinity. Besides the main properties of p,-convergence we showed that p,-convergence is

a regular summability method.
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1 Introduction

Porosity notion was defined in the papers of Denjoy [3], [4], Khintchine [10]
and Dolzenko [5]. After these papers, this notion has many applications
in the theory of free boundaries [9], generalized subharmonic functions [6],
complex dynamics [11], quasisymmetric maps [14], infinitesimal geometry
[2] and other fields of mathematics.

Let A C RT, the right upper porosity of A at 0 is defined as
pT(A) = limsup A4, h)

h—0+

where A(A,h) is the length of the largest open subinterval of (0,h) that
contains no point of A (for more information [13]). The notion of right
lower porosity of A at 0 is defined similarly.

In [1] the definition of porosity given for subsets of real numbers has been
redefined for subsets of natural numbers by using a special function .

Let p: N — R* be a strictly decreasing sequence such that li_}In uwin) =0

n oo

and let E be a subset of N. Let us define respectively the porosity numbers
p,(E) and BH(E) as follows
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2 Maya Altinok, Mehmet Kiigtikaslan

B ) Au(E,n)
E) := limsup 222~ 1.1
pu(E) msup = s (1.1)
and A(En)
E) := lim inf 22221 1.2
p,(E) = liminf = % (12)
where

Au(Eyn) = sup{|p(n™) = u(n®)] : n <0 < 0@, M 2n@)ynE =}
The function p is called a scaling function and p,,(E) and BM(E) are called

upper and lower porosity of the set E at infinity, respectively [1].
From the definition of upper and lower porosity we have the following
trivial result.

Remark 1.1 ([1]) If F is a finite subset of N, |E| < Ny, then, for every
n € N, A\, (E,n) is the length of the largest open subinterval of (0, ;«(n)) that
contains no point of x(E) and has a form (pu(n®), u(nM)) with n < n®),
For the case of finite E' we evidently have \,(E,n) = p(n) for all sufficiently
large n. Consequently the equality

Pu(B) = p,(B) =1
holds for every scaling function p for all £ C N with |E| < No.

Thoughout this paper, we will use only the right upper porosity and the
following terminology. A set £ C N is called

(i) Porous at infinity if p,(£) > 0;
(i4) Strongly porous at infinity if p,(F) = 1;

(i4) Nonporous at infinity if p,(E) = 0.

Lemma 1.1 Let A and B be arbitrary subsets of N. If A C B, then
Pu(A) > p,(B)
holds for every scaling function .
Proof. Let us assume that A C B. Then, the inequality
Au(B,n) < Au(A,n)
holds for all n € N. Consequently, we obtain

Ay (B, n) . A
P, (B) = limsup 2~~~ < limsup A~~~
HB) =B iy = P )
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On porosity-convergence of real valued sequences 3

Corollary 1.2 If AC B C N andp,(B) > 0, then the inequality p,(A) >0
holds.

Remark 1.2 Following statements hold for subsets of N.
(i) A porous set doesn’t contain any nonporous set.
(ii) If p,(A) > 0 and B C N be any set, then p, (AN B) > 0.

Remark 1.3 If AA B is finite, then p,(B) = p,(A) holds. Where AA B :=
(A\B) U (B\A).

Remark 1.4 The union of any collection of porous sets is not necessarily
porous.

Ezample 1.1 Let A; = {n : n =i* k € N}, for i € N. It is clear that for
every i € N, p,(4;) > 0, but Uj2; A; = N and p,(N) = 0.

Remark 1.5 The union of two strongly porous sets does not have to be
strongly porous.

Proof. Let E = {nq,na,...,ng, ...} be a subset of N for which 1 =ny < ng <
e < Ngg < Mgy 1, --- and
-1
piw =) _ (1.3)
koo p(g—1)
Define A, B C N as
A = (Ug=o[nak, nak+1 — 1]) NN
and
B = (Ug=1[n2k+1, 1242 — 1]) N N.

For every infinite set £ = {maq,...,mg, ...} with m; < m;;1, we have the
equality

D =1-—limin 7M(ml)
pH(E) =1-1 f,u(mi—l)

(see Lemma 3.7 in [1]).
This equality and (1.3) imply that

Pu(A) =Du(B) =1.

Hence A and B are strongly porous at infinity. Since AU B = N, we have
that A U B is nonporous at infinity.
O

Let A = {ny,n2,....;np,...} C N such that ny < ngy; and no- A =
{nonl,nong, ey NON } for ng € N.

Lemma 1.3 Let A C N be a porous set. Then, ng-A C N, ng € N isa
porous set.
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Proof. Let A be a porous set. From Lemma 3.7 in [1] we have

_ ... (nong) e )
ng-A)=1—-liminf ——*— =1 —liminf ——"— = A).
Pulno - A) k—oo  p(nonk—1) k—oo  p(np—1) Pu(4)

Hence ng - A is also a porous set at infinity.

2 p,,-Convergence

The concept of limit is one of the main subject of analysis. In this section,
the notion of convergence is generalized by using the upper porosity of the
subsets of natural numbers at infinity.

Definition 2.1 Let x = (zp)nen be a real valued sequence. We say that,
T = (Tn)nen is P, convergent to l € R if for each € > 0,

ﬁM(Aa) >0 and ﬁH(Ag) =0,

holds, where Az :=={n : |z, — 1| > €} and AS is complement of Ac. It is
denoted by x — 1(p,) (or P, — limy 00 Tn =1

Ifp,(A:) = 1, we call z = (=) is strongly p,, convergent to [ and denoted
by x, — (s —ﬁu) or s —p,, — limy 00 7 = [

Theorem 2.2 The p,,-limit of the sequence x = () is unique.

Proof. Suppose that © = (z,,) is py-convergent to both [ and L, i. e, z,, —
[(P,), ¥n — L(p,) and [ # L.

If we consider ¢ < |l — L|, then from the definition of p,-convergence
p,({n:|zn =1 >¢e}) > 0and p, ({n: |z, — L| > €}) > 0 hold. The inclu-
sion

{n:lz, =1l <etC{n:|z, — L| > ¢}
holds. From Corollary 1.2 we have p({n : |z, — | < €}) > 0. But it is a
contradiction to x,, — I(p,,). Therefore [ = L.
o

Theorem 2.3 Let x = (x,) be a real valued sequence. If x, — 1 (n — 00),
then xn, — 1(p,,)-

Proof. Since z,, — | (n — 00), then for every ¢ > 0, there exists an ng =
no(e) € N such that |z, — | < € holds for all n > ng(e).
It is clear that {n : |z, — | > e} C {1,2,...,n0}. Therefore, the desired
result is obtained from Remark 1.1 and Lemma 1.1.
o

Theorem 2.3 shows that p,-convergence is a regular summability method.
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On porosity-convergence of real valued sequences 5

Remark 2.1 The converse of Theorem 2.3 is not true, in general.

Example 2.1 Let p : N — RT be a scaling function, and z = (x,) be a
sequence as follows:

- n,n=2" meN,
"7 1 0, otherwise

and !
=—-neN
p(n) —neN,

respectively.
This sequence is p,-convergent to 0, (z, — 0(p,)). Really for any ¢ > 0
the set

Ac={n:|z, =0 >c}={n:|z, >} ={n:n=2"meN}
is porous because of Lemma 3.7 in [1]. But it is not convergent to zero.

Theorem 2.4 Let x = (x,) be a real valued sequence and (ny) be a strictly
increasing sequence of natural numbers such that the set {ny : k € N} is
nonporous. If (x,,) is py-convergent tol € R, then (zp,) 1s also P-convergent
tol.

Proof. Let @, — I(p,). Then, for each € > 0, we have
p#(AE) >0

where A. :={n : |z, —1] >¢€}.
Consider the set AL :={ny : |x,, — 1| > ¢} for any € > 0. It is clear that
the inclusion

AL C A.
holds. This inclusion and Lemma 1.1, give that
p.(AL) > 0.

Hence, the subsequence (z,, ) is also p,-convergent to .

Remark 2.2 The converse of Theorem 2.4 is not true.
Ezample 2.2 Let a sequence © = (z,,) and its subsequence (z2,,) as follows:
28 n =2k,
Ty =14 3 n=2k—1,
0, otherwise,

- - Qk, m = 21@71’
Im =0, otherwise.

and

It is clear from Lemma 3.7, [1] that the set {2m : m € N} is nonporous.
So, the condition of Theorem 2.4 holds. Also, a,, — 0(p,) because the set

{2% . k € N} is porous. But the sequence (z,,) is not p,, convergent to 0.
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Remark 2.3 Nonporosity of the set {n; : £ € N} can not be omitted in
Theorem 2.4.

Let us consider the sequence in Example 2.1 and the set {2 : m € N}.
It is clear that p,({2™ : m € N}) > 0. If we take the subsequence (=) of

(zn), then @, — I(p,), but xam - 0(p,,).

Theorem 2.5 Let x = (x,,) be a real valued sequence. If xn, — 1(p,) then
there exists a subsequence () of () such that (x,,) converges to l.

Proof. Let x, — l@u)' Then A, = {n : |z, — | > €} is a porous set. This
set can be written as follows:

Ae ={n1,ng, ..., g, Nk 1,0}

such that ng < ngy; and np — oo for k — oc.

The interval (ng,ngy1) may include a finite number of natural numbers
or infinite number of natural number. Let us assume that n}€ is the smallest
natural number in the first interval which contains a finite number of natural
numbers, ni is the smallest natural number in the second interval which
contains a finite number of natural numbers.

If so continue, we construct a sequence (n});en of natural numbers such
that for each i € N ni ¢ A. and ni, < n}'. Using the sequence (n)ien we
obtain a subsequence () of z = (x,) such that () converges to I.

O

Theorem 2.6 Let x = (z,) and y = (yn) be real valued sequences. If x,, —
l(ﬁu) and vy, — t(ﬁu), then

Tp+Yn — 1+ t(ﬁu)'

Proof. Since z, — I(p,) and y, — t(p,), then for any ¢ > 0 the sets
{n : |z, —1] > e} and {n : |y, —t| > e} are porous. The following
inclusion

{nilantyn—(+D| 2} Snilon—U= Al -t 22} (2)
holds. It is clear that the inclusion
{nilan =12 S Alyn =t = 2} S {ntfan — 1] = 5}
hold and from Lemma 1.1 the inequality
Pul{n:len =112 51 < B0 o =1 2 5 Ay — 1] 2 )
satisfies. This gives that

_ 5 €
pu({”1|xn*l|25/\\yn*t|25})>0~
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On porosity-convergence of real valued sequences 7

From (2.1) and Lemma 1.1, we have
Pu({n:|zn +yn — (I +1)| >€}) > 0.

Consequently, z, + yn — [ +t(D,)-
O

Theorem 2.7 Let x = () be real valued sequence. If xn, — 1(p,), then
azn, — al(p,), such that o € R.

Proof. Let us assume that x,, — [(p,). Then p,(A:) > 0 such that A, =
{n : |zn, —1| > e}. We have
€

{n : oz, —al| >} ={n : |xnfl|zﬁ}:Aﬁ
a .

for the sequence ar = (azy). From the p,-convergency of z = () we
obtain
ﬁ#(AL‘) > 0.

|

Hence az, — al(p,,).
o

Following two theorems gives a characterization that a given sequence is
p,-convergent (strongly Tou—convergent) or not p,-convergent (strongly Dy~
convergent).

Theorem 2.8 Let x = (z,,) be a real valued sequence and p : N — R be
scaling function. x, + 1(p,,) if and only if

m p(ngi1)

dim =S =1 (2.2)

where ng,ng+1 € Ae such that ng < ngqq for all k € N.
Proof. Suppose that (2.2) holds. Then, by Lemma 3.7 in [1], we obtain
B (A = 1 iminf 2000 g H0)
. koo (1) koo (k)
Thus A. is nonporous at infinity w.r.t. u, that is 2 -+ 1(p,).

Conversely, assume = - [(p,,). Then using Lemma 3.7 in [1] we have

1 = Tim jnf 2011
koo (k)

Since p is decreasing the inequality

lim sup N(nkJrl)

<1
k—o0 M(nk) N
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holds. Thus
1= liminfM < limsupM <1
k—oo  pu(ng) koo H(Nk)
that implies (2.2).
O

Theorem 2.9 Let x = (z,,) be a real valued sequence and p : N — R be
scaling function. The following statements hold.

(i) xn — U(p,) if and only if

lim sup M <1
(ii) xy, — U(s —p,,) if and only if
lim sup m =0.

Definition 2.10 A sequence © = (x,) is said to be Pyu-Cauchy if for every
e > 0 and sufficiently large n, m € N, p,(A(e)) > 0 and p,(A(e)?) = 0
where A(e) = {n : |z, — xm| > €} and A(e)® is complement of A(e).

Theorem 2.11 Let z = (zy,) be a p,-convergent sequence. Then, x = (zn)
is a p,-Cauchy sequence.

Proof. Let us assume that = (v,) — I(p,,). It is clear that the inclusion

{ns|an —am| 2} € {nt fan =1 2 S Alom —1 2 5}
holds. It is also true that the inclusion

€ € €

{n:|xn—l|2§A|1:m—l\ 2§}C{H:|mn—l|2§}

holds. From Lemma 1.1 we have
€ €
pu({n |z =1 > 5/\|a:m—l\ > 5}) > 0.
This gives that p,({n : [zn — zm| > €}) > 0. Therefore, r = (z,) is a
p,~Cauchy sequence.
O

Definition 2.12 Let x = (x,,) be a real valued sequence and M > 0 be a real
number. Let us consider S = {n : |z,| > M}. Ifp,(S) > 0 and p,(5¢) = 0,
then x = () is p,,-bounded sequence.

It is clear that every bounded sequence is also p,-bounded. But the con-
verse is not true.
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On porosity-convergence of real valued sequences 9

Ezample 2.3 Let us take account of Example 2.1. It is clear that © = (z,,)
is p,-bounded sequence but it is not bounded.

Theorem 2.13 FEvery Py -convergent sequence is ﬁu—bounded sequence.

Proof. Let us assume that x = (z,,) is a p,-convergent sequence. That is,
oy, — 1(p,,) holds. Then, there exists M > 0 such that the inclusion

{n:lzy| > M} C{n:|z, =1 > ¢}

holds. From Lemma 1.1 the set {n : |z,| > M} is also porous. Hence
x = () is p,-bounded.
O

Theorem 2.14 Every p,-Cauchy sequence is also p,-bounded sequence.

Proof. Let x = (x,) be a p,~Cauchy sequence. Then, there exists M > 0
such that the inclusion

{n:ilep| > My={n:|z, —om +xm| > M}

M M

M
c{n: |z, —zpm| > ?}
c{n:l|z, —zn| > ¢}
holds. From this inclusion and Lemma 1.1 the set {n : |z,| > M} is porous.

Consequently = = (z,,) is a p,-bounded sequence.
O

The class of all py-convergent, strongly p,-convergent, p,-bounded and
p,-Cauchy sequences are denoted by ¢, (z), ¢, (), By(x) and Cy,(x), respec-
tively.

(z) :={z = (v,) : 3l € R such that x, — I(p,)},
(z) :={z = (v,) : 3l € R such that z, — (s —D,)},
(z) :={z = (2,) : (@) is b, — bounded},

{x = (zn) : (@) is p, — Cauchy sequence}.

Remark 2.4 The following inclusion

() Ceu(r) C Cul@) C Bu(x)

holds for any scaling function p.

Let 1 and po be two scaling functions. In the following theorem, we will
give a necessary condition for the equality of C,, and C,.
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Theorem 2.15 Let p1 and po be two scaling functions. If
lim i (n)pz(m) _ 1, (2.3)
nm—o0 fia(n)p1(m)
holds, then we have the equality
Cu () =Cyuy(x) and C’Zl () = C’ZQ (x) (2.4)

Proof. Let us assume that @, — [(p,,) and the limit relation (2.3) hold. By

hypothesis
Py, (A2) > 0, (2.5)

holds. If |A.| < N, since B, (A:) = P,,,(A:) = 1, then (2.4) hold.
Thus, without losing generality, it can be assumed that |A.| = Ng. Then,
for every n € N there are n("), n(? € N such that n < n) < n(? and

Aoz (Ae,m) = pa(n™) — pig (@), (2.6)
Equality (2.3) implies that
pa(n) _ pa(n) pa(n)
pa(m) < (m) e (im) (27)

holds for sufficiently large m and n.
Using (2.6) and (2.7) we obtain

M (Aeyn) (™) (n®)
pa(n) pa(n) pa(n)
pa(ntt)) pa(nt®)
(1+e) p2(n) t-e) pi2(n)
pa(n) — pa(n®)
p2(n)
< )\pz(Amn)

pi2(n)
Letting ¢ — 0, the following inequality
At (Ae,n) < Ais (Ag, )
pi(n) T pa(n)
is obtained. From the last inequality and (2.5), we obtain

Pus (A:) > 0.

So, xn, — U(p,,). Consequently Cj, C Cp,. Similar arguments show that
C,, € Cy,. Equality (2.4) follows.

(1—-¢)

IN

+ 2¢

+ 2¢.

O

190



On porosity-convergence of real valued sequences 11

Corollary 2.16 Let ¢ > 0 and Let p; : N — RY and pp : N — R be

scaling functions satisfying lim Z ;EZ; = c. Then, the equality
n—oo

Cﬂl - Cuz

holds.

Definition 2.17 Let x = (z,)nen be a real valued sequence. The sequence
x = () is a p,-monotone sequence if there exists a subset H C N such that

pu(H) =0, and x = (zn)nen is monotone.
Theorem 2.18 Fvery monotone sequence is also Py -monotone.

Proof. Let us assume that z = (x,,) be a monotone sequence. Then for every
n €N, z, < zpy1 (or 241 < xp,) holds. Since x = (z,,) is monotone in N
and p,(N) = 0, then z = (z,,) is p,-monotone sequence.

o

Remark 2.5 The converse of Theorem 2.18 is not true, in general.

Ezample 2.4 Let us define x = (z,,) and the scaling function p : N — R as

follows:
| n,nis even,
Tn = %, n is odd
and
)=+
I =

This sequence is p,-monotone, but it is not a monotone sequence.

Definition 2.19 Let x = (z,) and y = (yn) be two sequences. (x,,) is even-
tually in (yn) if there exists N € N such that z, is a term of (yn) for all
n > N.

Theorem 2.20 Let z = (z,) and y = (y,) be two sequences such that (xy,)
is eventually in (yn). Then, yn — 1(p,) implies that z, — 1(p,,)-

Proof. Let (z,) be an eventually in (y,) and y, — [(p,). Then the set
{n: |yn—1| > €} is porous. From the assumption the inclusion {n : |z, —1| >
e} C{n: |yn—I| > e} holds. Also, from Lemma 1.1 we have {n : |z, —I| > ¢}
is a porous set.

g

Ezample 2.5 Let z = (z,,) and y = (yn) be sequences as follows:

o 25 n=3"
" 10, otherwise

— 3k7 n= 2k7
Yn = 0, otherwise.

and

ry, — 0(p,) and yn, — 0(p,,) but (x,) does not eventually in (y,), vice versa.
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3 Conclusion

One of the main problem in summability theory is the extension of set of
usual convergence of sequences. For this aim, many different summability
methods were defined such as Cesaro, Norlund, Abel, e.t.c. which can be
represented as a matrix. Statistical convergence which has no matrix repre-
sentation is most popular than others [7], [8], [12].

In this paper, porosity convergence is defined by considering upper poros-
ity of the subsets of natural numbers at infinity. It is obtained that this new
convergence method is a regular summability method.

Originating the definition of density and porosity there is a great difference
between density and porosity of a given subset of N. For example, the density
of finite set (or N) is zero (or 1) while the porosity is 1 (or zero). That’s why
the following question is important to understand the relations between
the set of statistical convergence and porosity convergence of real valued
sequences. Give a characterization for the subset A of N such that:

(1) p,(A) > 0 and p,(A°) = 0 when density of A is zero.

(2) p.(A) > 0 and p,(A°) = 0 when density of A is not zero.

(3) Density of A is zero when p,(A) =0 or p,(A°) > 0.

In connection with the above questions, the following problems are also
open:

Under which condition on scaling function,

(1) the converse of Theorem 2.11 is true?

(2) the set of statistical convergent and porosity convergence coincide?
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