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Abstract In this paper, we study lightlike hypersurfaces M of an indefinite nearly trans-
Sasakian manifold M or an indefinite nearly generalized Sasakian space form M (f1, f2, f3)
with a tangential trans-Sasakian structure vector field ¢ subject such that the induced
structure tensor fields F' of M is recurrent, nearly recurrent or Lie recurrent, or M itself
is totally umbilical, screen totally umbilical or screen conformal.

Keywords recurrent - nearly recurrent - Lie recurrent - lightlike hypersurface - indefinite
nearly trans-Sasakian manifold

Mathematics Subject Classification (2010) 53C25 - 53C40 - 53C50

1 Introduction

The theory of lightlike submanifolds is an important topic of research in
differential geometry and mathematical physics. In 1996, Duggal-Bejancu
published a book [3] on the lightlike geometry of submanifolds. Since then
the large number of papers published on null curves and lightlike submani-
folds. In 2007, Duggal-Jin published a book [4] on the differential geometry
of null curves and lightlike hypersurfaces which presented a comprehensive
up to date information on their subject by that time. In 2010, Duggal-Sahin
published a book [5] as an update on the study of lightlike submanifolds of
indefinite Kaehler manifolds or indefinite Sasakian manifolds.

The objective of this paper is to study on the geometry of lightlike hy-
persurfaces M of an indefinite nearly trans-Sasakian manifold M or an
indefinite nearly generalized Sasakian space form M (f1, fa, f3) subject such
that the structure vector field ¢ of M is tangent to M. The main results are
characterization theorems for such a lightlike hypersurface which has recur-
rent, nearly recurrent or Lie recurrent structure tensor field F', or which M
is totally umbilical, screen totally umbilical or screen conformal.
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2 Dae Ho Jin

2 Indefinite almost contact metric manifolds

An odd dimensional semi-Riemannian manifold (M, g) is said to be an in-
definite almost contact metric manifold ([5], [6]) if there exists a structure
set {J, ¢, 0, g}, where J is a (1, 1)-type tensor field, ¢ is a vector field, 6 is
a 1-form and g is the semi-Riemannian metric on M such that

J’X =-X4+60(X)¢, J(=0, 0oJ =0, 6(C) =1, (2.1)

0(X)=3(¢X), gJX,JY)=g(X,Y)—-0(X)4(Y).
In this paper, we denote by X, Y and Z the smooth vector fields on M.
A hypersurface M of a semi-Riemannian manifold (M, g) is called lightlike
hypersurface if its normal bundle TM* is a subbundle of its tangent bundle

TM, and coincides with the radical distribution Rad(TM) =TM NTM*.
Then there exists a non-degenerate complementary vector bundle S(7T'M)

of TM+ in T M, which is called a screen distribution of M, such that
TM = TM~* ®ypp, S(TM),

where @,,+, denotes the orthogonal direct sum. Denote by F(M) the algebra
of smooth functions on M and by I'(E) the F'(M) module of smooth sections
of a vector bundle F over M. Also, denote by (2.1); the i-th equation of
(2.1). We use same notations for any others. It is well-known [3] that, for
any null section & of TM* on a coordinate neighborhood & C M, there
exists a unique null section NV of a unique lightlike vector bundle ¢r(T'M) of
rank 1 in the orthogonal complement S(T'M)* of S(TM) in M satisfying

g, N)=1, g(N,N)=g(N,X)=0, VX €I'(S(T'M)).
In this case, the tangent bundle T'M of M is decomposed as follows:
TM =TM @ tr(TM) = {TM* @ tr(TM)} Gopn S(TM).

We call tr(TM) and N the transversal vector bundle and the null transversal
vector field with respect to the screen distribution S(T'M), respectively.

In the following, we denote by X, Y and Z the smooth vector fields on
M, unless otherwise specified. Let V be a unique Levi-Civita connection of
M and P the projection morphism of TM on S(T'M). Then the local Gauss
and Weingarten formulae of M and S(T'M) are given by

VxY = VxY + B(X,Y)N, (2.2)
VxN = -A X +7(X)N; (2.3)
VxPY = V%PY +C(X,PY), (2.4)
Vxé = —ALX —1(X)E, (2.5)

where V and V* are the linear connections on T'M and S(T'M), respectively,
B and C are the local second fundamental forms on TM and S(T'M), re-
spectively, A, and Az are the shape operators and 7 is a 1-form on M.
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Lightlike hypersurfaces of an indefinite nearly trans-Sasakian manifold 3

The induced connection V on M is not metric and satisfies
(Vxg)(Y,Z) = B(X,Y)n(Z) + B(X, Z)n(Y), (2.6)

where 7 is a 1-form such that n(X) = g(X, N). Since V is torsion-free, V
is also torsion-free and B is symmetric. As B(X,Y) = g(VxY, ), we show
that B is independent of the choice of the screen S(T'M) and satisfies

B(X,£) =0. (2.7)

The above two local second fundamental forms B and C of M and S(T'M),
respectively, are related to their shape operators by

B(X.Y) = g(4:X,Y), g(AeX,N) =0, (2.8)
C(X,PY)=g(A,X,PY),  g(A,X,N)=0. (2.9)

From (2.8), the operator Ay is S(T'M)-valued self-adjoint and Az = 0.
Let V}N = n(VxN), where 7 is the projection morphism of TM on
tr(TM), that is, V}N = 7(X)N. In this case, V' is a linear connection on

the transversal vector bundle tr(TM). We say that V' is the transversal
connection of M. We define a curvature tensor R~ of tr(T'M) by

R (X,Y)N = VxVyN = Vy VxN — V5 yN.
The transversal connection V' is called flat if R vanishes identically [6].

Theorem 2.1 [6] Let (M, g, S(T'M)) be a lightlike hypersurface of a semi-
Riemannian manifold (M,g). Then the transversal connection is flat if and
only if the 1-form 7 is closed, i.e., dT = 0, on any neighborhood U C M.

Calin [2] proved that if the structure vector field ¢ of M is tangent to
M, then it belongs to S(TM) which we assume in this paper. It is known
[6] that, for any lightlike hypersurface M of an indefinite almost contact
metric manifold M, J(TM~*) and J(tr(TM)) are subbundles of S(TM),
of rank 1, and J(TM*) N J(tr(TM)) = {0}. Thus J(TM=*) & J(tr(TM))
is a subbundle of S(T'M) of rank 2. Hence there exist two non-degenerate
almost complex distributions D, and D with respect to the indefinite almost
contact structure tensor J, i.e., J(D,) = D, and J(D) = D, such that

S(TM) = {J(TM*) & J(tr(TM))} Sortn Do,
D =TM™* @i, J(TM™") Gorin Do
In this case, the decomposition form of T'M is reformed as follows:
TM =D& J(tr(TM)).
Consider two lightlike vector fields U and V', and their 1-forms such that
U=-JN, V=-J¢ uX)=g9(X,V), v(X)=g9X,U). (2.10)
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Denote by S the projection morphism of TM on D. Any vector field X of
M is expressed as X = SX 4+ u(X)U. Applying J to this form, we have

JX = FX +u(X)N, (2.11)

where F'is a tensor field of type (1, 1) globally defined on M by FX = JSX.
Applying J to (2.11) and using (2.1); and (2.10);, we have

F?X = — X +u(X)U + 6(X)C. (2.12)

Applying Vx to F¢€ = =V and FV = ¢ by turns and using (2.5), we get
(VxF)§ = -VxV + F(A{X) — 7(X)V, (2.13)

(VxF)V = —FVxV — ALX — 7(X)¢. (2.14)

Definition 2.2 [7] The structure tensor field F of the lightlike hypersurfce
M s said to be recurrent if there exists a 1-form w on M such that

(VxF)Y = w(X)FY. (2.15)

Theorem 2.3 Let M be a lightlike hypersurface of an indefinite almost con-
tact metric manifold M such that C is tangent to M. If F is recurrent, then
w =0, t.e., F is parallel with respect to the induced connection V on M.

Proof. Comparing (2.14) with (2.15) [changed by Y = V], we have
FVXV + AX + {w(X) + 7(X)} = 0. (2.16)
Also, comparing (2.13) with (2.15) [changed by Y = £], we obtain
VxV — F(A;X) — {w(X) - 7(X)}V = 0. (2.17)
Taking the scalar product with V' and ¢ to (2.17) by turns, we have
u(VxV) =0, 6(VxV)=0. (2.18)

Applying F to (2.16) and using (2.12) and (2.18) and comparing this result
with (2.17), we get w = 0. Thus F is parallel with respect to V.
O

Definition 2.4 [7] The structure tensor field F of the lightlike hypersurfce
M s said to be Lie recurrent if there exists a 1-form o on M such that

(L, F)YY =o(X)FY, (2.19)
where L, denotes the Lie derivative on M with respect to X, that is,
(L,F)Y =[X,FY] - F[X,Y]. (2.20)
The structure tensor field F' s called Lie parallel if L, F = 0.
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Lightlike hypersurfaces of an indefinite nearly trans-Sasakian manifold 5

Theorem 2.5 Let M be a lightlike hypersurface of an indefinite almost con-
tact metric manifold M such that ¢ is tangent to M. If the structure tensor
field F is Lie recurrent, then o =0, i.e., F' is Lie parallel.

Proof. As V is torsion-free, from (2.19) and (2.20) we have
(VxF)Y = Vpy X — FVy X + o(X)FY. (2.21)
Comparing (2.14) with (2.21) [changed by Y = V], we obtain
VeX = -F(VxV = VyX) - A X — {o(X) + 7(X)}¢. (2.22)
Also, comparing (2.13) with (2.21) [changed by Y = £], we obtain
FVeX =VxV - VyX — F(AX) — {o(X) - T(X)}V. (2.23)
Taking the scalar product with V' and ¢ to (2.23) by turns, we obtain
W(VyV —VyX)=0, O(VyV —VyX)=0. (2.24)

Applying F to (2.22) and using (2.12) and (2.24); 2 and then, comparing
this result with (2.23), we have ¢ = 0. Thus F is Lie parallel.
g

3 Indefinite nearly trans-Sasakian manifolds

Definition 3.1 [8] An indefinite almost contact metric manifold M is called
an indefinite nearly trans-Sasakian manifold if there exist two smooth func-
tions o and B such that {J, ¢, 0, g} satisfies

(V)Y + (Vi )X = a{25(X, V) - 0(V)X —0(X)Y}  (3.1)
- B{O(Y)JX +0(X)JY},

where V is the Levi-Civita connection of M. We say that {J, ¢, 0, g} is an
indefinite nearly trans-Sasakian structure, of type (o, B).

If B =0, then M is said to be an indefinite nearly a-Sasakian manifold.
Indefinite nearly Sasakian manifolds appear as examples of indefinite nearly
a-Sasakian manifolds with o = 1. If & = 0, then M is said to be an indefi-
nite nearly B-Kenmotsu manifold. Indefinite nearly Kenmotsu manifolds are
particular examples of indefinite nearly S-Kenmotsu manifold with 8 = 1.
If o« = f =0, then M is an indefinite nearly cosymplectic manifold which
is another kind of indefinite nearly trans-Sasakian manifold.

Theorem 3.2 Let M be a lightlike hypersurfac of an indefinite nearly trans-
Sasakian manifold M subject such that ¢ is tangent to M. Then the integral
curve of ¢ is a spacelike geodesic of both M and M with respect to the
connections V and V, respectively.
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Proof. Taking X =Y = ( to (3.1) and using (2.1), we get V¢ = 0. Thus
V¢ =0, B(¢,¢) =0, C(¢.¢)=0. (32)

A_s ?CC = V¢( = 0, the integral curve of ( is a spacelike geodesic of both
M and M with respect to the connections V and V, respectively.
O

By using (2.2), (2.3), (2.11) and (3.1), we obtain
(VxF)Y + (VyF)X = a{29(X,Y)( - 0(Y)X — 0(X)Y'} (3.3)
—B{0(Y)FX +6(X)FY}
+u(X)AY +u(Y)A, X — 2B(X,Y)U.

Lemma 3.3 Let M be a lightlike hypersurface of an indefinite nearly trans-
Sasakian manifold M such that ¢ is tangent to M. Then we have

B(U,¢)+C(V,¢) = —2a, B(U,V)=C(V,V),
{ B(U,U)=C(U,V), v(VyV) = —7(U), (3.4)
20(V.0)+C(GV) = 30, B(UC) = O(VD).

Proof. By directed calculation from FU =0 and FV = £, we obtain
(VoF)V +(VyF)U = -F(VyV + VyU) — AgU — 7(U)§.
Comparing this result with (3.3) [changed by X = U and Y = V], we have
F(VyV +VyU) + AU +7(U)§ = —2a¢ — AV +2B(U, V)U.

As v(VyU) = 0, taking the scalar product with ¢, V, U and N by turn, we
get the first four equations of (3.4) [which are denoted by (3.4)1 .~ 4].
By directed calculation from FU = 0 and F'¢ = 0, we obtain

(VuF)(+ (VeF)U = —F(Vy¢+ VU).
Comparing this result with (3.3) [changed by X = U and Y = (], we have
F(Vy(+VU)=—-A,(+{a+2B(U,Q)}U.
Taking the scalar product with V' to this equation, we get
2B(U.¢) - C((,V) = —a.

Substituting (3.4); into the last equation, we have (3.4)s.
Applying Vx to v(Y) = ¢g(Y,U) and using (2.6), we obtain

(Vxv)(Y) = B(X, U)n(Y) + g(Y, VxU).
Applying Vx to v(Y) = g(FY, N) and using (2.1) and (2.2), we obtain
9(VxF)Y,N) = (Vxv)(Y) = o(Y)7(X) + g(A X, FY).
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Lightlike hypersurfaces of an indefinite nearly trans-Sasakian manifold 7

Taking the scalar product with N to (3.3) and using (2.9)2 and the last two
equations, we obtain

B(X,U)n(Y) + B(Y,U)n(X) + g(Y, VxU) + g(X, VyU)

= —of0(Y)n(X) +0(X)n(Y)} — B{0(Y)v(X) + 0(X)v(Y)}

+o(YV)7(X) +v(X)T(Y) —g(A X, FY) — g(A,Y, FX).
Taking X = ¢ and Y = £ to this equation and using (2.7), we have
Substituting this into 2B(U, () — C((, V) = —a, we have (3.4).

g

Theorem 3.4 Let M be a lightlike hypersurfac of an indefinite nearly trans-
Sasakian manifold M such that ¢ is tangent to M. If one of the following
three conditions is satisfied,

(1) (VxF)Y + (VyF)X =0,

(2) F is parallel with respect to the induced connection ¥V on M,

(3) F is recurrent,

then o = 3 = 0. Thus M is an indefinite nearly cosymplectic manifold. In
this case, the shape operators Az and A, satisfy

{ AV =0, A =0, A€ =0, 55)

AV =0 A(=0 AX=CX,V)U.

Proof. (1) Assume that (VxF)Y 4+ (VyF)X = 0. In this case, taking the
scalar product with N to (4.2) and using (2.9)2, we have

o{0(Y)n(X) +0(X)n(Y)} + B{O(Y)v(X) + 0(X)o(Y)} = 0.

Taking Y = £ and Y = V to this equation by turns, we get af(X) = 0
and f0(X) = 0. Taking X = ¢ to these two results, we have a« = 8 = 0.
Therefore, M is an indefinite nearly cosymplectic manifold.
As a = =0, the equation (3.3) is reduced to
2B(X,Y)U = w(X)A,Y +u(Y)A,X. (3.6)
Taking the scalar product with V' to (3.6), we have
2B(X,Y) =u(Y)u(A, X) + u(X)u(4,Y). (3.7)

Taking Y =V to this equation and using (2.9);, we obtain
2B(X,V) = u(X)C(V, V).

Replacing X by U to this equation, we have 2B(U, V) = C(V, V). Compar-
ing this result with (3.4)2, we have C(V, V) = 0. Thus we obtain

C(V,V)=B(U,V) =0, B(X,V)=0. (3.8)
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From (2.8), (3.8)2 and the facts that B is symmetric and S(T'M) is non-
degenerate, we have (3.5)1: AV = 0. Taking X = U and Y =V to (3.6)
and using (3.8)1, we get (3.5)4: A,V = 0. Taking the scalar product with ¢
to A,V =0, we have C(V, () = 0. From this equation, (3.4); 5, we get

B(U,¢) = C(V,¢) = C(¢, V) =0.

Taking X =U,Y = and X =U,Y = £ to (3.6) by turns, we have (3.5)s:
A, =0and (3.5)5: A, & = 0, respectively. Taking Y = ¢ to (3.7) and using
the fact that C(¢,V) = 0, we have B(X, () = 0. It follows that Ai¢=0.

Taking Y = U to (3.7), we obtain
2B(X,U) =u(A, X) +u(X)u(A,U).
Replacing Y by U to (3.6) and using the last equation, we get
A X —u(A, X)U +u(X){A,U—-u(A,U)U} =0.
Taking X = U to this, we have A U = u(A,U)U. Thus we have (3.5)s:
A X =u(A,X)U.

(2) If F is parallel with respect to V, then (VxF)Y + (Vy F)X = 0. Thus
a= =0, and A7 and A satisfy all equations in (3.5) by (1).

(3) If F is recurrent, then F' is parallel with respect to V by Theorem 2.3.
Thus = 3 =0, and A7 and A, satisfy all equations in (3.5) by (2).
(]

Definition 3.5 The structure tensor field F' of the lightlike hypersurface M
is said to be nearly recurrent if there exists a 1-form w on M such that

(VxF)Y + (Vy F)X = w(X)FY + w(Y)FX. (3.9)

Theorem 3.6 Let M be a lightlike hypersurface of an indefinite nearly
trans-Sasakian manifold M such that ( is tangent to M. If F is nearly
recurrent, then we have a = 0 and B0 = —w on M. In this case, the shape
operators A¢ and A, satisfy all equations in (3.5).

Proof. If F is nearly recurrent, then, substituting (3.9) into (3.3), we get

a{0(Y)X +0(Y)X — 29(X,Y)C} (3.10)
+ {w(Y) 4+ BO(Y)}FX + {w(X) + BO(X)}FY
= w(X)A,Y +u(Y)A, X — 2B(X,Y)U.

Taking the scalar product with N to this and using (2.9)2, we have

{w(Y) + BO(Y)}o(X) + {w(X) + BO(X)Ju(Y) (3.11)
T a{6(Y)(X) + 0(X)n(Y)} = 0.
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Lightlike hypersurfaces of an indefinite nearly trans-Sasakian manifold 9

Taking X = ¢ and Y = £ to (3.11) by turns, we have o = 0. Also, taking
X =Y =V to (3.11), we get w(V) = 0. Replacing Y by V to (3.11), we get

W(X) + BO(X) = 0.

As o = 0 and w(X) 4+ B9(X) = 0, taking the scalar product with V to
(3.10), we have (3.6). By the course of the proof of (1) in Theorem 3.4, we
have all equations in (3.5). Thus we have our theorem.

O

Theorem 3.7 Let M be a lightlike hypersurface of an indefinite nearly
trans-Sasakian manifold M such that ¢ is tangent to M. If F' is Lie re-
current, then a =0, i.e., M is an indefinite nearly 5-Kenmotsu manifold.

Proof. If F is Lie recurrent, then I is Lie parallel, i.e., 0 = 0, by Theorem
2.5. Replacing Y by U to (2.21), we have (VxF)U = —FVyX. Applying
Vx to FU =0, we get (VxF)U = —FVxU. Therefore we have
F(VxU -VyX)=0. (3.12)
Taking the scalar product with N to this equation, we obtain
v(VxU —VyX)=0. (3.13)
Applying Vx to g(U,U) = 0 and using (2.6), (3.4)4 and (3.13), we get
v(VxU) =0, v(VyX) =0, T(U) =0. (3.14)
Taking X = U to (2.22) and using (3.12) and (3.14)3, we obtain
VeU = —AgU. (3.15)
Substituting (3.15) into the right term of (3.4)s: B(U, () = 6(VU), we have
B(U,¢) =0, v(Ve() = —0(VeU) = 0. (3.16)
Taking the scalar product with U to (2.22), we have
v(VeX) =n(VxV = VyX) - B(X,U).
Replacing X by ¢ to this and using (2.4) and (3.16)1,2, we obtain
C(GV) = C(V,Q).
From this result and (3.4)s5, we have C(V, () = —«. Substituting this result
into (3.4)1, we get B(U,() = —a. From this and (3.16)1, we have o = 0.
O

Definition 3.8 [3] A lightlike hypersurface M of (M, §) is said to be
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(1) totally umbilical if there is a smooth function p on any coordinate neigh-
borhood U in M such that AEX = pPX, or equivalently,

B(X,Y) = pg(X,Y). (3.17)

In case p =0 on U, we say that M is totally geodesic.
(2) screen totally umbilical if there exist a smooth function v on any U such
that A, X = yPX, or equivalently,

C(X,PY) =~g(X,PY). (3.18)
In case v =0 on U, we say that M is screen totally geodesic.
Theorem 3.9 Let M be a lightlike hypersurface of an indefinite nearly
trans-Sasakian manifold M such that C is tangent to M.
(1) If M is totally umbilical, then M is totally geodesic.
(2) If M is screen totally umbilical, then M is screen totally geodesic.
Proof. (1) Taking X =Y = ( to (3.17) and using (3.2)2, we have p = 0.
Thus M is totally geodesic.

(2) Taking X = PY = ( to (3.18) and using (3.2)3, we have v = 0. Thus
M is screen totally geodesic.
O

4 Indefinite nearly generalized Sasakian space forms

Denote by R, R and R* the curvature tensors of the Levi-Civita connection
V of M and the induced connection V and V* on M and S(TM), respec-
tively. Using the Gauss-Weingarten formulae for M and S(T'M), we obtain
the following two Gauss equations for M and S(T'M) such that

R(X,Y)Z = R(X.Y)Z + B(X,Z)A,Y — B(Y, Z)A, X (4.1)
+{(VxB)(Y,Z) - (VyB)(X, Z)
+ T(X)B(Y, Z) — T(Y)B(X, Z)}N,

R(X,)Y)PZ = R'(X,Y)PZ + C(X,PZ2)A;Y — C(Y,PZ)A; X (4.2)
+{(VxO)(Y, PZ) - (VyC)(X, PZ)
—7(X)C(Y,PZ)+17(Y)C(X,PZ)}£.
Definition 4.1 An indefinite nearly trans-Sasakian manifold M is called an

indefinite nearly generalized Sasakian space form, denoted by M(f1, fa, f3),
if there exist three smooth functions f1, fo and fs on M such that

R(X,Y)Z = fi{g(Y,2)X —g(X,2)Y} (4.3)
+ fo{g(X,JZ)JY —g(V,JZ)JX +25(X,JY)JZ}
+ [{0(X)0(2)Y ~
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Lightlike hypersurfaces of an indefinite nearly trans-Sasakian manifold 11

The notion of (Riemannian) generalized Sasakian space form was intro-
duced by Alegre et. al. [1]. Sasakian, Kenmotsu and cosymplectic space form
are important kinds of generalized Sasakian space forms such that

_ 43 _ g _ cl. _ =3 _ £ _ ekl T
=% fa=fa=5 h=F o=fs=% fi=fo=fi=%
respectively, where ¢ is a constant J-sectional curvature of each space forms.

Comparing the tangential, transversal and radical components of the left-
right terms of (4.3) such that X = XY =Y and Z = Z and using (2.9)2,
(2.10), (2.11), (4.1) and (4.2), we obtain the following equations:

R(X,Y)Z = B(Y,Z2)A, X — B(X,Z)A,Y (4.4)
+ {9V, 2)X —g(X, 2)Y'}
+ f{9(X,J2)FY — g(Y,JZ)FX +25(X,JY)FZ}
+ f3{[0(X)Y = 0(Y)X]0(2)
+ [9(X, 2)0(Y) — g(Y, 2)0(X)]¢},

(VxB)(Y, 2) = (VyB)(X, Z2) + 7(X)B(Y, Z) = 7(Y) B(X, Z) (4.5)
= [{9(X, JZ2)u(Y) — (Y, JZ)u(X) + 29(X, JY )u(Z)},

(VxO)Y, PZ) = (VyC)(X, PZ) (4.6)
—17(X)C(Y,PZ)+7(Y)C(X,PZ)
= flg(Y, PZ)n(X) — g(X, PZ)n(Y)}
+ f{g(X, JPZ)u(Y) — g(Y, JPZ)v(X) + 2§(X, JY )v(PZ)
+ f{0(X)n(Y) = 0(Y)n(X)}0(PZ).
Using the Gauss-Weingarten formulae (2.4) and (2.5) for S(T'M), we ob-
tain the following Codazzi equation for S(T'M) such that
R(X,Y)¢ = V5 (ALY) + Vi (ALX) + AL[X, Y]
= T(X)AFY +7(Y)Ag X
+{C(Y, AfX) — C(X, AFY) — 2d7(X,Y)}E.

Replacing Z by £ to (4.4) and using (2.7) and (2.10), we have
R(X, V)¢ = fo{u(Y)FX —u(X)FY —25(X,JY)V}.
Comparing the radical components of the last two equations, we get

fo{u(Y)o(X) —u(X)o(Y)} (4.7)
= g(AY, AfX) — g(A X, AFY) — 2d7(X,Y).

Theorem 4.2 Let M be a lightlike hypersurface of an indefinite nearly gen-
eralized Sasakian space form M(f1, fa, f3) such that ¢ is tangent to M. If
one of the following four conditions is satisfied,
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1) (VxF)Y + (Vy F)X =0,
2) F is parallel with respect to the connection V,
3) F is recurrent,

4) F is nearly recurrent,

then f1 = —fa = f3. Moreover, if dr(U,V) =0, then f1 = fo = f3 =0.

Proof. If one of the items (1) ~ (4) is satisfied, then Af and A satisfy (3.5).
Taking the scalar product with ¢ to (3.5)¢ and using (2.9)1, we have

O(X,¢) = 0.
Applying Vx to C(Y,{) = 0 and using the last equation, we have
(VxO)Y,¢) = =C(Y, Vx().
Substituting the last two equations into (4.6) with PZ = (, we obtain
C(X,Vy() = C(Y,Vx() = (f = fs){0(Y)n(X) — 0(X)n(Y)}.

Taking Y = ¢ and X = ¢ and using (3.2); and (3.5)s5, we get f1 = fs.
Taking the scalar product with U to (3.5)¢ and using (2.9)1, we have

C(X,U)=0.
Applying Vx to C(Y,U) = 0 and using the last equation, we have
(VxO)Y,U) = =C(Y,VxU).
Substituting the last two equations into (4.6) with PZ = U, we obtain
C(X,VyU) = C(Y,VxU) = (fi + f2){v(Y)n(X) — v(X)n(¥)}.

Taking Y =V and X = ¢ and using (2.9); and (3.5)3 4, we get fi1 + fo = 0.
Taking Y = U and X =V to (4.7) and using (3.5)1,4, we obtain

fo = 2d7(U, V).

If dr(U,V) = 0, then we have fy = 0. Thus f; = fo = f3 =0.
O

Definition 4.3 [7] A lightlike hypersurface M is said to be a Hopf lightlike
hypersurface if the structure vector field U is an eigenvector of Ag.

Theorem 4.4 Let M be a lightlike hypersurface of an indefinite nearly gen-

eralized Sasakian space form M(f1, fa, f3) such that ¢ is tangent to M. If
the structure tensor field F' is Lie recurrent, then

3f2 = g(ALU, ALU), fo=—g(AV,A{U).

Moreover, if M is a Hopf lightlike hypersurface of M(c), then fa = 0.
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Proof. Taking the scalar product with U to (3.15) and using (3.14)1, we get
B(U,U) = 0. (4.8)
Applying V¢ to (4.8): B(U,U) = 0 and using (3.15), we see that
(VeB)(U,U) = 2g(ALU, ALU).
Also, applying Vi to B(§,U) = 0 and using (2.5) and (2.7), we see that
(VuB)(&,U) = g(AgU, AU).

Taking X = ¢, Y =U and Z = U to (4.5) and using (2.7), (3.14)3, (4.8)
and the last two equations, we obtain

Substituting (2.21) into (3.3) and using the facts: 0 = @ = 0, we have

VeyX +VexY — F(VyX +VxY)
= B{O(Y)FX +0(X)FY}
Fu(X)AY +u(Y)A, X — 2B(X,Y)U.

Replacing Y by £ to this and using (2.5), (2.7) and (3.9), we obtain

VxV + A{FX +7(FX)E — 2F(ALX) + 27(X)V (4.9)
= —BO(X)V — u(X)A,E.

Taking the scalar product with N to this and using (2.4), we have
O(X,V) + 7(FX) = 2B(X,U).
Taking X by V and £ to this by turns and using (3.4)s, we have
B(U,V) =1(&), CEV)=r7(V). (4.10)

Taking the scalar product with U to (4.9), we have

v(VxV)+ B(FX,U)+27(X) = —80(X) —u(X)C(&,U).
Replacing X by ¢ to this equation and using (4.10)1, we have

v(VeV) = =7(8).

Substituting this and (3.15) into the equation: v(V¢V) + u(VeU) = 0 and
using (4.10)1: B(U,V) = 7(£), we have B(U,V) = C(V,V) = 0 and

7(§) = 0.
Taking the scalar product with V to (4.9), as ¢(VxV,V) = 0, we have
B(FX,V)=—-u(X)C(,V).
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Taking X = U to this, we have C'(£,V) = 0. Comparing this with (4.10)a,
we get 7(V) = 0. Taking X =V to (2.22) and using 7(V) = 0, we obtain

VeVo= - AV
Taking X = ¢ to (4.9) and using the last equation, we obtain
AV =0,
due to Az{ = 7(V) =7(£) = 0. As 7(U) = 7(V) = 0, we see that
2d7(U, V) = —7([U, V]),

where the symbol [U, V] denotes the Lie bracket of U and V. Taking X = U
and Y = & to (2.20): [X, FY] — F[X,Y] =0, we have

U, V] = =F[U, ¢.
As V is torsion-free, using (2.5), (3.14)3 and (3.15), we see that
U, §] = Vyé — VeU =0,
Thus we get [U, V] = 0. Consequently, we have
dr(U,V) = 0.
As AfV =0 and d7(U,V) =0, taking Y = U and X =V to (4.7), we get
f2=—g(AV, AEU)-

If M is a Hopf lightlike hypersurface of M(f1, fo, f3), that is, AU = NU
for some smooth function A, then g(AzU, AEU) = 0. Thus f2 =0.
O

Theorem 4.5 Let M be a totally umbilical lightlike hypersurface of an in-
definite nearly generalized Sasakian space form M (f1, fa, f3) such that ¢ is
tangent to M. Then fo =0 and the transversal connection s flat.

Proof. TIf M is totally umbilical, then M is totally geodesic by (1) of Theorem
3.9. Taking X =& and Y = Z = U to (4.5), we see that fo = 0.
As fo =0 and Af =0, from (4.7) we see that dr = 0. Thus, by Theorem
2.1 the transversal connection of M is flat.
O

Theorem 4.6 Let M be a screen totally umbilical lightlike hypersurface of
an indefinite nearly generalized Sasakian space form M (f1, fa2, f3) such that
¢ is tangent to M. Then f1 = fo = f3 =0, i.e., M(f1, fa, f3) is flat, M is
also flat, and dr = 0, i.e., the transversal connection is flat.
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Proof. If M is screen totally umbilical, then M is screen totally geodesic by
(2) of Theorem 3.9. Taking X = { and Y = PZ = ( to (4.6), we obtain
fi=f3. Taking X =&, Y =V and PZ = U to (4.6), we have f; + fo = 0.
Also, taking X =&, Y = U and PZ =V to (4.6), we obtain f1 + 2fs = 0.
Comparing these two results, we get fo = 0. Thus f; = fo = f3 = 0 and
M(f1, fo, f3) is flat. As f1 = fo = f3 =0 and A, = 0, from (4.4) we get
R =0, and from (4.7), we have dr = 0. Thus M is also flat and and the

transversal connection V+ on tr(TM) is flat.
O

Definition 4.7 A lightlike hypersurface M is said to be screen conformal
[6] if there exist a non-vanishing smooth function ¢ on any coordinate neigh-
borhood U in M such that A, = @A}, or equivalently,

C(X,PY) = ¢B(X, PY). (4.11)

Theorem 4.8 Let M be a screen conformal lightlike hypersurface of an in-
definite nearly generalized Sasakian space form M(f1, fa, f3) such that ¢ is
tangent to M. Then f1 = fa = fs =0 and dT =0, i.e., M(f1, fa, f3) is flat

and the transversal connection V+ on tr(TM) is flat.
Proof. Let 4 =U — ¢V. From (3.4)2 3 and (4.11), we obtain
B(V,u) =0, B(U,u) =0. (4.12)
Applying Vx to C(Y,PZ) = ¢B(Y, PZ), we have
(VxO)Y, PZ) = (X@)B(Y,PZ) + ¢(VxB)(Y, PZ).

Substituting this equation and (4.11) into (4.6) and using (4.5), we have

{Xp — 257 (X)}B(Y, PZ) — {Y'ip — 207(Y)} B(X, PZ)

= f{g(Y, PZ)n(X) — g(X, PZ)n(Y)}

+ f2{§(X7 JPZ)Q(Yvﬂ) _g(}/’ JPZ)g(X’:u) +2§(Xv JY)g(PZ,,U,)
+ fs{0(X)n(Y) — 0(Y)n(X)}0(PZ).

Taking X = ¢ to this equation and using (2.7), we have

{€p —207(&)}B(Y,PZ) = fig(Y,PZ) (4.13)
+ folu(PZ)g(Y, p) + 2u(Y)g(PZ, )} — f30(Y)0(PZ).

Taking Y = PZ = ( to (4.13) and using (3.2)2, we get f1 = f3. Also, taking
Y =V and PZ = i to (4.13) and using (4.12)1, we get f1 + fo = 0. On the
other hand, taking Y = U and PZ = p to (4.13), we obtain ¢(f1+3f2) = 0.
From these results, we get f1 = fo = f3 =0.
As fo = 0 and A, = @A}, from (4.7) we see that dr = 0. Thus the
transversal connection is flat by Theorem 2.1.
O
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