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On the structure of le-semigroups

Ahsan Mahboob - Noor Mohammad Khan

Abstract In this paper, (0, m)-ideal elements and 0-minimal (0, m)-ideal elements in poe-
semigroups are investigated. Then, for any positive integers m, n, relations Z,, mZ, Hy,,
B, and Q, on le-semigroups are introduced. We show that, in any le-semigroup, B;, C

Qrn, C H;, and provide some sufficient conditions to get the equality. We, then, prove
that either a Qj,-class (resp. H,y,-class) is (m,0) and (0, n)-regular or none of its element
is (m,0) and (0,n)-regular respectively. Next we show that either a Bj,-class (resp. Q-
class, Hy,-class) is (m, n)-right weakly regular or none of its element is (m, n)-right weakly
regular. Finally, we define a strong (m,n)-quasi-ideal element in an le-semigroup and
provide some sufficient conditions on an (m, n)-quasi-ideal element to be a strong (m,n)-
quasi-ideal element.
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1 Introduction

In [14], S. Lajos introduced the concept of an (m,n)-ideal in a semigroup.
Prompted by this, several authors studied (m, n)-ideals in various algebraic
structures such as rings, semirings and ordered semigroups etc; for exam-
ple, Akram et al. [1], Bussaban and Changphas [3], Changphas [4], Tilidet-
zke [18], Yaqoob and Chinram [19] and many others. In [2], Bhuniya and
Kumbhakar studied bands and normal bands in le-semigroups and obtained
several characterizations of regular and intra-regular le-semigroups. Kehay-
opulu [5] studied (m,n)-ideal elements and (m,n)-quasi-ideal elements in
poe-semigroups and le-semigroups. In [6,7,10], Kehayopulu characterized
intra-regular Ve-semigroups and regular le-semigroups in terms of left (resp.
right)-ideal elements, ideal-elements, bi-ideal elements and quasi-ideal el-
ements of respective semigroups. In [8,9], Kehayopulu studied left (resp.
right) duo regular, left-regular and left duo poe-semigroups. In [13], Kehay-
opulu characterized idempotent ideal elements of le-semigroups in terms of
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semisimple elements while intra-regular le-semigroup in terms of prime and
semiprime ideal elements. The Green-Kehayopulu relations £, R and H have
been introduced and investigated by Kehayopulu in [11,12]. In [17], Petro
and Pasku studied the property of Green-Kehayopulu relation H and ob-
tained some properties of Green-Kehayopulu relation H on le-semigroup
which differ from Green-relation Hpiqin on plain semigroups. They also
proved that an H-class H of an le-semigroup satisfies Green’s condition
(a,b € H implies ab € H) if and only if it contains an idempotent element
and provided several conditions under which an H-class of an le-semigroup
forms a subsemigroup. In [15], Pasku and Petro showed that, in an le-
semigroup, B C H and provided some necessary and sufficient conditions
for a B-class to be regular or intra-regular. They further investigated several
conditions under which a B-class formed a subsemigroup.

In this paper, we first characterize (0, m)-ideal elements and 0-minimal
(0, m)-ideal elements in poe-semigroups. Then, we investigate (m, n)-regular
le-semigroups and prove that an le-semigroup S is (m, n)-regular if and only
if a A g = q™aq™ for each (m,n)-quasi-ideal element ¢ and for each ideal-
element a of S besides some more results on (m,n)-regular le-semigroups.
We, then, have defined the relations ,,Z,Z,,B,Q" and H} on
le-semigroups and provided some sufficient conditions under which these re-
lations are equal. We also study the (m, 0)-regularity [(0,n)-regularity] and
(m,n)-right weakly regularity of B]}, -classes, Q -classes and H, -classes re-
spectively in le-semigroups. Finally, after introducing the concept of strong
(m,n)-quasi-ideal elements in le-semigroups, we prove that, on le-semi-
groups, the relations H}}, and QJ, coincide if and only if each (m, n)-quasi-
ideal element is a strong (m,n)-quasi-ideal element and provide some suffi-
cient conditions so that (m,n)-quasi-ideal elements are strong (m, n)-quasi-
ideal elements.

Definition 1.1 Let S be a non-empty set. The triplet (S, -, <) is called an
ordered semigroup (or po-semigroup) if (S,-) is a semigroup and (S,<) is a
partially ordered set such that

a<b=ac<bc andca <cb

for all a,b,c € S. A po-semigroup with a greatest element “e” (i.e., for each
a € S,a < e)is said to be a poe-semigroup.

Let S be a poe-semigroup and let a € S. The element a is called a sub-
semigroup element if a®> < a and a left (resp. right) ideal element of S if
ea < a (resp. ae < a). It is called an ideal element of S if it is both a
left and a right-ideal element of S and a bi-ideal element of S if aea < a.
Further a is called an idempotent element if a = a?; and a quasi-ideal ele-
ment if ae A ea exists and ae A ea < a. An element z € S is called a zero
element of S if za = az = z and z < a for each a € S. The zero element,
if exists, is always unique. We shall denote it, in whatever follows, by the
symbol 0. A poe-semigroup S is called regular (left-reqular, right-reqular) if
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On the structure of le-semigroups 3

a < aea (a < ea?,a < a’e) for each a € S and commutative if ab = ba for
all a,be S.

Definition 1.2 A poe-semigroup S is said to be a Ve-semigroup if it is an
upper semilattice under V and

c(aVb)=caVchband (aVb)e=acVbe

for all a,b,c € S. A Ve-semigroup which is a lattice is said to be an le-
Semigroup.

It is well known that in an le-semigroup .5,
a<bsaANb=aandaVb=>b

for all a,b € S.

For simplicity, throughout the paper, for any element a of an ordered
semigroup S, we shall write a™ for aa - - - a (n—copies of a). Also the integers
m, n will stand for positive integers throughout the paper until and unless
otherwise specified.

Definition 1.3 [5] Let S be a poe-semigroup and m,n be non-negative inte-
gers. An element a of S is called an (m,n)-ideal element of S if a™ea™ < a.

Remark 1.1 Throughout the paper, we shall use the convention a’b =
ba® = b, for all a,b € S. In particular, for m = 0, n = 1 (resp. m =
1, n=0and m =1 = n), each (m,n)-ideal element a of S is a left-ideal
element (resp. right-ideal element and bi-ideal element). Clearly each left-
ideal element (resp. each right-ideal element and each bi-ideal element) is a
(0,n)-ideal element for each positive integer n (resp. (m,0)-ideal element for
each positive integer m and (m,n)-ideal element for each positive integers
m,n). Therefore the concept of a (0,n)-ideal element (resp. (m,0)-ideal
element and (m,n)-ideal element) is a generalization of the concept of a
left-ideal element (resp. a right-ideal element and a bi-ideal element).

Remark 1.2 For each positive integers m and n, any (m,0)-ideal element
(resp. (0,m)-ideal element) is an (m,n)-ideal element as a™ea™ < a™e <
a (a™ea™ < ea™ < a).

Definition 1.4 [5] An element q of a poe-semigroup S is called an (m,n)-
quasi-ideal element of S if ¢"e Neq™ exists and ¢"'e Aeq™ < q. Clearly every
quasi-ideal element is an (m,n)-quasi-ideal element for each positive integers
m and n such that ¢™e A eq”™ exists, but the converse is not true in general.

Ezample 1.1 Let S = {a,b,c,d}. Define the binary operation ' as follows:

“la b ¢ d
ala a a a
blb b b b
cle ¢ ¢ c
dla a b a
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Then the set P(S) of all non-empty subsets of S is a poe-semigroup under
the binary operation of set product induced by the binary operation defined
by the above table and partially ordered by set inclusion. The set {a,d} is
an (m,n)-ideal element and an (m,n) quasi-ideal element for each integers
m,n > 2, but {a,d} is neither a bi-ideal element nor a quasi-ideal element
of the poe-semigroup P(S).

We denote by (a), < a>cmn> and (a)<mn>, the ideal-element, (m,n)-
ideal element and (m,n)-quasi-ideal element of S generated by the element
a of S i.e., the least ideal-element, the least (m,n)-ideal element and the
least (m,n) quasi-ideal element of S greater than the element a and had
been described by [5,13] as follows:

(a) =aVeaVaeV eae;
<a>cmps =aVaead"
(@)<mn> =aV (a"e Aea").

Thus an element a € S is an ideal (resp. (m,n)-ideal, (m,n) quasi-ideal)
element if and only if (a) = a (resp. < a >cmn>=a, (a)<cmn> = a).

2 Characterization of (0, m)-ideal elements

Lemma 2.1 [5] Let S be a Ve-semigroup, a € S and m,n,k > 0 are inte-
gers. Then

(1) (aVa™ea®)™e = a™e;

(2) e(aV dfea™)" = ea™;

(3) <a>cmp> exists and < a>cpmps=aVaTea".

Lemma 2.2 Let S be an le-semigroup, m € Z% and a be a subsemigroup
element of S. Then a is an (1,m)-ideal element of S if and only if there
exist a (0,m)-ideal element ¢ and a right-ideal element b of S such that
b <a<bAec

Proof. Let a be any (1, m)-ideal element of S. Then a V ea™ and a V ae are
(0, m)-ideal element and right-ideal element of S respectively. Let b = aVae
and ¢ = a V ea™. Then
bc™ = (aVae)(aVea™)™
=a(aVead™)™VaelaVea™)™

= (a®* Vaea™)(aVea™)™ ' Vaea™ (by Lemma 2.1)

<(a*Va)(aVed™™ tVva (as aea”™ < a)
=a(aVed™) " tVa (as a® < a)

= (a® V aea™)(aV ea™)™ 2V a
<(a®*Va)aVed™)™ ?Va (as aea™ < a)
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=a(aVed™) " ?*Va (as a* < a)

= a.

As a < bAc, we have be™ < a < b A ¢, as required.

Conversely, assume that b is a right-ideal element and ¢ is a (0, m)-ideal
element of S such that b¢™ < a < bAc. Asa < bAc, bis a right-ideal
element and bc™ < a, we have aea™ < (b A c)e(b A )™ < bec™ < be™ < a.
Therefore a is an (1,m) ideal element of S.

d

Definition 2.3 Let S be a poe-semigroup and a be any left-ideal (right-
ideal) element of S. Then a is said to be a minimal left-ideal (right-ideal)
element of S if for every left-ideal (right-ideal) element b of S, b < a im-
plies b = a. Further any non-zero left-ideal (right-ideal) element a of a poe-
semigroup S with 0 is said to be a 0-minimal if for each left-ideal (right-ideal)
element b of S, b < a implies either b =0 or b = a.

Similarly we may define a minimal and a O-minimal (m,n)-ideal (resp.
(m, 0)-ideal, (0,n)-ideal) element for each positive integers m and n.

Lemma 2.4 Let S be a poe-semigroup with zero, m € Z" and let a be any
0-minimal left-ideal element of S. Then a subsemigroup element b of S is
a (0,m)-ideal element of S smaller than a if and only if either ™ = 0 or
b=a.

Proof. Let S be a poe-semigroup with 0 and b be a subsemigroup element
as well as a (0, m)-ideal element of S smaller than the 0-minimal left-ideal
element a of S. As eb™ is a left-ideal element of S and eb™ < b < a, so by
minimality of the left-ideal element a of S, eb™ = 0 or eb™ = a. If eb™ = a,
then a = eb™ < b. Therefore b = a. In the other case when eb™ = 0, as
eb™ = 0 < b™, b™ is a left-ideal element of S smaller than a (as b is a
subsemigroup element and, so, "™ < b). Now, by 0-minimality of the left-
ideal element a of S, we have ™™ = 0 or " = a. Since b is a subsemigroup
element, we have b™ < b. Therefore a = b™ < b. Hence in both of the cases,
either 0™ = 0 or b = a, as required.

The converse is obvious.

g

Lemma 2.5 Let S be a poe-semigroup with zero, m € Z* and let a be any
subsemigroup element of S. If a is a 0-minimal (0, m)-ideal element of S,
then a™ =0 or a is a 0-minimal left-ideal element of S.

Proof. Let S be a poe-semigroup with 0 and a be any subsemigroup 0-

minimal (0,m)-ideal element of S. Therefore a™ < a and e(a™)™ =
ea™a™...a" < aa...q = ™, it follows that a™ is (0,m)-ideal element
—_— N——

m-times m-times
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of S. As ™ < a, by minimality of a O-minimal (0, m)-ideal element a of
S, a™ =0 or a™ = a. Suppose a™ = a. Now ea = ea™ < a implies a is
left-ideal element of S. It remains to show that a is a 0-minimal left-ideal
element of S. So, let b be any left-ideal element of S such that b < a. As
b is a (0, m)-ideal element of S, @ is a O-minimal (0, m)-ideal element of S
and b < a, we have either b = 0 or b = a. Hence a is a O-minimal left-ideal
element of S.
O

Lemma 2.6 Let S be an le-semigroup, m € Z+ and a be any subsemigroup
element of S. Then a is a (0, m)-ideal element of S if and only if ba < a for
some (0, m-1)-ideal element b (a < b) of S.

ea™ M=l = egm~!. So it follows that e(a V ea™ )™t = eam ! <
aVea™ lie., aVea™ !isa (0,m-1)-ideal element of S. Let b = aVea™ !
Then, as a is a subsemigroup and (0, m)-ideal element of S, ba = (a V
ea™ Ya =a?Vea™ < a®Va = a, as required.

Conversely assume that b is a (0, m—1)-ideal element of S and a be an
element of S such that ba < a with a < b. Now ea™ < eb™ g < ba < a.
Therefore a is a (0, m)-ideal element of S.

Proof. Suppose a is a (0,m)-ideal element of S. By Lemma 2.1, e(a V
1

O

Lemma 2.7 Let S be a poe-semigroup and let a € S. Then a is a minimal
(m,m-1)-ideal element (m € Z*,m > 2) if and only if a is a minimal
bi-ideal element of S.

Proof. Let S be a poe-semigroup and a be a minimal (m, m-1)-ideal element
of S. Then, by definition, a™ea™ ! < a, we have (a™ea™ )™
e(ameam )Ml < gMeq™~t. Therefore a™ea™ ! is a (m, m-1)-ideal el-
ement of S such that a™ea™ ' < a. So, by minimality of a, we have

amea™ ! = a. Now

aa = (a"ea™ M) (a"ea™ 1) < a™ea™ ' = a

and

—1 m—1 _

aea = a™ea™ tea™ea™ ' < aMea a.

This implies that a is a bi-ideal element of S. Now we show that a is a
minimal bi-ideal element of S. So take any bi-ideal element b of S such
that b < a. As b™eb™ 1 = b(b™ Leb™ 2)b < beb < b, b is an (m, m—1)-ideal
element of S. Since a is a minimal (m, m—1)-ideal element of S, b = a. Hence
a is a minimal bi-ideal element of S.

Conversely assume that a is a minimal bi-ideal element of S. As a™ea
=a(a™tea™ %)a < aea < a, a is an (m, m-1)-ideal element of S. To show
that a is a minimal (m, m—1)-ideal element of S, take any (m, m-1)-ideal el-
ement b of S such that b < a. As (b™eb™ 1) (bmeb™ 1) = b (eb™ Lbme)bm 1
< bmeb™ ! and (b™eb™ e(bmeb™ 1) = b (eb™ teb™e)b™ L < pmeb™ L,

m—1
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it follows that b™eb™ ! is a bi-ideal element of S. Since a is a minimal bi-
ideal element of S and b™eb™ ! < a, we have beb™ ! = a. As b"eb™ ! < b,
a < b. Now, as b < a, we have b = a. Hence a is a minimal (m,m-1)-ideal
element of S.

O

Lemma 2.8 Let S be a commutative poe-semigroup such that e = e and
let m, n be any non-negative integers. Then

(1) Icm0>, the set of all (m,0)-ideal elements of S, is a subsemigroup of S.
(2) I<on>, the set of all (0,n)-ideal elements of S, is a subsemigroup of S.
(3) Icmm>, the set of all (m,n)-ideal elements of S, is a subsemigroup of S.

Proof. Straightforward.
O

3 (m,n)-regular le-semigroups

Definition 3.1 Let S be a poe-semigroup and let m,n be non-negative in-
tegers. An element a € S is said to be an (m,n)-regular element of S if
a < a™ea". Further S is said to be (m,n)-regular if every element of S is
(m,n)-regular. A (1,1)-regular poe-semigroup is said to be regular.

It is clear from Definition 3.1 that, for each non-negative integers m and n,
every (m,n)-regular poe-semigroup is an (r, s)-regular poe-semigroup (r <
m,s < m are non-negative integers). In particular, for each m,n € Z*,
(m,n)-regular poe-semigroup is regular. On the other hand, for each m €
Z*, (m,0)-regular poe-semigroup need not be a regular poe-semigroup.

Ezample 3.1 Let S = {z,y, z}. Define a binary operation -’ and an order
"' <" as follows:

<= {(x,a:)7 (y,y), (sz)v (27‘77)7 (x,y), (Zay)}

Clearly S is a poe-semigroup with greatest element e = y. As (z, zyz) ¢<,
S is not a regular poe-semigroup, but S is (1, 0)-regular as a < ae for each
a€S.

Lemma 3.2 [5] Let S be an le-semigroup, a € S and m, n non-negative
integers. Then the followings hold:

(1) (aV (a™e Aea™))™e < a™e.

(2) e(aV (a™e Aea™))™ < ea”.

(3) (a)<mn> ezists and (a)<mn> = aV (ae A ea™).
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Theorem 3.3 Let S be an le-semigroup and m, n be positive integers. Then
S is (m,n)-regular if and only if a A ¢ = q"™aq™ for each (m,n)-quasi-ideal
element q and for each ideal-element a of S.

Proof. Let S be an (m, n)-regular le-semigroup, g be an (m, n)-quasi-ideal
element and a be an ideal-element of S. Since ¢™aq™ < ¢™e and ¢™aq" <
eq™, we have ¢™aq" < ¢™e A eq™. As ¢ is an (m, n)-quasi-ideal element of
S, we get ¢"'e A eq”™ < q. Thus ¢"™aq™ < q. Since a is an ideal-element of S,
we have ¢"aq™ < eae < ae < a. Therefore ¢™aq™ < g Aa. As S is (m,n)-
regular, we have

alq)

—

me((ang)™)"e((a Ag)")"

)
an qg’"e((a A qg”)me((a Ag)m)"
Ye(aNg)™(ang)™...(anNg)"elaNg) (aNg)"...(a\Ng)"

n-times n-times
<qgMeama™...amea"a"...a" ¢"

n-times n—1-times

n—1-times n—1-times
< q"eaeq"
< q"aq".
Hence a A ¢ = ¢"aq™.
Conversely assume that a A g = ¢™aq" for each (m, n)-quasi-ideal element
q and for each ideal-element a of S. Take any b € S. As (b)<m n> and (b)
are (m,n)-quasi-ideal element and ideal-elements of S respectively, we have

(b) A (b)<m,n> - (b)r<nm,n>(b)(b)T<Lm,n> < (b)r<nm,n>e(b)T<Lm,n> < b"eb".

As b < (b) A (b)(m,n), we have b < b™eb". Hence S is (m, n)-regular.
O

Theorem 3.4 [5] Let S be an le-semigroup and m,n non-negative integers.
Then, the following conditions are equivalent:

(1)S is < m,n >-regular.

(2) a™ea™ = a for each a € Icp p>.

(3) ¢"eq"™ = a for each q € Q<mpn>-

(4) (K a>cmn>)"e(< a>cmns)" =< a >cmap> for eacha € S.

(5) ((@)<mn>)"e((@)<mm>)" = (@)<mm> for each a € S.

Theorem 3.5 Let S be an le-semigroup and let m, n be non-negative inte-
gers. Then S is (m,n)-regular if and only if aAb = a™b"™ for each (m,0)-ideal
element a and for each (0,n)-ideal element b of S.

Proof. The statement is trivially true for m =0=n. Ilf m =0 and n # 0
or m # 0 and n = 0, then the result follows by Theorem 3.4. So, let m #
0, n # 0, a be any (m,0)-ideal element and b be any (0, n)-ideal element of
S. Then a™b" < a™e < a and a™b™ < eb™ < b. Therefore a™b" < a A b. As
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S is (m, n)-regular, we have
A D)
(a Ab)™e(a A D)™

ameb” L (b™eb™)
a™eb" ML (B Meb™ ) eb™
a™eb L (B e ) eb eb™

INININININ S &
S
3
)
K3
3

N

a™eb Ly p ™ (hmeb™) ebeb . . . eb”
N—_———
n—1-times n—1-times
= aMeb" L (bmT )T Ip™ e eb™ . L. eb”
~—_———

n-times

=a™eb eb"ed" ... eb"
n-times

< am(ebn)n

< a™p"
Therefore a A b = a™b"™.

Conversely assume that a A b= a™b" for each (m,0)-ideal element a and
for each (0,n)-ideal element b of S. For any a € S, as < a ><pmpo> is a
(m, 0)-ideal element and e is a (0,n)-ideal element of S, we have

<A >em>=<0a>cmo> Ne = (< a>cmos)"e” < a™e.

Similarly < a >« n>< ea”. As a™e is an (m,0)-ideal element and ea” is a
(0,n)-ideal element of S, by hypothesis, we have

a<<a>cmo> N<a>con><a"eNead" = (a"e)"(ea")" < a™ea".

Hence S is (m,n)-regular.
O

Theorem 3.6 Let S be an le-semigroup and let m, n be positive integers
(either m > 2 orn > 2). Then the following are equivalent:

(1) Each (m,n)-ideal element of S is idempotent.

(2) For each (m,n)-ideal elements a, b of S, a Ab < a™b™.

(3) <a ><m,n> AN<b ><m,n>§ (< a ><m7n>)m(< b ><m7n>)n Va, beS.
(4) <a>cmp><(<a>cmn>)"(< a0 >cmn>)" Va € S.

(5) S is (m,n)-regular.

Proof. (1) = (2) Assume that each (m, n)-ideal element of S is idempotent.
Let a and b be any (m,n)-ideal elements of S. As a A b is an (m,n)-ideal
element of S, we have

anb=(aAb)?=(anb)?®=---=(aAb)"(a AD)" < a™D".

(2) = (3) and (3) = (4). Obvious.
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(4) = (5). Take any a € S. Then, by (4), we have

< a ><m7n>
< (< a ><m,n>)m(< a ><m»”>>n

<(<a>cmn>)" (< a ><m,n>)n71(< a>cmn>)" (< a>cmms)"
S (< a ><m,n>)me(< a ><m,n>)n
=amea" (by Lemma 2.1).

As a << a >cpp>, we have a < a™ea™. Hence S is (m,n)-regular.
(5) = (1). Take any (m,n)-ideal element a of S. As S is (m, n)-regular and
a is an (m,n)-ideal element, we have a = a"ea™. Now

a® = (a™ea")(a™ea™) < (a™ea™) = a
and
a=amea" = (a™ea™)"ea" < (aMea™)(aMea™) = aa = a>.

Therefore a = a?. Hence each (m,n)-ideal element of S is an idempotent.
O

Lemma 3.7 Let S be an le-semigroup and let m, n be non-negative in-
tegers. Then S is < m,0 >-reqular ((0,n)-reqular) if and only if I<m o>
(I<on>), the set of all (m,0)-ideal elements of S ((0,n)-ideal elements of
S), is (m,0)-regular ((0,n)-regular).

Proof. When m = 0, the statement holds trivially because e is the only
(0,0)-ideal element of S. So, let m # 0 and a € Iy, o~. Therefore a™e < a.
As S is (m,0)-regular, we have a < a™e. Thus a = a™e. Since e € I, 0>,
so a is a (m,0)-regular element of I, o>. Hence I, o> is (m, 0)-regular.
Conversely assume that I, o> is (m,0)-regular. Take any a € S. As
< a ><mo> I8 in Ly, 0) and Ty 0> is (m,0)-regular, there exists b € I, o)
such that < a ><m,0>: (< a ><m’0>)mb < (< a ><m,0>)m6. By Lemma,
2.1, (K a >cmo>)"e =a"e. As a << a > 0>, we have a < a™e. Hence
S is (m, 0)-regular.
O

Lemma 3.8 Let S be an le-semigroup and let m, n be non-negative inte-
gers. Then S is (m,n)-regular if and only if I« n>, the set of all (m,n)-ideal
elements of S, is (m,n)-regular.

Proof. On the lines similar to the proof of Lemma 3.7.
O

Lemma 3.9 Let S be an le-semigroup and let m, n be non-negative inte-

gers. Then S is (m,n)-regular if and only if Q<mn>, the set of all (m,n)-
quasi-ideal elements of S, is (m,n)-regular.
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Proof. If m =n = 0, then the result trivially holds as Q<o,0> = {e}. When
m # 0and n =0 or m = 0 and n # 0, then the result follows by Lemma
3.7, as the set of all (m,0) ((0,n))-quasi-ideal elements Q< 0> (Q<0.n>)
coincides with the set of all (m,0) ((m,0))-ideal elements Iy, 0> (I<on>)-
So, let m # 0 and n # 0 and @ € Q<m n>. Therefore a™ea™ < a™e A ea™ <
a. As S is (m,n)-regular, we have a < a™ea”. Thus a = a™ea™. Since
e € Q<mn>, it follows that a is an (m, n)-regular element of Q <y, . Hence
Q<mn> is (m, n)-regular.

Conversely assume that Q< n> is (m,n)-regular and a be any element
of S. Then < a ><mn>€ Q<mpn>- Therefore there exists b € Q<mn> such
that

(a)<mn> = (@) <mn>)""0((a) <mn>)"
Now ((a)<mn>)"b((a)<mmn>)" < ((a)<mn>)™e((a) <mn>)" and, by Lemma
3.2, ((a)<mm>)"e((a)cmm>)" < a™ea”. As a < (a)<mp>, we have a <
a™ea™. Therefore a is (m,n)-regular and, hence, S is (m,n)-regular.
O

4 Characterization of relations Z,, ,,Z, B}, , Q;, and H,

Lemma 4.1 Let S be an le-semigroup, a € S and let m, n be non-negative
integers. Then

(1) <<a >cmpn>><mn>=< 0 ><mn>;
(2> ((a)<m,n>)<m,n> = (a)<m,n>-

Proof. (1). By definition, we have
<< a ><m,n> ><m,n> =<aV amea" ><m,n>
=(aVamea")V (aVa"ea")"e(aVa"ea™)"
= (aVaTea")V (a™ea") (by Lemma 2.1)
=<a ><m7n> .
(2). Now
((a)<m,n>)<m,n>
=(aV(aeNea"))cmmn>
=(aV(amenea™))V ((aV (a™eNea™)"eNelaV (aeNea™)").
Now, by Lemma 3.2, (aV (a™eAea™))™e < a™e and e((aV (a™eAea™))™ <
ea™ So (aV (a™ ANea™))"e Ae(aV (a™ Aea™))" < a™e A ea”. Therefore
((a> <m,n>)<m,n>
=(aV(ameNead"))V ((aV (a™eNea™))"eNe(aV (a™e Nea))")
< (a™e Aea”)

<aV
= (a)<m,n>'
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Also

(a)<m,n>

=aV(a"eNea")

<(aV(a™eNed"))V((aV (ameAea)) " eNe(aV (aeAea))")
= ((a)<m7n>)<m7n>-

Hence ((a)<mn>)<mn> = (@)<mn>, as required.
O

Corollary 4.2 Let S be an le-semigroup, a € S and let m, n be non-
negative integers. Then

(1) << a ><mo>><m,0>=< @ ><m,0>;

(2) <<a>con>><on>=<0a ><om>-

Remark 4.1 Let S be an le-semigroup and let m, n be non-negative inte-
gers. If a,b € S such that a < b, then

(1) < a><mo><<b>cmo>;

(2) <a>c0n><<b>0n>;

(3> <a ><m7n>g< b ><m,n>;

(4) (a)<m,n> S (b)<m,n>'

Lemma 4.3 Let S be an le-semigroup, a € S and let m, n be non-negative
integers. Then

(1) <<a>cmo> N <0 >c0n>><mo>=< @ ><m0>;

(2) << a>cmos> A< a>com>><0m>=< 0 ><on>-

Proof. Straightforward.
d

Lemma 4.4 Let S be an le-semigroup, a € S and let m, n be non-negative
integers. Then

(1) < (a)<mm> ><m,0>=< @ ><m0>;
(2) < (a@)<mmn> ><on>=<a ><on>-

Proof. On the lines similar to the proof of Lemma 4.1.
O

Definition 4.5 Let S be an le-semigroup and let m, n be positive integers.
We define the relations I, »Z, H,, B, and Qp, as follows:
Z, ={(a,b) € Sx S| <a>con>=<b>con>};
mZ ={(a,b) € S xS | <a>cmo>=<b>cmo>};
Hr =m Z NIy
B;Lm = {(a»b) €ESxS | <a>cmn>=< b ><m,n>}§
Q% = {(a7 b) €eSxS | (a)<m,n> = (b)<m,n>}-

Clearly all the relations defined above are equivalence relations on S.
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Lemma 4.6 Let S be an le-semigroup. If a,b € S are p,Z-related (resp.
Z,-related), then a™e = b™e (resp. ea™ = eb™).
Proof. Suppose (a,b) € ,,Z. Then, by definition, < @ > 05>=< b ><m 0>
ie. aVa™e = bV b". Therefore a < bV b and b < a V a"e. Thus
a™e < (bVvbme)"e < b™e (by Lemma 2.1). Similarly, from b < a V a™e, we
have b™e < a™e. Hence ae = b™e.
Dually it may be shown that if (a,b) € Z,,, then ea™ = eb™.

d
Lemma 4.7 Let S be an le-semigroup. If a,b € S are H} -related, then
ame="0b"e, ea” = eb" and aea™ = b"eb".
Proof. Suppose (a,b) € H},. Then, by definition, (a,b) € ,,Z and (a,b) € Z,,.
Now, by Lemma 4.6, a™e = b™e and ea’ = eb™. Also, as a™e = b™e and
ea™ = eb", we have a"ea”™ = b™ea”™ = b"eb", as required.

O
Lemma 4.8 In any le-semigroup S, By, C H},.
Proof. Let (a,b) € B,. Then < a >cpmp>=< b >cpp> le, aVa™ea” =
bV bmeb™. Soa <bVbmeb” and b < aV a™ea™. Now a™e < (bV b"eb™)"e
and b™e < (aV a™ea™)™e. Thus, by lemma 2.1, a™e < b™e and b"e < ae.
Now
<a>cmos>=aVaTe<bVbmed" VaTle < bV Ve =<b>po>
and
<b>cmo>=bVb"e<aVaTea" Vile <aVaTea"Va"e =<a>cmo>-
Therefore < a >cpmo>=< b >opo>. Similarly we may show that
<a>con>=<b>c0n>. Thus (a,b) € H],,. Hence By, C H},.

O
Remark 4.2 The converse of the Lemma 4.8 is not true in general as shown
by the following example:
Ezample 4.1 [15] Let Zg = {0,1,2,3,4,5,6,7} be the multiplicative semi-
group under multiplication mod 8. Then the power semigroup P(Zg) =
(P(Zg),-,U,N), where '~ is the extension of the multiplication of Zg to the

power set P(Zg) of Zg, is an le-semigroup with the largest element e = Zg.
Observe that

{2} v{2}e{2} = {2} U {2} Zs{2} = {0, 2,4},
{6} v {6}e{6} = {6} U {6} 2s{6} = {0,4,6},
which shows that {2} is not B(= B})-related to {6}. On the other hand, as
{2} v{2}e ={2} U {2}Zs = {0,2,4,6},
{6} v{6}e={6} U{6}Zs ={0,2,4,6},

we have {2}R{6}. Since P(Zg) is commutative, the relations R(= 1Z) and
H(= H1) coincide. Thus {2}H{{6} which implies that H{ ¢ Bi}.
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Theorem 4.9 In any (m,n)-reqular le-semigroup S, B}, = HY,.

Proof. Let (a,b) € H,. Then, by Lemma 4.7, a™ea™ = b"eb™. As S is
(m,n)-regular, we have a < a™ea™ and b < b™eb". So < a >cpmp>= aV
a™ea™ = a™ea"™ and < b > p>= 0V 0"eb™ = bMeb”. Thus < a >cman>=
<b>cmmns le., (a,b) € Bl So HJ, C By,. Hence, by Lemma 4.8, BJ!, =
HE.

d

Lemma 4.10 In any le-semigroup S, By, C Qn .

Proof. Let (a,b) € B},. Then < a >y n>=<b >cpmp> €., aVa™ea” = bV
b™eb™. So a < bVvh™eb™ and b < aVa™ea™. Therefore a™e < (bVh™eb™)e <
b™e and ea™ < e(bV b™eb™)™ < eb™. Thus a™e A ea™ < b™e A eb™. Now

(@)cmmn> =aV (a™eNea™) < bV b"eb"V (a™e Aea™) <
bV bmedb™ vV (b™e Aeb™) = (b)<mn>-
Similarly, as b < a A a™ea™, we may show that (b)<mn> < (a)<mn>. Thus

(@)cmm> < (0)<mm> ie., (a,b) € QF,. Hence By, C Qr,, as required.
o

Remark 4.3 The converse of the Lemma 4.10 is not true in general. It
is easy to verify from Example 4.1 that {2}Q1(= Q){6} while {2} is not
Bi(= B)-related to {6}. Thus O} ¢ Bi.

Theorem 4.11 Let S be an (m,n)-regular le-semigroup. Then Q' = BL..

Proof. Let (a,b) € Q. Then (a)cmn> = (b)<mpn> i€, aV (ae ANea") =
bV (bmeneb™). Soa < bV (bMeAeb™) and b < aV(a"eAea™). As QF C HT,
we have (a,b) € H". So, by Lemma 4.7, a™ea™ = b™eb™. Now

<a>cmp> =aVaead"
<bV (b"eAeb")Va"ea™ (because a < bV (b™e Aeb")
<bVv(d"eneb”) Ve (as a™ea” = b"eb™)

=bV (bMened") (because b"eb™ < b™e A eb™)
=bV (b™e)™(ed™)" (by Theorem 3.5)
<<b>cmns -

Similarly, as b < a V (ae A ea™), we have < b > p><< a4 >cmp>-
Therefore < a ><pp>=< b ><ppn>. Thus (a,b) € B},. This implies that
o C Bp,. Hence, by Lemma 4.10, Q7 = B}},.

O

Lemma 4.12 In any le-semigroup, Qp, C H7,.
Proof. Let S be any le-semigroup and let (a,b) € Q. Then (a)cmn> =

() <mn> 1e.aV (a™eNea™) =bV (e Aeb™). Soa <bV (b™eAeb™) and
b<aV(a™eAeam). Now
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<a>cmos=aVaTe < (bV(b"ened™))V(bV (bMeneb?)) e << b > o>
and
<a>cops>=aVea” < (bV(b"eANeb™)) VeV (bMeneb”))" <<b>con> -

Similarly, as b < a V (a™e A ea™), we have < b > 0><< @& >cmo>
and < b > 0n><< a ><on>. Therefore < a >cpmo>=< b >cpmo> and
< a><on>=<b >.0,> implying that (a,b) € ;. Hence Q) C H}}, as
required.

O

Corollary 4.13 Let S be an (m,n)-regular le-semigroup. Then B, = QF =
H.

Lemma 4.14 If B, and By are two (m,n)-reqular By}, -classes contained in
the same M, -class of an le-semigroup S, then By = By.

Proof. As x and y are (m,n)-regular elements of S, x < z™ez™ and y <
y™ey™. Therefore < > pp>= x V (2™ez™) = 2™ex™ and < y >cmp>=
yV (ymey™) = y™ey™. Since = and y are contained in the same H[ -class,
by Lemma 4.7, 2™ex™ = y™ey™. So < & >cmn>=< Y ><mn>. Lherefore
xzB,y. Hence B, = B,,.

O

Lemma 4.15 If Q, and Q, are two (m, n)-reqular Qy,-classes contained in
the same Hy, -class of an le-semigroup S, then they coincide.

Proof. As x and y are (m,n)-regular elements of S, z < z™ex™ < z™e Aex™
and y < y™ey” < y™e A ey". Therefore (2)cmn> = z V (z™e A ex™) =
zmeNex"x and (Y)<mn> =y V (y"eAey™) = y™e Aey”™. Since x and y are
contained in the same H] -class, by Lemma 4.7, z™e = y™e and ex" = ey".
Therefore 2™e A ex™ = y™e A ex”. This implies that (z)<mn> = (¥)<mn>-
So x Q7 y implies @, = @y, as required.

O

5 (m, 0)-regularity [(0, n)-regularity] and (m,n)-right weakly
regularity of B]; -classes, Q7 -classes and H -classes

Proposition 5.1 A Q' -class Q of an le-semigroup S is (m,0)-regular
[(0,n)-regular] if it contains an (m,0)-regular [(0,n)-reqular] element.

Proof. Let a € Q be an (m, 0)-regular element and b € Q. Then (b)<pmpn> =
(@)cmmn> = aV (ae Ned™) < aV a™e = a™e (since a is (m,0)-regular,
a < a™e). By Lemma 4.10 and Lemma 4.7, a™e = b™e. So (b)<mn> < b"e.
Thus b < b™e. Therefore b is a (m.0)-regular element and, hence, @ is
(m,0)-regular. The dual statement may be proved on similar lines.

O
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Proposition 5.2 An H? -class H of a Ve-semigroup S is (m,0)-regular
[(0,n)-regular] if it contains an (m,0)-regular [(0,n)-regular] element.

Proof. Let a € H be an (m, 0)-regular element and ¢ € H. Then < b >, o>
=< a >cmo>= aV a"e = a™e (since a is (m,0)-regular, a < a™e). By
Lemma 4.7, a™e = b™e. This implies that < b >, 0>< 0™e. Hence b < b™e.
So b is (m, 0)-regular element. Hence H is (m, 0)-regular. The dual statement
follows on the similar lines.

O

Corollary 5.3 An le-semigroup S is (m,0)-regular [(0,n)-reqular] if and
only if each QF -class (M, -class) of S contains an (m,0)-regular [(0,n)-
regular| element.

Definition 5.4 Let S be a poe-semigroup and m, n be positive integers. An
element a of S is said to be an (m,n)-right reqgular element if a < a™ea"e.
Further S is said to be (m,n)-right weakly regular if each element of S is
(m,n)-right weakly regular.

Proposition 5.5 A B}, -class B of a \Ve-semigroup S is (m,n)-right weakly
reqular if it contains an (m,n)-right weakly reqular element.

Proof. Let a € B be an (m,n)-right weakly regular element and let b €
B be any element of B. Then a < a™ea"e. So, it follows that a™ea” <
(a™ea™e)e(aeae)” < a™ea"e. Since a,b € B, we have < b > p>=
< a >cmn>= aValea” < aVaTea"e = a™ea"e. By Lemmas 4.8 and
4.7, we have a"ea™ = b™eb". This implies that < b >y, n>< 0™eb™e. So
b < b™eb"e. Thus b is an (m,n)-right weakly regular element of B. Hence
B is (m,n)-right weakly regular.

O

Proposition 5.6 A Q7 -class Q of an le-semigroup S is (m,n)-right weakly
regular if it contains an (m,n)-right weakly reqular element.

Proof. Let a € Q be an (m, n)-right weakly regular element and let b € Q be
any element of Q. Then a < a™ea™e. Thus a™e < (a™ea™e)™e < a™ea"e.
Since a,b € @, we have (b)<mn> = (a)<mn> = aV (aeANea™) < aVa™e <
aVa™ea"e = a™ea"e. As, by lemmas 4.10 and 4.7, a"ea™ = b"eb™, we have
(0)<mm> < b™eb™e. So b < b™eb"e. This implies that b is an (m,n)-right
weakly regular element of @ and, hence, @ is (m, n)-right weakly regular.
O

Proposition 5.7 An H} -class H of a Ve-semigroup S is (m,n)-right
weakly reqular if it contains an (m,n)-right weakly reqular element.

Proof. On the lines similar to the proof of Proposition 5.6.
g

Corollary 5.8 An le-semigroup S is (m,n)-right weakly reqular if and only
if each Bl -class (resp. QF -class, H} -class) of S contains an (m,n)-right
weakly regular element.
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6 Strong (m, n)-quasi-ideal element

In a poe-semigroup S, meet of an (m,0)-ideal element a and a (0, n)-ideal
element b is an (m, n)-quasi-ideal if (a Ab)" e Ae(a Ab)™ exists. The converse
statement does not hold in general. As an example [5], let S = {a,b, ¢, d}.
Define a binary operation '’ as follows:

“la b ¢ d
ala a a a
bla a d d
cla ¢ ¢ a
dla ¢ b d

Then the set P(S) of all non-empty subsets of S is a poe-semigroup under
the binary operation of set products induced by the binary operation defined
by the above table and partially ordered by set inclusion. The set {a,b} is
an (1,1)-quasi-ideal element of S. The sets {a}, {a,b,c,d}, {a,c} and {a},
{a,b,c,d}, {a,d} are the (1,0) and (0, 1)-ideal element of S respectively, but
{a, b} is not the intersection of any (1,0) and (0, 1)-ideal element.

Definition 6.1 Let S be a Ve-semigroup and q be an (m,n)-quasi-ideal el-
ement of S. Then q is said to be a strong (m,n)-quasi-ideal element of S
if ¢ can be written as the meet of an (m,0)-ideal element and a (0,n)-ideal
element.

Theorem 6.2 Let S be a Ve-semigroup and q be an (m,n)-quasi-ideal ele-
ment of S. Then the following are equivalent:

(1) q is a strong (m,n)-quasi-ideal element of S;

(2) <¢><mo> A< q>com>=¢;

(3) <a>cmo> N<b>c0n><q (Ya,b<q).

Proof. (1) = (2). Let ¢ be a strong (m, n)-quasi-ideal element of S. Then
q = a A'b for some (m,0)-ideal element ¢ and (0,n)-ideal element b of S.
Therefore < a ><mo>=a and < b >.gp>=0b. Now, as < ¢ >cpmo>=<aA
b>cmo><<a>cpmo>=aand < g >c0p>=<aAb>0n><<b>c0n>=
b, it follows that < ¢ ><pmo> A < ¢ ><on>< a Ab = ¢g. Again, as ¢™e A
eq" < q, q=qV (¢"eAeq"). Therefore ¢ < qV ¢™e =< ¢ ><mo> and
q < qVeq" =< q ><on>- Thus ¢ << q¢ ><mo> N < ¢ ><on>. Hence
< g ><mo> A < ¢ ><on>= ¢, as required.
(2) = (3). Obvious.
(3) = (1). As ¢ < g, by (3), we have < ¢ > 0> A < ¢ ><0n>< ¢. Also,
as ¢ << ¢ ><mo> N < ¢ ><on>, We have < ¢ >cpmo> A < g ><on>= ¢
Since < ¢ ><mo0> and < ¢ ><on> are (m,0) and (0, n)-ideal elements of S
respectively, by definition, ¢ is a strong (m,n)-quasi-ideal element of S.

O

Lemma 6.3 Let S be an le-semigroup and let a € S. Then the strong
(m,n)-quasi-ideal element of S generated by the element a, denoted by gs(a),
is equal to

<a><mo>N<a><on> -

301



18 Ahsan Mahboob, Noor Mohammad Khan

Proof. Let a € S. Then < a ><pm o> A < a ><opn> is a strong (m, n)-quasi-
ideal element of S. Let ¢ be any strong (m, n)-quasi-ideal element of S such
that a < ¢. Then, by Theorem 6.2, we have < a ><m o> A < @ ><0n>< q.
Therefore gs(a) =< a ><mo> A < a><on> -

O

Theorem 6.4 Let S be an (m,n)-reqular le-semigroup. Then each (m,n)-
quasi-ideal element is a strong (m,n)-quasi-ideal element.

Proof. Let S be an (m,n)-regular le-semigroup and ¢ be an (m,n)-quasi-
ideal element of S. As g < ¢™eq", we have ¢ < ¢™e and g < eq". There-
fore ¢"e = qV ¢Me =< ¢ >cmo> and eq" = qVeq" =< ¢ ><on>. As
q << q ><mo> N < @ ><on>= ¢"eNeq" < g, we have < ¢ > 0>
A < g ><on>= q. Hence, by Theorem 6.7, ¢ is a strong (m,n)-quasi-ideal
element of S.

O

Lemma 6.5 FEach (m,n)-quasi-ideal element in a distributive le-semigroup
is a strong (m,n)-quasi-ideal element.

Proof. Straightforward.
O

Lemma 6.6 Fach H],-class H of S has a strong (m, n)-quasi-ideal element
which is the greatest element of H and is equal to < a ><pm 0> A < a ><on>
forae H.

Proof. Let a € H. Then, by Lemma 4.3, << a ><pm 0> A < @ ><0n>><m,0>
=< a ><m,0> and << a ><0on> N<a ><on>><0n>=< @ ><0on>- SO, we
have (< a >cmo> A < a >con>,a) € T and (< a ><on> A < @ ><on>
,a) € I,,. Now take any element b € H. As b << b > 05=< @ >cm 0>
and b << b ><07n>:< a ><()7n>7 we have b << a ><m70> N<a ><0,n>.
Therefore < a > 0> A < a ><opn> is the greatest strong (m,n)-quasi-
ideal element of H.

d

Theorem 6.7 Let S be an le-semigroup. Then Hly = O if and only if
each (m,n)-quasi-ideal element is a strong (m,n)-quasi-ideal element.

Proof. Let (a,b) € HJ,. Therefore < a > 0>=<b >cmo> and < a ><on>
=< b >c0n>. As each (m,n) quasi-ideal element is a strong (m,n) quasi-
ideal element, therefore, by Theorem 6.2, we have

(@)<mm> =< (@)<mn> ><mo> A < (@) <m,0> ><0n>
=<a ><mo> N <a><on>
=<b>cmo> AN <b>c0n>
=< (b)<mn> ><m0> A < (0)<m,0> ><0n>

= (b)<m,n>-
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Thus (a,b) € QF. Hence, by Lemma 4.10, Q7 = H7,.

Conversely assume that ¢ be any (m, n)-quasi-ideal element of S. There-
fore ¢ € Q) (a) for some a € S. Let = € Q) (a). Then (z)<mn> = (¢)<mn>
= ¢ implies ¢ < ¢. Thus ¢ is the greatest element of Q7 (a). By assumption
on (a) = Hp(a). Therefore, by Lemma 6.3, we have ¢ =< a >cpp> A
< a >, pn> . Hence ¢ is a strong (m, n)-quasi-ideal element of S.

O

Corollary 6.8 In any distributive le-semigroup, Hyy, = QN

Proof. The proof follows by Lemma 4.15 and Theorem 6.7.
O

Motivation and Application: The main motivation of the present pa-
per is to introduce the equivalence relations ,,Z,Z,, B}, Qr and H), on
an le-semigroup and enhance the understanding of different classes of le-
semigroups ((m,n)-regular, (m,0)-regular, (0,n)-regular, (m,n)-right
weakly regular) by considering the structural influence of the equivalence
relations ,Z,Z,, B, QF, and H,. In particular, if we take m = 1 = n in the
equivalence relations ,,Z,Z,, By, Qr and H,, then we get the equivalence
relations £, R, B, Q and H. Again, if we take m = 1 = n in Theorem 3.5,
Lemma 4.6, Lemma 4.7, Lemma 4.8, Theorem 4.9, Lemma 4.10, Theorem
4.11, Lemma 4.12, Lemma 4.14, Lemma 4.15, Corollary 6.8, then all results
of the papers [15-17] are deduced as corollaries which is the main applica-
tion of the results of the paper and a testimony of the genuineness of the
notions introduced in the paper.
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