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A European brown hare syndrome model within a
foxes-cottontails-hares interaction system
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Abstract The introduction in Italy of the North American lagomorph Sylvilagus flori-
danus, simply named cottontail, has affected the predator-prey dynamics of native Euro-
pean hares and foxes, by increasing fox’s predation rate on hares. This results in a sort of
apparent competition, for which the presence of a new prey increases predation on another
native prey, and could ultimately negatively impact hares. In addition, cottontails could
carry several potentially harmful viruses and parasites, especially the European brown
hare syndrome (EBHS) virus, which has devastating effects on hare populations. The cot-
tontails’ role in the disease spreading is still not known. The model introduced here for
possible disease containment assumes that all foxes are healthy carriers and that they
could infect other animals through the environment. The analysis allows the characteriza-
tion of the system’s equilibria. The rather exhaustive investigation of the possible system
transitions among stable configurations would help the applied ecologist in the field work.
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1 Introduction

The introduction of species in new areas could change the interaction be-
tween species in recipient ecosystems. For example, the introduction in Italy
of the Eastern cottontail (Sylvilagus floridanus, hereinafter cottontail), a
lagomorph native to North America, affected the prey-predator dynamics of
native European hares and foxes [1,4]. The presence of high-density popula-
tions of cottontail increases fox’s predation rate on hares [4]. This negative
indirect interaction is a sort of apparent competition — the presence of a
new prey increases predation on another prey — and could have negative
effects on hares populations. In [3] a mathematical model is formulated to
simulate this three-species system. Introduced species could also interfere
with host-parasites dynamics. Cottontails carry several viruses and para-
sites, which can potentially affect hares [2,11]. Recent field and laboratory
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studies suggested that introduced populations of cottontails may be suscep-
tible to infection with the European brown hare syndrome (EBHS) virus [7].
EBHS is transmitted by a lagovirus which causes a lethal form of hepatitis
in hares [6]. Transmission presumably occurs directly through a faecal-oral
route or through environmental contamination. Tizzani et al. [10] induced
clinical disease and mortality in experimentally infected cottontails, show-
ing possible transmissibility of EBHS in cottontails. However, the role of
this introduced lagomorph in spreading the disease is yet not known. Viale
and colleagues [13] extended the cottontail-hare-fox interaction system to
include possible effects of EBHS. In this work, red foxes are considered as
potential virus carriers, distinguishing among healthy and carrier individ-
uals, and all cottontails are assumed to be infected, and therefore virus
carriers. Carnivores are potential carriers of viruses although normally they
are not susceptible to diseases. Chiari et al. [5] found genetic prints of the
EBHS virus in the intestinal content of one fox in an area where EBHS
was present in hares. This single evidence does not prove that foxes could
carry the virus contaminating the environment; this eventuality however
could not be excluded. Therefore, in [13] the hypothesis that foxes might
at least theoretically, play a potential role in the indirect transmission of
EBHS viruses is considered. In the present work we modify the model of
[13], by allowing the possibility that all foxes are healthy carriers of the
disease and that they could infect through the environment other animals.
Infected cottontails may survive the disease, and they can infect healthy
cottontails and hares. The hares die as soon as they contract the disease.

2 Model setup

The steps to model the situation concern the vital dynamics and the epi-
demiological situation. They consist in the discussion of the following four
issues: reproduction and hunting and possible vertical transmission, infec-
tion through environment and by direct contact.

We consider the demographics first. For reproduction we consider the con-
cept of emerging carrying capacities, [12,9], for all populations, to better
emphasize the role of natural mortality, which still may drive the popula-
tions to extinction in spite of possible additional food sources. Thus

d
d—‘; =1V —reyy V2 —mV, (2.1)
ds
T $S — cg55% — ¢g1 ST — nS,
dI
i —crrI? — ¢;sST —nl — v,
dL
E =ul — CLLL2 *pL
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Hunting of foxes gives them an additional benefit

C%/ =aeVS+beVI+ceVL, (2.2)

while it causes a damage to all the prey

ds dI dL

As for the epidemics, we need to distinguish between the intraspecific
transmission and the one among different species, that occurs through the
contamination of the environment. For infected cottontails, we account the
possibility of vertical transmission ¢ and sy possibly different from s, thus

d
—S =55 —c555% —¢51ST —nS + (1 —0)s/1, (2.4)

dt
dI
i osiI —crpI? — e;jgSI —nl — vl.

The infection by direct contact among cottontails is modeled using the stan-
dard incidence:

ds ST dl SI
A TS TR & (2.5)

Infection through the environment for cottontails and hares instead is rep-
resented by a rational response function, in which the denominator accounts
for all the agents polluting the environment, and the numerator the proper
viral contamination:

ds I+ aV

g TRV 2.6
dt V+S+I+L (2:6)
al vl +aV

dt  "V+S+I+L’
e _ BI + 6V
dt  TV4+S+I+L
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Putting all equation (2.1), (2.2), (2.3), (2.4), (2.5) and (2.6) together we
have the system:

av
E:rV—cVVV2—mV—i—eaVS—i—ebVI—l—ecVL (2.7)
ds )
E:SS’—CSSs —CSISI—nS-f—(l—U)S]I
ST vl +aV
—aSV -\ —
¢ S+1 "V+S+I+L
dI
E = US[I—C[[IZ —stsf—nf— vl
ST I +aV
—bIV + ) S
MR A vy <y
dL BI + 6V
— =wuL—cp L —pL—cLV - L——~———.
q ~ b el” =pL = elV = Lymme T

In short, introducing the vector function F : RY — R% the system (2.7) can
be written as

d
B P, B (FLELFLPY x= (VSLPT. (28)

All the model parameters are assumed to be nonnegative. They are listed
together with their ecological meaning in Table 1.

3 Analysis
3.1 Boundedness

The system trajectories are bounded. To this end, we define the whole sys-
tem population as

P=V+S+I+L (3.1)

and then we add the equations of (2.7). For an arbitrary n > 0, we obtain
the estimate

P
d——f—nPgV(r—m—H]—CVVV)—i—(e—1)(aS+bI+cL)V

dt
+S(s—n+n—cssS)+1(s; —crl —n—v+n)
+L(u—p+n—crrl) < xv+Xxs+Xx1+XxL

where the x 45 represent parabolae through the origin in terms of the generic
population A € {V,S,I, L} and where we have used the fact that e <1 in
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Table 1 The model parameters and their meaning

[ Parameter | interpretation
r healthy foxes reproduction rate on other resources
cvv foxes intraspecific competition
m foxes natural mortality rate
a foxes predation rate on healthy cottontails
b foxes predation rate on infected cottontails
c foxes predation rate on hares
e<1 foxes conversion coefficient of captured prey
s healthy cottontails reproduction rate
ST infected cottontails reproduction rate
n cottontails natural mortality rate
css competition among healthy cottontails
csr infected cottontails intraspecific competition
on healthy cottontails
crs healthy cottontails intraspecific competition
on infected cottontails
crr competition among infected cottontails
o fraction of cottontails’ vertical virus transmission
A cottontails direct virus transmission
ol cottontails infection
by infected cottontails environment pollution
a cottontails infection,
by foxes environment pollution
u hares reproduction rate
CcLL hares intraspecific competition
p hares natural mortality rate
B hares infection, i.e. direct mortality rate,
by infected cottontails environment pollution
1 hares infection, i.e. direct mortality rate,
by foxes environment pollution

the last estimate. Their maxima are x7%, where

. _(rtn-m3?* . (stn-n)
. _(rtn—n-v?® . (utn—p)®
X1 4C%I ) XL 4C%L :

Thus, upon integration of the ordinary differential equation associated to
the following differential inequality

we obtain

dt

dP
— +nP < X" =xy X5+ X7+ XL

P <max{P(0),

from which, in view of the nonnegativity of each population, also all system
populations are bounded above.
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3.2 System’s steady states

The system has ten possible equilibria E; = (V;,U;, Si, L;), i =0,...,9. The
equilibria that can analytically be assessed are the origin, Fj, those where
just one population thrives,

B, = (7"—’”’070’0), By = (QH,o,o), Es = (o,o,o,u—p>.
cvv css CLL

They are feasible if the populations are nonnegative, i.e. the following con-
ditions hold, for E;

r>m, (3.2)
for EQ

s>, (3.3)
for Es

u > p. (3.4)

For the particular case of perfect vertical transmission, o = 1, also the point
E, =(0,0,1,,0) exists, I, = (s; —n — v)c;; and is feasible for

sy >n+v. (3.5)

There are three points with two nonvanishing populations,

E3 = (07 S37[370)7 EG = (VG,0,0,LG)’ E7 = (07 ﬂ70’ U-p) .
Css CLL

The former two will be investigated below. The latter is feasible when both
(3.3) and (3.4) hold. Instead, the points

Ey= (‘/37537[370)a Es = (0, 58,18,148)

and coexistence Eg = (Vy, So, Iy, Lg) must be investigated numerically.
In summary, we report the findings in Table 2.

3.2.1 F3 feasibility

The equilibrium equations correspond to the second and third equations of
(2.7). By adding them and considering the third one, we obtain the following
two conic sections:

w(S,I) = cgsS? + (csr+crs)ST + crrl? + (n—5)S — (s —n—v)[ =0,
&S, 1) = crsS? + (cir+cs+n+v)ST+ (err+n+ 1/)12
—(O’S] + A +’Y)S —osiI =0.
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Assuming nondegeneracy, the invariants characterizing the conic sections
are respectively

1

s 2
0" =csserr — 1(651 +crs)?,

1 1
6% = crs(eir+n+v) — Z(C[[ +ers+n+v)? = _Z(CH +n+v—crg)? <0.
Therefore, the second one is a hyperbola. However, since the first one can
be of any sign, it can be either an ellipse or a hyperbola. Both curves go
through the origin, and further, we can determine their intersections with
the axes:

PW:(O’SOW)’ QW:(I(L)D?O)a PQZ(ONS’(?)& st:(lgao)y

s—n sp—n—v osp+ A+ os
Sy=——, B=t——, =T =,
css crr crs crr+n+v
with S > 0, I? > 0 The intersections of ¥ are positive in case
Sy >0, ie. s>n, Iy >0,ie s;>n+r. (3.6)

We now continue with the study of each conic section independently.
For ¥ we assess the slope by implicit differentiation:

as¥ _ (CS] + CS])S + 2¢cprl — (S] —-n— I/)

dl 2555 + (csr+esp) I +n—s
and evaluating at the origin we obtain
as¥ _Sf—n-—v
I |, n—s

Thus, comparing with (3.6), this derivative is positive if and only if
Iy sg <o.
fThis result is compatible with ¥ being an ellipse, a situation which occurs
or
S 0, i.e. cgscrr > 3(651 + 615)2. (3.7)

Depending on the arrangements of the intersections with the coordinate
axes we have the following situations:

(A) I¥ >0, SY > 0: there is a feasible arc in the first quadrant, joining the
points P¥ and Q¥;

(B) I¥ >0, SY < 0: a feasible arc joins the origin and the point Q"

(C) I¥ <0, S¢ < 0: no feasible arc exists in this case;

(D) I¥ <0, S¢ > 0: a feasible arc joins the origin and the point PY.
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When (3.7) does not hold ¥ is a hyperbola, namely for
1
Y < 0, i.e. cggerr < Z(CS[ + C[S)Q, (3.8)

the situation is more complex. There must be one or two arcs of the hyper-
bola crossing the two intersections with the coordinate axes other than the
origin. In addition, the slope at the origin is negative if and only if these
intersections occur both on the positive semiaxes. This gives rise to the fol-
lowing cases, the ones not listed are impossible as the slope at the origin is
in conflict with the arcs arrangements. In particular, for I < 0, S{ < 0, no
feasible arcs can be found in all arrangements. The possible situations are:

(X1) IOW > 0, SOW > 0: there are two arcs in the first quadrant, emanating from
P% and QY;

(X2) I¥ >0, S¥ > 0: there is a feasible arc in the first quadrant, joining the
points P¥ and QY;

(Y1) I >0, S¥ < 0: a feasible arc joins the origin and the point Q¥

(Y4) I¥ >0, S{ < 0: two feasible arcs, one emanating from the origin and one
from the point Q¥ are found here;

(W1) I¥ <0, S¥ > 0: a feasible arc joins the origin and the point P¥;

(W3) I¥ <0, S¥ > 0: two feasible arcs, one emanating from the origin and one
from the point P¥ are found here.

Note that the cases (A), (B) and (C) of the ellipse are topologically equiv-
alent respectively to (X2), if we ignore the opposite curvatures, (Y1) and
(W1). Thus we can ignore the cases of the ellipse in the following classifica-
tion.

The slope of the hyperbola @ is

as® (e teas+n+v)S+2(cn +n+v)l —os;
dl 2c51S + (crr +crs +n+v)I — (osr+ A+ 7))’

(3.9)

and evaluating at the origin we obtain

ds® —0SJ
= < 0.
dl |, osp+A+v

Because the intersections with the axes are positive, they could lie on the
same branch of @, giving rise to two feasible arcs emanating each from one
of these intersections, or the two points P? and Q% are joined by a convex
arc in the first quadrant. The remaining two combinations are not allowed
by the above result. Evaluating the derivative (3.9) further at the point P?
we find

ds® (CII+CIS+T7/+I/)S§—US[__(cll+n+y)sgs+)\+ry

dl P‘ﬁ_ 26155}?—(081—{-)\4—’7) osr+ A+
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Thus S? > 0 implies that the slope of & at the point P? is negative,

ds®

© <o
dl |ps ©

This result is incompatible with the case of two feasible arcs emanating
respectively from P? and Q?, leaving only the second option of the convex
arc joining P and Q2.

We can now combine the analyses of ¥ and ®. Any intersection in the
first quadrant gives rise to a possible equilibrium FEs5. The existence of such
intersections depends on the respective positions of Ig’ and ISB , as well as
S¥ and Sg.

(X1) : exactly one intersection exists for
(I = I9)(S5 = S5) < 0; (3.10)
two intersections arise instead in case

Iy <I1P, Sy <Sg. (3.11)

(X2) : exactly one intersection is guaranteed if again (3.10) holds.
(Y1) exactly one intersection is always guaranteed if

Iy > 13 (3.12)
none exists or two may arise through a saddle-node bifurcation if
I <12 (3.13)

(Y4) exactly one intersection occurs for (3.12); two instead are guaranteed if
(3.13) is satisfied.
(W1) one intersection is guaranteed if

Sy > 55 (3.14)
none exist or two occur through a saddle-node bifurcation if
S5 < Sg- (3.15)

(W3) : two intersections are guaranteed again if (3.15) holds, while exactly one
exists in the opposite case, (3.14).
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3.2.2 Eg feasibility

The existence of this equilibrium follows by the feasible intersection of the
two functions, obtained from the first and last equilibrium equations of (2.7):

II(S,I)=r—m—cyyV +ceL =0,
(S, 1) =crpL? + (cpp + )LV +¢cV? — (u —p)L — (u —p — 6)V = 0.
IT is a straight line, with intersections with the axes located at Q! =
m—r r—m

L(I)Y == B VOH == 5
ce cyvy

so that only one of the two is positive at a time,
—  (m) r < m, giving LI >0,
—  (n) 7 > m. giving V{T > 0.
Assuming nondegeneracy for the conic I', the characterizing invariant shows
that it is a hyperbola:
r 1 2 1 2
o' =crpc— Z(CLL +c) = —Z(CLL —0)* <0.

Its intersections with the axes are the points Q7 = (L{,0), PT" = (0, V)
with

_ —p—5
iy N S v g ]

CLI C

so that Vi{' > 0 implies L) > 0 and from LY < 0, V{" < 0 follows. Differen-
tiating the conic, we find

dVv o QCLLL+(CLL+C)V— (u—p)

)

dL ~  (cpp+¢)L+2¢V —(u—p—9) (3.16)
and evaluation at the origing provides
vy _ p-u
dL|, u—p—10
It follows that the slope at the origin is positive only for
p+o>u>p (3.17)
and negative for either one of the alternative conditions
u>p+ao; u<p. (3.18)

Evaluating the slope (3.16) at the point Q' gives

dv p—u

—| =cpp——.
dL Qr LLU _p+CLL5
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The latter is negative for u > p + 9, preventing that the origin and the two
points Q" and P! lie all on the same branch of I".
Instead the slope (3.16) at the point P! provides

av

vl _ 0 cwr
dL ’

Ppiu—p—é c

Thus for u < p+ J we have

dv

av 0
dL | <

PF

and in such case only an arc joining the origin and Q! lies in the first
quadrant.
These results imply that the only possible configurations are given by

—  (C) u > p+4 :an arc in the first quadrant joins the points Q7 and P’

— (D) p+3d > u > p: the arc in the first quadrant joins the origin and
the point Q7.

In the remaining case u < p, I' does not have a feasible branch.

Feasible intersections between I" and I exist in the following situations:

— (Cm)u >p+48,0< VI < VL, r>m: a single intersection is
guaranteed. Explicitly:

- —p—34
u>p+9, PP (3.19)
Cyy C

— (Cn)u>p+6,0< LI < LY, r < m : a single intersection is guaran-
teed. Explicitly:

m-—r  u-—
< p

u>p+9, 0< (3.20)

ce CLI

—  (Dm) p+6 > u>p, VH > 0, r > m : through a saddle-node bifurcation
two intersections may exist. Explicitly:

p+d>u>p, r>m. (3.21)

— (On)p+d>u>p 0< L < LY r < m: a single intersection is
guaranteed. Explicitly:

ptd>u>p 0< T UTP (3.22)

ce CLL
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Table 2 Equilibria feasibility

\ Equilibrium \ Feasibility conditions
EU = (07 07 0> 0) _
E, = (4,0,0,0) G52
E; = (0,52,0,0) (3.3)
E, =(0,0,1,,0) c=1, (3.5)
Es5 = (0,53, 15,0) ¥ has one arc through P¥ and one through QW:

31! (3.10); 3 2 (3.11);
¥ has a feasible arc through P? and Q%:
31 (3.10);
¥ has a feasible arc through O and Q¥:
31 (3.12); 3 2 or none (3.13);
W has one arc through O and one through Q7:
31 (3.12); 3 2 (3.13);
¥ has an arc through O and P¥:
31 (3.14); 3 2 or none (3.15);
¥ has one arc through O and one through PY:
32 (3.15); 3! (3.14);

Ey = (Vi, S4, 14,0) numerical
E5 =(0,0,0, Ls) (3.4)
Es = (V5,0,0, Lg) 371(3.19); 3T(3.20); T 2ornone (3.21); 3I!(3.22);
E7 =1(0,57,0, L7) (3.3), 3.4)
Es = (0, Ss, Is, Ls) numerical
Eq = (V, Sy, Iy, Lo) numerical

3.3 Equilibria stability

Let us introduce the functions
K ST G ~I +aV B BI + 0V
TS+ V4 SH+I4 L VA4 SHI+L

Denoting by subscripts the partial derivatives with respect to each popu-
lation, the Jacobian J of (2.8) has the following entries, where some ancillary
quantities are explicitly stated in the Appendix, namely (5.1),(5.5),(5.9):

F& =r—m—2cyyV +eaS + ebl + ecL, Fé =edV, F} =ebV,

FLl = ecV, F‘%:—aS—GV, Fg:S—26535—CS]I—7’L—CLV—Ks—Gs,

F12 = —cg1S + (1 —U)SI — K7 — Gy, Fg = -Gy, F‘?} = —bl + Gy,

Fg = —cysl + Kg + Gg, FIB =os;—2ciil —cigS —n—v -0V + K;+ Gy,

F} =Gp, Fj=-cL-Hy, F§=—Hg,

F} =—H;, F}=wu—2c, L —p—cV—Hy.
Because of the nonlinearities appearing in (2.7) some terms in the above
Jacobian may show singularities when their denominator vanishes. This
happens at the origin and at equilibria £; and Fs. In each such case care
must be exerted in the Jacobian evaluation as well as in the bifurcation

analysis of Section 4. Note that at the origin the nonlinear term in the last
equation of (2.7) has the numerator vanishing faster than the denominator,
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so that it can be disregarded in the linearization process. Similarly for F;
and FEj5 the function K vanishes for the same reason and consequently its
contribution can be ignored in the Jacobian evaluation. Equivalently, we
can state that K vanishes with its derivatives whenever S = I = 0,

K(0,0)=0, K;(0,0)=0, Kg(0,0)=0, (3.23)
Kgs(0,0) =0, Kg7(0,0)=0, Kj7(0,0)=0.
This consideration will be used both in this section as well as in the bifur-
cation analysis.
Thus for Fy, keeping only the linear terms in the system equations, we

easily obtain the following stability conditions, that are the opposite ones
respectively of (3.2), (3.3), (3.4):

m>r, s>n, u>p. (3.24)

Let us introduce the following notation. By J[sz;h’k] or J[I;j’g;h’k,é] we de-
note the minor of the Jacobian evaluated at the equilibrium point P, where
only the rows ¢, j and g, as well as the columns h, k and ¢ are retained.

Recalling (3.23), two eigenvalues of the Jacobian J1 evaluated at F; are
explicitly known, \y; = m —r and A4 = u —p — § — cVi. They give the
first set of stability conditions, (3.2) and:

u<p+6+chi. (3.25)
Imposing the Routh-Hurwitz conditions to the remaining minor J[g’l&zg],
E E
tr(J[2}3;2’3]) <0, det(J[2,13;2,3]) > 0,
we find the additional stability conditions

n+(a+b)Vi+v+a>osi+s, (s—n—aVi—a)(osj—n—v—bV1)>a(l—0o)s;.

(3.26)

At Es all eigenvalues are explicit, —cggS2 < 0, r—m-+eaSs, 057 —cjgSs—
n—v+ A+~ and u — p, and provide the stability conditions

r+eaSo<m, ospSo+A+y<n+v-—crgSy, u<p. (3.27)

For the particular case ¢ = 1, the equilibrium I, is found. In such case
the Jacobian is lower triangular, and the eigenvalues are r — m + bel,,
s—cili —n—X—7, st —2crily —n — v, u—p — B. Thus the stability
conditions for I, can be explicitly written as

crir+n—+v < ebsytcpym,  osciptn+v < (n+A+y)err+sr,  (3.28)
n+v<sy, u<p+p.

At E5 we find the two eigenvalues

I
r —m + eaSs + abls, u—p—BSiH.
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The remaining minor JEs

further just that det(JZ 232 3]) > 0 to ensure stability. To sum up, stability
is achieved under the conditions:

[2 3:2,3] has a negative trace. We need to require

r4+eaSs+abls<m u<p+ﬁs +I (3.29)
(s — 2c5553 — csplzs —n — (53 f[:,)) ijlg 5 (53f313)2>
> (USI —2¢r1l5 — cs1Ss + )\(53*1513)2 —n—-v+ &)
><w[ %H&+AG%fh) n_V+@§fZP>
% (05153 — )\(Sgii))y +(1—0)s — m>
At E, only one eigenvalue is explicit, giving the stability condition
u<p+0‘/4+%' (3.30)

For the remaining minor J[1 53:1,2,3 We need to calculate the sum of the

minors of order 2, M4 . We find

1,2,3;1,2,3]"

Ey
My 5003 =

Jﬁz; J2E24 _ J2E14 J1%4 + JlEZ;l4 J?gzl _ J?ﬁzl JlE:;4 + J2E24 J£4 _ JQE‘3,4 J_f;’
(I Y g 0m) = I+ Tt 5 det(J gy 5 q) = T 50t i
- JE JEs gE 4 gBa gE By gEu gEsgEu _ gEs gEs By gEa B pEs

Stability is provided then by applying the Routh-Hurwitz conditions

tr(J[1 9.3:1.2, 3]) <0, det(J[1 9.3:1.2 3]) <0, (3.31)
E,4 E,4
tl”(‘][1,2,3 ,3])M[1,2,3 1,2,3] < det(*]u 2 3,1,2,3])

Using again (3.23), for E5 we have all the eigenvalues. Since —2¢p 1, Ls < 0,
the stability conditions are

r4+ecls <m, s<mn, os;p<n-+r. (3.32)

For Eg the Jacobian splits into the product of two minors of order 2,

Jf 21,4] and JE¢ for which the Routh-Hurwitz conditions provide

2,3;2,3]
(J[?47174}) = Jff —cyy Ve <0,

det(Jfy ) = Ve (cedff — eyl ) > 0 (3.33)
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An EBHS model for a foxes-cottontails-hares system 15

Table 3 Equilibria stability
| Stability conditions |

\ Equilibrium
= (0,0,0,0) numerical
=(11,0,0,0) | (3:2), (3.25), (3.26)

E =1(0,5,0,0) (3.27),
E. =(0,0,1,,0) o =1, (3.28)
E5 = (0, 53,13, 0) (3.29)
By = (Vi, Su, 11, 0) (3.30), (3.31)
Bs = (0,0,0, Ls) (3.32)
Fo = (Vs,0,0, L) (3.33), (3.34)
E: = (0,50, L) (3.35), (3.4)
Es = (0, S5, Is, Ls) (3.36), (3.37)
Ey = (Vo, So, Io, Ly) numerical
as well as

Esg E, E,

(3.34)

det (5%, 3]) = szﬂ;ﬁ,]g%* —JEs 4 gk > 0.
At FE; all eigenvalues are known. But —2cg¢S7 < 0 and —2cpr L7 < 0

hence stability is given by
(3.35)

<crgS7+n+v.

r 4+ eaS7 + ecLy; < m, Usf—i—)\—l—’ys iy
7+ 17

The Jacobian at Eg gives one eigenvalue, from which the first stability
(3.36)

condition

r 4+ eaSg + eblg + ecLg < m.
The remalmng conditions arise from the Routh-Hurwitz criterion applied
to the minor J[2 3,4:2,3,4]" We have
Jisgbs v g gl — gl aky T ak — JE gk,
J44 , det(J[234234]) J22 J3 J

Es s 7Es 8 FEs 1Es 7Es
33 J2 J 34 J23 32 J44

M[§§3,4 2,34 = JzEzsj?gS -
tr(‘][234234]) = Jo3 + Js3

g Jar Jis + Jap Jai iy — Jis

Stability is provided then by applying the Routh-Hurwitz conditions

(3.37)

tr(J[gSB 42,3 4]) <0, det(Jj; (23.4:2.3 4]) 0,

tr(J[2 3,4;2,3 4]) §§3,4;273,4] < det(‘][z 3,4:2,3 4])

The equilibria Ey, F4, Es and Eg can be attained, as shown in Figures 2,
3, 4. Initial conditions are always taken as follows:

(3.38)

S(0) =8, I(0)=0, L(0)=3.

V(0) =1,
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16 FElisa Caudera, Simona Viale, Sandro Bertolino, Ezio Venturino

The ecologically available information used in [13], is here reproduced. In
fact we take the very same parameters when they are biologically moti-
vated. For the remaining ones, the values are hypothetical. In any case, the
reference parameter values are as follows:

2 4

r = log(3),s =log(4.5),u = log(5),sy = 0.1,m = == g
(3.39)

2
U:O.l,p:ﬁ7 a=05 b=05 c¢c=4, e=0.91,
2 1 4 1 2
= log(3) — = = — log(4.5) — — = —log(5
cvv =log(3) = 7, css = g los(d5) = 555, ere = g5 lo8(5) = 35
1 4

Cuzmbg(llﬁ)*ﬁ, csr =css— 0.1, cis=cu+1, o=038,

A=09, =09, «a=09, =01, §=0.1

which provide equilibrium Fj7, the remaining equilibria are attained for the
choice (3.39) except the parameter values that are listed below in each case.
For E2

4 Bifurcation analysis

Numerically we find the bifurcations reported in Figures 5, 6, 7 and 8.

We now analytically assess the system bifurcations at various equilibria,
for most of the explicitly known eigenvalues. Note that in what follows some
quantities stemming from the environment contamination terms, namely the
functions G and H, as well as the disease incidence K will be needed and
are summarized in the Appendix for the ease of the reader, because their
evaluation at some of the equilibria may vanish, compare (5.1), (5.2), (5.3),
(5.4), (5.5), (5.6), (5.7), (5.8), (5.9), (5.10).
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2 T T T
—FOXES

1 4
0 | . .

0 0.5 1 1.5 2 25 3

T T T
— Healthy cottontails

5k 4
0 n . ) ) .

0 0.5 1 1.5 2 25 3

E T T T 3

0.1 Infected cottontails
0.05r 1

0 Il 1 L L

0 0.5 1 1.5 2 25 3
3 T T T

— Hares

21 4
1k 4
0 . . . . .

0 0.5 1 1.5 2 25 3

time(years)

Fig. 1 Equilibrium Ej is obtained for the parameter values (3.39) with the exception of
m =4, n =25, p=>5, and the initial conditions (3.38).

4.1 Equilibrium FE;
At E; we know two of the Jacobian’s eigenvalues,

AMi=r—m, MNag=u—p—90—cVy.

4.1.1 Eigenvalue: A1

The critical value that annihilates A; ; is r =: 7 = m. Thus for this value,
V1 = 0. The Jacobian at this point and for this threshold value becomes

0 0 0 0

o |0s—n—a(l—-0)s;—(y+a) 0

J(E,7) = 0 «a osyf—n—v 0
0 0 0 u—p—29

with right eigenvector v = (1,0,0,0)” and right eigenvector of [J(E;,7)]T
given by w = (1,0,0,0)”. Differentiating the right hand side of (2.7) with
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T T
3 -
2 i
1 I L L L
0 5 10 15 20 25
10 T T T
— Healthy cottontails
5 \ |
0 L I ! I
0 5 10 15 20 25

2F T T —

1F Infected cottontails ||

0 1 I 1 I

0 5 10 15 20 25
T T
— Hares
2} 1
0 . . . .
0 5 10 15 20 25

time(years)

Fig. 2 Equilibrium FEj is obtained for the parameter values (3.39) with the exception of
st =2,a=0.2,b=0.1, ¢c =1, and the initial conditions (3.38).

respect to the bifurcation parameter gives

1% 1000
0 0000

F.=| ol PFe=10000l" (4.1)
0 0000

Evaluation at the equilibrium and at the threshold gives F,.(E;,7) = 07,
from which also w’ F,.(Ey,7) = 0 follows. On the other hand, DF,.(E;,7)v =
v and consequently w’ DF,.(E1,7)v = 1. Since this quantity does not van-
ish, the first condition in Sotomayor’s theorem [8] holds. Further differenti-
ation leads to

w! [D*F(E1, i) (v,v)] = D>y (Ev, i) = —2cyy # 0.

Thus the system shows the transcritical bifurcation 7 o := 7 = m between
E, and Ej. Note indeed that below the critical value, all conditions (3.24)
for the stability of the origin are satisfied.

4.1.2 Eigenvalue: A1 4

Here the threshold value is 4 = p + § 4+ ¢V4. The left and right eigen-
vectors of the Jacobian evaluated at this point and threshold are v =
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—F X @5
0.5 k b
0 . )
0 1 2 3 4 5 6 7 8 9 10
10 T T T T T
— Healthy cottontails
5r 1
0 . .
0 1 2 3 4 5 6 7 8 9 10
20 T T T T T T T
il / ‘ Infected cottontails |
0 1 1 Il 1 1 1 Il 1
0 1 2 3 4 5 6 7 8 9 10
T T 1
20 b
10 B
— Hares
0 I I I I I I I
0 1 2 3 4 5 6 7 8 9 10
time(years)

Fig. 3 Equilibrium Ej is obtained for the parameter values (3.39) with the exception of
sr=2,m=13,a=01,b6=01,¢c=0.1,cyvv =5, A=7,7 =05, a =5 and the initial
conditions (3.38).

(ecV1,0,0,7 —m)T and w = (0,0,0,1)”. Further,

0 0000
0 0000

Fo=|o| DFu=0000! (4.2)
L 0001

so that F,(Fy,4) = 0 and thus w/ F,,(Ey, %) = 0. Also,

wl DF (B, @)v =71 —m #0,
iI} view of the fact that in this situation A;; # 0. The second derivatives
give

wl D?*F(Ey,1)(v,v) = D*F*(Ey, @) (v,v)

= Fyy (B, @)vi + 2F) (B, @)vivg + Fip (B, @)l
= —Hyy(Ey,@)v? — 2Hy (B, @)vivs — Hpp(Ey, @)v: — 2cv1v4 — 2cLpv7.
Use of (5.6) and evaluation at the equilibrium gives finally

wl D?F(Ey,0)(v,v) = 2u4[(6 — crp)vs — cv1]

=27 =5 — ern)evy — ec?] £ 0. (4.3)

cvv
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4F T T T T T 2
—FOXES
2H 4
I 1 1 I 1 1 1 I 1
0 2 4 6 8 10 12 14 16 18 20
10 T T T T T T
— Healthy cottontails

5k 4
0 I | | 7 T T ;s T

0 2 4 6 8 10 12 14 16 18 20
2 T T T T
1 Infected cottontails ||
0 Il 1 1 Il 1 1 1 Il 1

0 2 4 6 8 10 12 14 16 18 20

T T T T T T T T T
3 [\/ J
— Hares

2 I 1 1 I 1 1 1

0 2 4 6 8 10 12 14 16 18 20

time(years)

Fig. 4 The coexistence equilibrium is obtained for the parameter values (3.39) with the
exception of st =2, a = 0.2, b=0.1, ¢ = 0.4, and the initial conditions (3.38).

Thus the transcritical bifurcation arises w16 := @ = p + 6 + ¢V between
E; and Eg if (4.3) is satisfied. Indeed, in such case the L population is
destabilized from its zero value, thus it invades the system and the latter
must settle to the equilibrium where both V' and L do not vanish, i.e. Fj.
In the opposite case, we evaluate the third derivatives:

w!' D*F(Ey,@)(v,v,v) = D*FYEy,@)(v,v, V)

= —Hyyv (B, @)vi — 3Hyv (B, @)vivy — 3Hy L (Fr, @) viv; — Hppr(Er, @)}
= —35%[(1}1 +v4)% 4 204] = =36 [(r —m) (ec + eyv)® + QC%/V:| # 0.

1

Thus a pitchfork bifurcation arises.

4.2 Equilibrium FEs
At E5 we know all Jacobian’s eigenvalues,

A1 =7r—m+eaSs, Ao2=8—n—2c555 =n—s,
)\2,3208152—71—1/+)\+’Y, )\2,4:u—p.
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0.4+ %  Foxes 4
0.2r B
o R e o L e e e o e e
8.5 9 9.5 10 10.5 11
0.05 T T T Fa
*  Healthy cottontails * *
*
1 *
wx*
||\\\\Muuuuuu\\\\\uu\\\¢m¥*** |
i Sl i i e i ol i S i Sl i i i i e i i S i i i i S
8.5 9.5 10 10.5 11
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8 8.5 9 9.5 10 10.5 11
T T T
0.4r *  Hares| A
0.2r B
S L o o v S o o
8 8.5 9 9.5 10 10.5 1
s value

Fig. 5 The bifurcation between Fy and FEs is obtained for the parameter values (3.39)
with the exception of the following changes sy = 20, m = 20, n = 19, p = 11, a = 0.2,
b=0.1,¢=04,0=0.9, A\ =5,y =7 and the initial conditions (3.38).

4.2.1 Eigenvalue: Ao 1

Take
s—n
rt =m—ae

Css
Then v = (vl,vg,vg,O)T and w = (1,0,0,0)T. Differentiating using (4.1),
we find F,.(Ey,rt) = (15,0,0,0)7 = 0 so that w/F,.(Ey,r*) = 0 while
DF,(Eq,rT)v = (v1,0,0,0)T from which w! DF,.(Ey,77)v = v; # 0. Fur-
ther,

wl D?F(Ey,nt)(v,v) = D*FY(Ey,n")(v,v) = Fby (By,n™)v?
+2F11/S(E2, n)vyvg + ZF‘I/](EQ, n)vivg + FéS(EQ, n"')v% + 2FSII(E2, n)vgus
+FL(Ey,nt)v3 = 21 (aevq + bevs — cyyvy).
Thus if
aevy + bevs # cyyuy (4.4)

the transcritical bifurcation ro4 := r = m — ae‘:: between Fs and Ey4

occurs. In such case the foxes must enter into the system carrying the virus,
which implies that also the cottontails will be infected. Thus both V' and
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Fig. 6 The bifurcation between Fs and Ey is obtained for the parameter values (3.39)
with the exception of the following changes sy =2, a =1, b =1, ¢ = 0.4, and the initial
conditions (3.38).

I are destabilized, and invade the system, which settles to the equilibrium
where also V and I do not vanish, namely Ej. If (4.4) does not hold, because
wl D3F(Ey,n")(v,v,v) = D3F}(Ey,nt)(v,v,v) =0

no pitchfork bifurcation can arise.

4.2.2 Eigenvalue: Ao

Here we find the simplification A2 o = n — s. Taking the bifurcation pa-
rameter s and relative critical value § = n, the left and right eigenvectors
of the Jacobian are v = (0, 1,0,0)T and w = (wy, l,wg,O)T. Appropriate
differentiation gives

0 0000
ro= o] pE.= 01001, (4.5)
0 0000
where now F(Fs, §) = 0, from which
wlF(F,,8) =0 (4.6)
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Fig. 7 The bifurcation between Eg and F9 then E4 is obtained for the parameter values
(3.39) with the exception of the following changes st =2, a =1, b= 1, ¢ = 0.4, and the
initial conditions (3.38).

and
wl DF (B, 8)v =1#0. (4.7)
Furthermore,
0
i F24(Es, 5)
2 _ S 2
D7Fy(Eq, ) (v,v) = F3g(Fs,3) (4.8)
F§S(E2) §)
0 0
_ | “2cs5 — Kss(E2,8) — Gss(Ea, 5) | _ | —2css
Kss(E2,8)+GS§(E2,S) 0
—Hgs(E», 5) 0
so that w! D?F,(Fy,@)(v,v) = —2css # 0. Combining this result with

(4.6) and (4.7), the transcritical bifurcation sy := § = n is seen to exist
between Ey and Ej. For s < s9 ¢ conditions (3.24) ensuring stability of the
origin are satisfied.
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Fig. 8 The bifurcation between E; and E, is obtained for
and the initial conditions (3.38).

4.2.83 Eigenvalue: Aa 3

In this case take

Css

——— |osi— v+ A+ —
crs +css

the parameter values (3.39)

CIs
—S
Css

In this case v = (0, vo, vs, O)T and w = (wq, 0, ws, O)T. We find

0 00 00
_S 0-10 0
Fo=1_1] PEa=|00 —10
0 00 00
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Hence F,,(Es,n') = (0, S2,0,0)T from which w'F,(F,,n') = 0 as well as
w! DF(Ey,nT)v = —v3wz # 0. We then calculate

wlD?F(Ey,n')(v,v) = wy D*FY(Ey,n')(v,v) + wsD?F3(Ey,n') (v, v)
(4.10)

= w1 [Fag(Ea,n")v5 + 2F&;(Es,n)vavs + Ffy(Ez,n')v3]

+ws[Fg(Ba,n')og + 28 (Ez, n')vovs + Ffy(Ea,n')o3)

= w3[(Gss(Ea,n') + Kgs(Ez, n'))v3 + 2(Gs1(Ez,n') + Ksr(Ea,n'))vavs

—2¢51v2v3 — 2¢1102 + (Grr(Eg,n') + Kip(Ey,n'))vd]

+ A
= —2ws |cgrvavs + i vg + 20111)% £ 0.

S

Thus the transcritical bifurcation ng3 := n' arises between Fy and Fj
if (4.10) holds, because the infected cottontails are destabilzed from their
zero value, and appear in the system. Otherwise, differentiating further,
and keeping only the nonvanishing derivatives appearing in (5.3), (5.4) and

(5.10),

wl D*F(Ey,n") v, v,v) =w; D3FY(Ey, n") v, v, V) +w3 D3 F3(Ey, n") (v, v, )
=ws3[3(Gssr+Kss1)v3vst3(Gsr+Ksir)vavi+Kirr)vs)| (o)
(4.11)

22X 2 4 6 9 A 3
=—3ws Lgvzvg)—i-)\ (S%—S%—i-sg) UaU3 +4S%v3}7é().

Then if (4.11) holds, a pitchfork bifurcation arises.

4.2.4 Eigenvalue: Ag 4

Take ut = p. Then v = (0,0,0,1)" and w = (0,0,0,1)”. Then using
again (4.2), we have F,(FEy, ut) = 0 implying w! F,,(Es, u™) = 0. Further,
wlIDF,(Eq,ut)v =1 # 0. Finally

wl D?F(Fy,ut)(v,v) = D*FY(Ey,ut)(v,v) = Fi;(Ey,ut) = —2cpp # 0,

because Hrr(F2,u’) = 0. Thus the transcritical bifurcation us 7 := vt =
p arises between Ey and E7, in view of the fact that the eigenvalue Aj4
becoming positive implies that the corresponding hares population invades
the system.
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4.3 Equilibrium FEj3

At E5 we know the following Jacobian’s eigenvalues,
I

Azl =71 —m+eaSs+ abls, A3, :u_p_BSiH'

4.3.1 Eigenvalue: A3 1

Take m™ = r + eaS3 + abls. Then v = (’Ul,’Ug,Ug,O)T and w = (1,O,O,O)T.
Then

-V ~1000
0 0000

Fn=1| ¢ DFw= {0 000l (4.12)
0 0000

but F,,,(E3,m*) = 0, so that w/ F,,(E3,m*) = 0. Also, DF,,(E3,m")v =
(v1,0,0,0)T so that w! DF,,,(FE3, m*)v = v; # 0. Further,
w! D*F(E3,m*)(v,v) = D*F!(E3,m")(v,v)

= Fhyv? = —2v1[eyyur — e(avs 4 bug)] # 0. (4.13)
Thus if (4.13) holds, we find the transcritical bifurcation ms4 := m* =
r + eaSs + ablz between E3 and FEj,, because the foxes are destabilized
from vanishing, and therefore invade the system. Otherwise, observe that
wl D3F(E3,m")(v,v,v) = D3FY(E3,m")(v,v,v) = 0, so that no pitch-
fork bifurcation can occur.

4.3.2 Eigenvalue: A3 4

Take
Bls
S3 + I3
to have v = (0,’02,’()3,’04)T and w = (O,O,O,l)T. We have again (4.2),
with Fy(E3,ut) = 0, so that w/'F,(Es,u*) = 0. Now, DF,(E3,ut)v =
(0,0,0,v4)" so that wT DF,(Fs3,ut)v = vy # 0. Moreover,
w! D’F(E3,ut)(v,v) = D*F*(E3,u*)(v,v)
= Fdgu3 + 2F§,v0v3 + 2F§; vovs + Fiv3 + 2F vavs + F 0]

ut =p+

Now, observe that at F5 the only nonvanishing derivatives of H, apart from
those with respect to V which would disappear anyway, are Hgy,, Hrr,, Hr 1,
Thus we get

Bl
WTDzF(E37ui)(V, V) = f2CLL(Ui + 2m1}2'[}4
ﬁS3 513 2
928 S —
S+ L2 T St
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If the latter vanishes we get the transcritical bifurcation usg := ut =

p+ Sf 4[-313 between E3 and Eg. In such case indeed, the hares population
is destabilized from zero and enters in the system. If not, differentiating
further, the only derivatives of H that do not disappear at E3, apart from
those with respect to V', which do not count because v; = 0, are Hggy,

Hsrr, Hsrr, Hrrn, Hror, Hrpp- It follows

I Iy— S
T D3F (B3, u? — 6Pz, gp BT S
B3 2 S3 2 I3 — S 9 B3 3
198 P8 2y, — 68— 8 i — 66— 3,
(Ss + L)8 2 T O pg s vsva — 80 g gy vt — O g, T p v

If the above expression is different from zero, we get a pitchfork bifurcation.

4.4 Equilibrium Fy

At E, we know only the following Jacobian’s eigenvalue

Mg =u—p—cVy— %
4.4.1 Eigenvalue: Ay
Take BI+48V
w=p+cVy+ VISt

Here v = (v1,vs,v5,1)7 and w = (0,0,0,1)". We find anew (4.2), with
F.(Es,u*) = 0, so that w/F,(FEy,u*) = 0.

Now, DF,(E4,u*)v = (0,0,0,1)T so that w! DF,(Es,u*)v = 1 # 0.
Moreover,

wl D?*F(Ey,u*)(v,v) = D*F*(Ey,u")(v,v).

Now of all the possible partial derivatives of F'*, those that contain H and
do not vanish at E, are Hy,, Hgy, Hrr,, Hr1,. Evaluation and substitution
gives

BLi—6(Si+1s)
Vit Si+15)% '
BI, + 6V, B(Va + Sa) — 6Va BI, + 6V

+2 —_—
(V4+S4+I4)2U2 (Va+ Sy + 14)? v (Vi+ Sy +1)?

We thus get a transcritical bifurcation if the above quantity does not vanish,

for the critical value usg9 := u* = p 4+ cVi4 + % in view of the fact

that the zero value for the hares is now unstable. It connects the points

wl D?F(Ey,u*)(v,v) = —2cp — 2cv; — 2
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E4 and FEy. Otherwise, keeping on differentiating, we find that the only
nonvanishing derivatives of H are Hy vy, Hyvsr, Hvir, Hvir, Hsst, Hsir,
Hgsrr, Hrrr, Hrrr- Their evaluation at the equilibrium point and at the
critical bifurcation parameter threshold then gives
T3 % Bly+0Vy 2
D°F(E =3
w ( 4,U )(Va v, V) (VZ; —I—S4 _|_I4)3U1
( Bly+6Vy )
+6
(Va+Sa+1)3 (Va+t 54 + 14)?
1
43 <2 Bls+ 6V, )
(Va+ S84+ 1)3 (V4—|-S4+I4
43 <2 Bly+ 6Vy B+ >
(‘/;1—0—544-]4) (V4+S4+I4
Bly+6Vy >
+6 { 2 —
( (Vi + 54+ L2)? (V4+s4+14) o
Bl + 0V, B ) Bl + 0V,
+3 (2 — +12—
< Vit Sat L (Va+Si+12) 0T TV Si+ 1P
46 ( Bly+06Vy p ) 2
(Va+ Sa+ L) (Va+Si+1,)%) °

+6<2 Bla+oVi B )U+6 Bl + 0V,
(V4 +S4+I4)3 (V4 +S4+I4)2 (‘/214-54 +I4)3.

Thus if w! D3F(Ey,u*)(v,v,Vv) # 0 there is a pitchfork bifurcation.

V102

V103

4.5 Equilibrium FEs5

At E5 we know all the Jacobian’s eigenvalues,

Asi=r+els—m, Xsa2=5—-—n, Asg=05—n—v, Asa=—2crrLs.
4.5.1 Eigenvalue: A5 1

Take m* = r+ecLs. Differentiating we have again (4.12) together with v =
(v1,0,0, v4)T and w = (1,0, O,O)T. In view of the fact that F,,,(E5, m*) = 0,
it follows w! F,,(Es, m*) = 0. Moreover w! DF,,(E5, m*)v = —v; # 0. In
addition,

WTDQF(Eg), m*)(v,v) = Fpyv? + 2F) vivg + Fi g
= —2cvvvf + 2ecvivy.

If
CyyUl # ecuy (4.14)
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then because now the fox population must appear in the system, the tran-
scritical bifurcation ms ¢ := m* = r + ecLs takes place between the points
Es and Eg. Conversely, we find

WTDSF(E5am*)(V7V7V) = DgFl(E5,m*)(V,V,V> = 07

so that no pitchfork bifurcation can arise.
4.5.2 Eigenvalue: s o

Take § = n. Then v = (O,l,O,O)T and w = (O,wQ,wg,O)T. Differentiat-
ing we have again (4.5). In view of the fact that F(FE5,5) = 0, it follows
wlF(E5,5) = 0. Moreover w! DF(FEs, 5)v = wy # 0. In addition,
wl D*F(Es,5)(v,v) = waD?*F?(E5, 8)(v,v) + w3D?*F3(Es, 5)(v,v)
= woF2g +wsFig = —2cgsws # 0,
because Ggs(FEs5,8) = 0 and Kgg(Fs,5) = 0. Thus there is the transcrit-

ical bifurcation ns7 := § = n connecting Es with E7, as the susceptible
cottontails must enter in the system.

4.5.3 Eigenvalue: A5 3

Take 5; = (n +v)o~!. Then v = (0,1}2,1}3,U4)T and w = (O,O,l,O)T.
Differentiating

0 00 0 0
| (a-o)r _loo@-0)0
F,, = 1 DF, = g0 o ol (4.15)
0 00 0 0

In view of the fact that F,(Es,3;) = 0, it follows w! Fg,(E5,5;) = 0.
Moreover w! DF, (Es,571)v = o(n — s) # 0 because As5,2 # 0. In addition,
w! D*F(E5, 31)(v,v) = D*F3(Es,5,)(v,v) =
Fig(Es, 51)v3 + 2D*F3;(Es, 51)vavs Fiy(Es, 57)v3
Here we need to recall (3.23) and the discussion after writing the Jacobian

in Section 3.3.
Observe that for the second derivatives of G we have

Gss(Es,51) =0, Ggsr= l, Gr1(Es,51) = 0.

Ls
All those of K instead vanish in view of the assumption (3.23). Thus
wT D2F(Es, 3)(v,v) = (2 - 2051> Va3 (4.16)
5
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If the above quantity does not vanish, we have the transcritical bifurcation
5158 1= 51 = (n+ v)o~1 joining E5 and Eg, because the infected cottontails
must enter in the environment, their zero value is destabilized, and with
them the healthy ones as well. Instead, if the quantity in (4.16) vanishes,
we evaluate further, still recalling (3.23).

wl D?F(Es5,51)(v,v,v) = D*F3(Es, 31)(v,v) = Gsss(Es, 31)vs

+3Gss1(Es, 31)v3vs + 3Gsr1(Es, 51)vovs + Grrr(Fs, 31)vs = 6Ll5(sz5 + v3)

If this quantity does not vanish, a pitchfork bifurcation exists instead.
4.5.4 Eigenvalue: A5 4

Take u™ = p. Then v = (0,0,0,1)" and w = (w1,0,ws, wy)”. Using (4.2),
F.(Es,ut) = 0, because Ls = 0 for u = u™. Hence w/F,(Es,ut) = 0, as
well as w! DF,(Es5,ut)v = wy # 0. Also, because the only nonvanishing
component of v is the fourth one,

D*F(Es,u")v,v)=F1(Fs,u")=(0~Gr— Krr,Gri+Krn~2cr— Hrrn)' .

On the other hand, G (Es,u") =0, Hp(Es,u™) = 0, so that we obtain
wl D?F(Es,ut)(v,v) = —2cr w4 # 0 and there is the transcritical bifur-
cation us o := ut = p joining the origin with F5. Indeed whenever u < us g,
conditions (3.24) hold.

4.6 Equilibrium FE7
At E7 we know all the Jacobian’s eigenvalues,

A1 =1+eaSr+ecLr —m, A7a=—2cgs57,
A3 =81+ A+7v5:57 + 17 —crsSmm—v, Ara= —2crrLr.
In this situation, we observe that the eigenvalues A7 2 and A7 4 give rise to

the same bifurcations ns 7 and us 7 already found before and thus will not
be analysed again.

4.6.1 Eigenvalue: A7 1

Take m = r 4+ aeS7 + ecL;. Hence v = (v1, va, v3,v4)T and w = (1,0,0, O)T.
From (4.12), F,,(E7,m) = (—V%,0,0,0)7 = 0, because V7 = 0, and from
this w! F,,(F7,m) = 0. Further w! DF,,,(E7, m)v = —v; # 0.

Moreover,

wl D?F(Eq7,m)(v,v) = D*FY(E7,m)(v,v) = 2v1[e(avy +bus+cvy) —cyy o
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If it is different from zero, there is the transcritical bifurcation myz g9 = m =
r+ aeS7 4+ ecLy between E7 and Eg because the foxes are destabilized from
their vanishing; if not, since

wl D3F(E7,m)(v,v,v) = D3FY(E7,m)(v,v,v) = 0,

no pitchfork bifurcation can occur.

4.6.2 Eigenvalue: A7 3

Take
v S7

1
S}F:g C[SS7+”+V*)\*S7T‘L7

Here v = (0, ’U2,’U3,U4)T and w = (wq, O,wg,O)T. From (4.15) we thus have
wlF,, (E7,s7) = 0and w! DF,, (E7,s7)v = ovs # 0. Also, because v; = 0,
it is easily seen that D?F*(v,v) = 0. Hence

w! D?F(E, sP)(v,v) = wsD*F*(E7,57)(v,v)
= w3[F3qv3 + 2F3 vou3 + 2F3 vovy + Fiv2 + 2F3 v3v? + F} 03

L S
= —2v3ws |crsv2 + cr1vs — S7FY+7L vt (571 27)

(05 + v4) — A LA )\
v3 + v —5V

3+ V4 52 4 S
If the latter does not vanish, the infected cottontail population is desta-
bilized and must appear in the system. We thus have the transcritical
bifurcation s;7g = s}'r between E7; and Fs. If not, again observe that

D3FY(v,v,v) = 0. It follows

w' D3F(Er,57)(v,v,v) = w3sD*F*(Er,s7)(v,v)

A Y(S7—L7) 4 (57 — L)
= 6— 67 3———=
S3 vgvg 53 UQUS + 52 3 + (57 n L7)3 VU3 + (57 n L7)3 VoU3V4
v S7 3 ~vS7 2
6———— 12———M— 67
+ (S7 + L7)3'U3 (57 + L ) 'U3U4 + (57 + L7) U3/U4 w3

so that if the quantity in the bracket does not vanish, a pitchfork bifurcation
occurs.

4.7 Equilibrium FEg
At Eg we know only

Ag1 =r+eaSs+eblg+ceLg —m
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4.7.1 Eigenvalue: Ag1

Take r* = m — eaSs — eblg — ceLg. Then v = (vl,vz,vg,v4)T and w =
(1,0,0,0)T. Using (4.1), F,.(Eg,r*) = 0 and then w’F,.(Fg,r*) = 0. Also,
wl DF,.(Eg,7*)v = v; # 0 and

wl D?F(Fg,r*)(v,v) = Fryv? + 2F} quivg + 2F) jvivs 4+ 2F) L v1vs
because F'},, = 0 for all other indices J, M € {V, S, I, L}. Finally,
wl D?F(Es,r*)(v,v) = —2cyyv? + 2evi (avy 4 bus + cvy).
If it does not vanish, i.e. for
e(avy + bus + cvy) # cyvuy

the foxes must appear in the system and we get the transcritical bifurcation
r39 = r* = m—eaSg —eblg — ceLg joining Fg and Ey. Else, since F}MN =0
for all indices J, M, N € {V,S,I,L}, wl D3F(Eg,r*)(v,v,v) = 0 follows,
hence no pitchfork bifurcation can arise.

5 Conclusions

Figure 9 summarizes the bifurcations found, both analytically and numeri-
cally. It constitutes the main tool for the applied ecologist that wants to act
on the disease spread, trying to contain the virus propagation. In applying
possible containment programs, one important issue is to be kept in mind,
that possible interference with the system may not always lead to the de-
sired outcomes. Indeed, the destabilization of a configuration that is stable
in some actual conditions not always corresponds to attaining another one
that is wanted. For instance, in the presence of the virus and all popula-
tions in the system, at the coexistence equilibrium FEg, a control program
for the foxes for instance could be envisaged, to remove the virus carriers.
However, as it is clearly seen in Figure 9, acting on the foxes reproduction
rate r, the outcome leads to the equilibrium FEg where the infected cot-
tontails thrive, and the problem is not solved. Instead, acting on the foxes
mortality rate m would allow also the removal of the infected cottontails.
However, note also that each bifurcation parameter contains the other one:
rewriting for instance the transition between Fg and Fg in terms of m,
we would get mgg = m! = r + eaSs + ebls + ceLg. In this situation, we
can easily check that F,,(Fg,m') = 0 and then w’F,,(Es, m!) = 0, while
w! DF,,(Eg,m')v = v; # 0 is also satisfied. There would be no relevant
change in what concerns the second derivative w! D?F(Eg, m')(v,v), so
that if it does not vanish, the same transcritical bifurcation connecting Fg
and FEg occurs in terms of mgg = m!, a threshold value that depends on
the populations at Eg. Then, comparing this value with my g, that depends
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Fig. 9 Picture of the whole bifurcation structure of the model (2.7) arising from the
analysis of Section 4. In each node, the name of equilibrium is reported, together with
its nonvanishing populations. Bifurcation thresholds: 71,0 = m, u16 =p+ 6 + cVi, roa =

_ s—n _ o— T — — — BlI3
m — aegsl, 52,0 —In;‘jzg,g =n', ugr = p, mga =7+ eaSs +abls, uss = p+ 53%,
= -1
us9g =p+cVa+ Vf+§4+414, mse =1+ecLs, ns7r =mn, s;58 =581 = (n+v)o ', uso =p,

mr9 = 1 + aeS7 + ecLy, si75 = s;r, rg,9 = m — eaSs — ebls — ceLs. The bifurcations
obtained only numerically are shown in red.

on the populations at equilibrium FE~, allows to determine which transition
actually occurs first in decreasing the fox mortality, and thus where would
the system settle from coexistence. As this action could also be carried out
by external human-related control measures, the information is important
from the ecological point of view. The analysis therefore could clarify these
situations and avoid pitfalls in the epidemics management.

Appendix

Recalling (3.1), we find:

a(S+I1+L)—~I YIV+I+L)+aV((V+I+L

Gy =5 N )=l 2K )PQ ( ) (51
L) — 1
GI:S'y(V—I—S+ ) aV7GL:75aV—I—’y.

p? p2
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a(S+HI1+L)—~I1 a—rv a(S+I1+L)—~I
=28 Gy 28 = ,

(5.2)
a(2S+I1+L)—~1 a(S+I+L)—~I
GVS: P2 _25 P3 9
aS a(S+I+L)—~I (WM +aV)(V+I4+1L)
Gvi=—p5 — 28 3 Ggg=—2 D3 ;
G YV +2I+L)+aV 2(7]+aV)(V—|—I+L)
ST = P2 - P3 )
vyl +aV (W +aV)(V+I+1L) aV ++1
GsL="—py — 2 D5 yGLL=25——%5—,
~vS YV +S+L)—-aV YV +S+L)—-aV
Gr=p; =25 73 Grr=-25 73 ;
a(S+I1+L)—~I I+aV)(V+I+L

Gyvy =65 ( P4) ! ,Gsss:fi(7 ;3(4 )7

(5.3)

a(2S+I1+L)—~I a(S+I+L)—~I

Grvs= 2™ - )= gl . )=l

a— a(S+I1+L)—~I

Gyyi=-25"2 465 ( o ) =T

(S+I+L)—~I
P4 ’
a(S+I+L)—~I

a a
GVVL:—QSE+6S
a(2S+1+L)—~I

o
GVSS:2ﬁ - 4 P3 +6S P4 3
a—~v _a2S+I1+L)—~I a— a(S+I+L)—~I
Gvsi=—py —2 73 — 25—~ +6S B :
o a(2S+I1+L)—~I o) a(S+I+L)—~I
C;’VSL:E_2 P3 _2Sﬁ+65 pi s
a—7 aS a(S+I+L)—~I
GVIL:_2S?_2E+6S P4 B
N +aV)+~y(V+I+L) (yI+aV)+~y(V+I1+1L)
Gssi=-—2 3 +6 pi ,

2'yI+on 6(7]+aV)(V+I+L)
—ps T P4 ’

Gssr=
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G 2y 27(V+I+L)+aV
SII = B3 — 3
(5.4)
271+av+7(V+I+L) (M +aV)(V+I+1L)
P3 6 P4 ’
Garr = 29(V+ L) +4(vI 4+ aV) 6(7I+aV)(V+I+L)
SIL = 3 — 3 pi )
(I +aV)(V+I+1L) vl +aV B 7]+aV
Gsr, =6 pi 4 3 , Grpp=-68 pi
—a)S V4+S+L)—aV
Gyrr = 2\ = )S | 5 s ) ,
V4+S+L)—aV V+S+L)—aV S
Grir = 657( pa ) , G = 657( pi ) 72%)
2aS aV +~1 ~vS YV +S+L)—aV
Gyrr = 3 —6S pi GILL—_4E+6S pi .
B BI+46V L B BI+ 0V
HV = LT + ?, HS = LT, (55)
BV +SHL)-6V _ BI+6V BI + 6V
HI*L P2 Y HL* P L P2 I
20L BI + 6V BI+46V 6L
Hyy = ~pz + 2L4P3 , Hys=2L P3 - p2 (5.6)
B+46 BI + 6V BI+6V  BL
Hy;=—-L P2 + QLT, Hg; =2L——— 3 PQ,
BI+6V +1L) BI+6V 6 BI + 0V
Hyr = — 2L Hgg =2L——F—
VL 22 + 3 + P 55 p3
BI+46V Bl + 5V 281 BI + 6V
Hg; =2L 73 P2 Hir = Ji2 + 2L P50
B BUA+L)+V ﬁI+5V
Hyp, = D P2 +2L D5

IOV ) B4V

Hpp = - P2 P
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6L

60L _ BI+0V
P3

— 6L
P+

Hyyy = —

5L AL BI + 6V B+6

Hygsr =2L

BI + 6V

P+
(5.7)

BI + 6V

—6L

6L

Hyyr = 4? +2— — 6L

pP3 Pt

5L
Hyyy =457 — 6L
BI+6V (2L —P)
P Ps
B46  BI+oV
- 42 LopBE0

P3
BI + 6V
4
BI+46V !

P8 6L

Hygsp =2

p+

5L  BI+46V
—25 +

Hsgg = —6L

p3
BI + 6V
pr
e ALV

H- =
VIL P2 P3 P3

BI + 6V
P3
BI + 6V
P4

BI+6V 6
Pt P2
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Py
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Py
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Hygss =2— —6L

P3
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o _GBL_  BI4V
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SIL 78 +2ﬁ +2
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—pi Hsrr =4
BI + 6V
Py
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BI + 6V

pr

BI + 6V

p+

BI + 0V

Pt

BI + 6V

pr

BI+ 0V

p+

BL + 8V
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BI + 6V

P4
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4\
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