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A European brown hare syndrome model within a
foxes-cottontails-hares interaction system

Elisa Caudera · Simona Viale ·
Sandro Bertolino · Ezio Venturino

Abstract The introduction in Italy of the North American lagomorph Sylvilagus flori-
danus, simply named cottontail, has affected the predator-prey dynamics of native Euro-
pean hares and foxes, by increasing fox’s predation rate on hares. This results in a sort of
apparent competition, for which the presence of a new prey increases predation on another
native prey, and could ultimately negatively impact hares. In addition, cottontails could
carry several potentially harmful viruses and parasites, especially the European brown
hare syndrome (EBHS) virus, which has devastating effects on hare populations. The cot-
tontails’ role in the disease spreading is still not known. The model introduced here for
possible disease containment assumes that all foxes are healthy carriers and that they
could infect other animals through the environment. The analysis allows the characteriza-
tion of the system’s equilibria. The rather exhaustive investigation of the possible system
transitions among stable configurations would help the applied ecologist in the field work.
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1 Introduction

The introduction of species in new areas could change the interaction be-
tween species in recipient ecosystems. For example, the introduction in Italy
of the Eastern cottontail (Sylvilagus floridanus, hereinafter cottontail), a
lagomorph native to North America, affected the prey-predator dynamics of
native European hares and foxes [1,4]. The presence of high-density popula-
tions of cottontail increases fox’s predation rate on hares [4]. This negative
indirect interaction is a sort of apparent competition – the presence of a
new prey increases predation on another prey – and could have negative
effects on hares populations. In [3] a mathematical model is formulated to
simulate this three-species system. Introduced species could also interfere
with host-parasites dynamics. Cottontails carry several viruses and para-
sites, which can potentially affect hares [2,11]. Recent field and laboratory
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studies suggested that introduced populations of cottontails may be suscep-
tible to infection with the European brown hare syndrome (EBHS) virus [7].
EBHS is transmitted by a lagovirus which causes a lethal form of hepatitis
in hares [6]. Transmission presumably occurs directly through a faecal-oral
route or through environmental contamination. Tizzani et al. [10] induced
clinical disease and mortality in experimentally infected cottontails, show-
ing possible transmissibility of EBHS in cottontails. However, the role of
this introduced lagomorph in spreading the disease is yet not known. Viale
and colleagues [13] extended the cottontail-hare-fox interaction system to
include possible effects of EBHS. In this work, red foxes are considered as
potential virus carriers, distinguishing among healthy and carrier individ-
uals, and all cottontails are assumed to be infected, and therefore virus
carriers. Carnivores are potential carriers of viruses although normally they
are not susceptible to diseases. Chiari et al. [5] found genetic prints of the
EBHS virus in the intestinal content of one fox in an area where EBHS
was present in hares. This single evidence does not prove that foxes could
carry the virus contaminating the environment; this eventuality however
could not be excluded. Therefore, in [13] the hypothesis that foxes might
at least theoretically, play a potential role in the indirect transmission of
EBHS viruses is considered. In the present work we modify the model of
[13], by allowing the possibility that all foxes are healthy carriers of the
disease and that they could infect through the environment other animals.
Infected cottontails may survive the disease, and they can infect healthy
cottontails and hares. The hares die as soon as they contract the disease.

2 Model setup

The steps to model the situation concern the vital dynamics and the epi-
demiological situation. They consist in the discussion of the following four
issues: reproduction and hunting and possible vertical transmission, infec-
tion through environment and by direct contact.

We consider the demographics first. For reproduction we consider the con-
cept of emerging carrying capacities, [12,9], for all populations, to better
emphasize the role of natural mortality, which still may drive the popula-
tions to extinction in spite of possible additional food sources. Thus

dV

dt
= rV − rcV V V 2 −mV, (2.1)

dS

dt
= sS − cSSS2 − cSISI − nS,

dI

dt
= −cIII2 − cISSI − nI − νI,

dL

dt
= uL− cLLL2 − pL.
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Hunting of foxes gives them an additional benefit

dV

dt
= aeV S + beV I + ceV L, (2.2)

while it causes a damage to all the prey

dS

dt
= −aSV, dI

dt
= −bIV, dL

dt
= −cLV. (2.3)

As for the epidemics, we need to distinguish between the intraspecific
transmission and the one among different species, that occurs through the
contamination of the environment. For infected cottontails, we account the
possibility of vertical transmission σ and sI possibly different from s, thus

dS

dt
= sS − cSSS2 − cSISI − nS + (1− σ)sII, (2.4)

dI

dt
= σsII − cIII2 − cISSI − nI − νI.

The infection by direct contact among cottontails is modeled using the stan-
dard incidence:

dS

dt
= −λ SI

S + I
,

dI

dt
= λ

SI

S + I
. (2.5)

Infection through the environment for cottontails and hares instead is rep-
resented by a rational response function, in which the denominator accounts
for all the agents polluting the environment, and the numerator the proper
viral contamination:

dS

dt
= −S γI + αV

V + S + I + L
, (2.6)

dI

dt
= S

γI + αV

V + S + I + L
,

dL

dt
= −L βI + δV

V + S + I + L
.
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Putting all equation (2.1), (2.2), (2.3), (2.4), (2.5) and (2.6) together we
have the system:

dV

dt
= rV − cV V V 2 −mV + eaV S + ebV I + ecV L (2.7)

dS

dt
= sS − cSSS2 − cSISI − nS + (1− σ)sII

−aSV − λ SI

S + I
− S γI + αV

V + S + I + L
,

dI

dt
= σsII − cIII2 − cISSI − nI − νI

−bIV + λ
SI

S + I
+ S

γI + αV

V + S + I + L
,

dL

dt
= uL− cLLL2 − pL− cLV − L βI + δV

V + S + I + L
.

In short, introducing the vector function F : R4
+ → R4

+ the system (2.7) can
be written as

dx

dt
= F(x), F = (F 1, F 2, F 3, F 4)T , x = (V, S, I, P )T . (2.8)

All the model parameters are assumed to be nonnegative. They are listed
together with their ecological meaning in Table 1.

3 Analysis

3.1 Boundedness

The system trajectories are bounded. To this end, we define the whole sys-
tem population as

P = V + S + I + L (3.1)

and then we add the equations of (2.7). For an arbitrary η > 0, we obtain
the estimate

dP

dt
+ ηP ≤ V (r −m+ η − cV V V ) + (e− 1)(aS + bI + cL)V

+S (s− n+ η − cSSS) + I(sI − cIII − n− ν + η)

+L (u− p+ η − cLLL) ≤ χV + χS + χI + χL

where the χAs represent parabolae through the origin in terms of the generic
population A ∈ {V, S, I, L} and where we have used the fact that e ≤ 1 in
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Table 1 The model parameters and their meaning

Parameter interpretation

r healthy foxes reproduction rate on other resources
cV V foxes intraspecific competition
m foxes natural mortality rate
a foxes predation rate on healthy cottontails
b foxes predation rate on infected cottontails
c foxes predation rate on hares

e < 1 foxes conversion coefficient of captured prey
s healthy cottontails reproduction rate
sI infected cottontails reproduction rate
n cottontails natural mortality rate
cSS competition among healthy cottontails
cSI infected cottontails intraspecific competition

on healthy cottontails
cIS healthy cottontails intraspecific competition

on infected cottontails
cII competition among infected cottontails
σ fraction of cottontails’ vertical virus transmission
λ cottontails direct virus transmission
γ cottontails infection

by infected cottontails environment pollution
α cottontails infection,

by foxes environment pollution
u hares reproduction rate
cLL hares intraspecific competition
p hares natural mortality rate
β hares infection, i.e. direct mortality rate,

by infected cottontails environment pollution
δ hares infection, i.e. direct mortality rate,

by foxes environment pollution

the last estimate. Their maxima are χ∗A, where

χ∗V =
(r + η −m)2

4c2V V
, χ∗S =

(s+ η − n)2

4c2SS
,

χ∗I =
(sI + η − n− ν)2

4c2II
, χ∗L =

(u+ η − p)2
4c2LL

.

Thus, upon integration of the ordinary differential equation associated to
the following differential inequality

dP

dt
+ ηP ≤ χ∗ = χ∗V + χ∗S + χ∗I + χ∗L

we obtain

P (t) ≤ max

{
P (0),

χ∗

η

}

from which, in view of the nonnegativity of each population, also all system
populations are bounded above.
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3.2 System’s steady states

The system has ten possible equilibria Ei = (Vi, Ui, Si, Li), i = 0, . . . , 9. The
equilibria that can analytically be assessed are the origin, E0, those where
just one population thrives,

E1 =

(
r −m
cV V

, 0, 0, 0

)
, E2 =

(
0,
s− n
cSS

, 0, 0

)
, E5 =

(
0, 0, 0,

u− p
cLL

)
.

They are feasible if the populations are nonnegative, i.e. the following con-
ditions hold, for E1

r ≥ m, (3.2)

for E2

s ≥ n, (3.3)

for E5

u ≥ p. (3.4)

For the particular case of perfect vertical transmission, σ = 1, also the point
E∗ = (0, 0, I∗, 0) exists, I∗ = (sI − n− ν)c−1II and is feasible for

sI ≥ n+ ν. (3.5)

There are three points with two nonvanishing populations,

E3 = (0, S3, I3, 0) , E6 = (V6, 0, 0, L6) , E7 =

(
0,
s− n
cSS

, 0,
u− p
cLL

)
.

The former two will be investigated below. The latter is feasible when both
(3.3) and (3.4) hold. Instead, the points

E4 = (V3, S3, I3, 0) , E8 = (0, S8, I8, L8)

and coexistence E9 = (V9, S9, I9, L9) must be investigated numerically.
In summary, we report the findings in Table 2.

3.2.1 E3 feasibility

The equilibrium equations correspond to the second and third equations of
(2.7). By adding them and considering the third one, we obtain the following
two conic sections:

Ψ(S, I) = cSSS
2 + (cSI + cIS)SI + cIII

2 + (n− s)S − (sI − n− ν)I = 0,

Φ(S, I) = cISS
2 + (cII + cIS + n+ ν)SI + (cII + n+ ν)I2

−(σsI + λ+ γ)S − σsII = 0.
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Assuming nondegeneracy, the invariants characterizing the conic sections
are respectively

δΨ = cSScII −
1

4
(cSI + cIS)2,

δΦ = cIS(cII + n+ ν)− 1

4
(cII + cIS + n+ ν)2 = −1

4
(cII + n+ ν − cIS)2 < 0.

Therefore, the second one is a hyperbola. However, since the first one can
be of any sign, it can be either an ellipse or a hyperbola. Both curves go
through the origin, and further, we can determine their intersections with
the axes:

PΨ =
(
0, SΨ0

)
, QΨ =

(
IΨ0 , 0

)
, PΦ =

(
0, SΦ0

)
, QΦ =

(
IΦ0 , 0

)
,

SΨ0 =
s− n
cSS

, IΨ0 =
sI − n− ν

cII
, SΦ0 =

σsI + λ+ γ

cIS
, IΦ0 =

σsI
cII + n+ ν

,

with SΦ0 > 0, IΦ0 > 0 The intersections of Ψ are positive in case

SΨ0 > 0, i.e. s > n, IΨ0 > 0, i.e. sI > n+ ν. (3.6)

We now continue with the study of each conic section independently.
For Ψ we assess the slope by implicit differentiation:

dSΨ

dI
= −(cSI + cSI)S + 2cIII − (sI − n− ν)

2cSSS + (cSI + cSI)I + n− s ,

and evaluating at the origin we obtain

dSΨ

dI

∣∣∣∣
O

=
sI − n− ν
n− s .

Thus, comparing with (3.6), this derivative is positive if and only if

IΨ0 S
Ψ
0 < 0.

This result is compatible with Ψ being an ellipse, a situation which occurs
for

δΨ > 0, i.e. cSScII >
1

4
(cSI + cIS)2. (3.7)

Depending on the arrangements of the intersections with the coordinate
axes we have the following situations:

(A) IΨ0 > 0, SΨ0 > 0: there is a feasible arc in the first quadrant, joining the
points PΨ and QΨ ;

(B) IΨ0 > 0, SΨ0 < 0: a feasible arc joins the origin and the point QΨ ;
(C) IΨ0 < 0, SΨ0 < 0: no feasible arc exists in this case;
(D) IΨ0 < 0, SΨ0 > 0: a feasible arc joins the origin and the point PΨ .
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When (3.7) does not hold Ψ is a hyperbola, namely for

δΨ < 0, i.e. cSScII <
1

4
(cSI + cIS)2, (3.8)

the situation is more complex. There must be one or two arcs of the hyper-
bola crossing the two intersections with the coordinate axes other than the
origin. In addition, the slope at the origin is negative if and only if these
intersections occur both on the positive semiaxes. This gives rise to the fol-
lowing cases, the ones not listed are impossible as the slope at the origin is
in conflict with the arcs arrangements. In particular, for IΨ0 < 0, SΨ0 < 0, no
feasible arcs can be found in all arrangements. The possible situations are:

(X1) IΨ0 > 0, SΨ0 > 0: there are two arcs in the first quadrant, emanating from
PΨ and QΨ ;

(X2) IΨ0 > 0, SΨ0 > 0: there is a feasible arc in the first quadrant, joining the
points PΨ and QΨ ;

(Y1) IΨ0 > 0, SΨ0 < 0: a feasible arc joins the origin and the point QΨ ;
(Y4) IΨ0 > 0, SΨ0 < 0: two feasible arcs, one emanating from the origin and one

from the point QΨ are found here;
(W1) IΨ0 < 0, SΨ0 > 0: a feasible arc joins the origin and the point PΨ ;
(W3) IΨ0 < 0, SΨ0 > 0: two feasible arcs, one emanating from the origin and one

from the point PΨ are found here.

Note that the cases (A), (B) and (C) of the ellipse are topologically equiv-
alent respectively to (X2), if we ignore the opposite curvatures, (Y1) and
(W1). Thus we can ignore the cases of the ellipse in the following classifica-
tion.

The slope of the hyperbola Φ is

dSΦ

dI
= − (cII + cIS + n+ ν)S + 2(cII + n+ ν)I − σsI

2cSIS + (cII + cIS + n+ ν)I − (σsI + λ+ γ)
, (3.9)

and evaluating at the origin we obtain

dSΦ

dI

∣∣∣∣
O

=
−σsI

σsI + λ+ γ
< 0.

Because the intersections with the axes are positive, they could lie on the
same branch of Φ, giving rise to two feasible arcs emanating each from one
of these intersections, or the two points PΦ and QΦ are joined by a convex
arc in the first quadrant. The remaining two combinations are not allowed
by the above result. Evaluating the derivative (3.9) further at the point PΦ

we find

dSΦ

dI

∣∣∣∣
PΦ

= −(cII + cIS + n+ ν)SΦ0 − σsI
2cISSΨ0 − (σsI + λ+ γ)

= −(cII + n+ ν)SΦ0 + λ+ γ

σsI + λ+ γ
.
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Thus SΦ > 0 implies that the slope of Φ at the point PΦ is negative,

dSΦ

dI

∣∣∣∣
PΦ

< 0.

This result is incompatible with the case of two feasible arcs emanating
respectively from PΦ and QΦ, leaving only the second option of the convex
arc joining PΦ and QΦ.

We can now combine the analyses of Ψ and Φ. Any intersection in the
first quadrant gives rise to a possible equilibrium E3. The existence of such
intersections depends on the respective positions of IΨ0 and IΦ0 , as well as
SΨ0 and SΦ0 .

(X1) : exactly one intersection exists for

(IΨ0 − IΦ0 )(SΨ0 − SΦ0 ) < 0; (3.10)

two intersections arise instead in case

IΨ0 < IΦ0 , SΨ0 < SΦ0 . (3.11)

(X2) : exactly one intersection is guaranteed if again (3.10) holds.
(Y1) exactly one intersection is always guaranteed if

IΨ0 > IΦ0 ; (3.12)

none exists or two may arise through a saddle-node bifurcation if

IΨ0 < IΦ0 . (3.13)

(Y4) exactly one intersection occurs for (3.12); two instead are guaranteed if
(3.13) is satisfied.

(W1) one intersection is guaranteed if

SΨ0 > SΦ0 ; (3.14)

none exist or two occur through a saddle-node bifurcation if

SΨ0 < SΦ0 . (3.15)

(W3) : two intersections are guaranteed again if (3.15) holds, while exactly one
exists in the opposite case, (3.14).
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3.2.2 E6 feasibility

The existence of this equilibrium follows by the feasible intersection of the
two functions, obtained from the first and last equilibrium equations of (2.7):

Π(S, I) = r −m− cV V V + ceL = 0,

Γ (S, I) = cLLL
2 + (cLL + c)LV + cV 2 − (u− p)L− (u− p− δ)V = 0.

Π is a straight line, with intersections with the axes located at QΠ =
(LΠ0 , 0), PΠ = (0, V Π

0 ) with

LΠ0 =
m− r
ce

, V Π
0 =

r −m
cV V

,

so that only one of the two is positive at a time,

– (m) r < m, giving LΠ0 > 0,
– (n) r > m. giving V Π

0 > 0.

Assuming nondegeneracy for the conic Γ , the characterizing invariant shows
that it is a hyperbola:

δΓ = cLLc−
1

4
(cLL + c)2 = −1

4
(cLL − c)2 < 0.

Its intersections with the axes are the points QΓ = (LΓ0 , 0), PΓ = (0, V Γ
0 )

with

LΓ0 =
u− p
cLL

, V Γ
0 =

u− p− δ
c

,

so that V Γ
0 > 0 implies LΓ0 > 0 and from LΓ0 < 0, V Γ

0 < 0 follows. Differen-
tiating the conic, we find

dV

dL
= − 2cLLL+ (cLL + c)V − (u− p)

(cLL + c)L+ 2cV − (u− p− δ) (3.16)

and evaluation at the origing provides

dV

dL

∣∣∣∣
O

=
p− u

u− p− δ .

It follows that the slope at the origin is positive only for

p+ δ > u > p (3.17)

and negative for either one of the alternative conditions

u > p+ δ; u < p. (3.18)

Evaluating the slope (3.16) at the point QΓ gives

dV

dL

∣∣∣∣
QΓ

= cLL
p− u

u− p+ cLLδ
.
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The latter is negative for u > p+ δ, preventing that the origin and the two
points QΓ and PΓ lie all on the same branch of Γ .

Instead the slope (3.16) at the point PΓ provides

dV

dL

∣∣∣∣
PΓ

=
δ

u− p− δ −
cLL
c
.

Thus for u < p+ δ we have

dV

dL

∣∣∣∣
PΓ

< 0

and in such case only an arc joining the origin and QΓ lies in the first
quadrant.

These results imply that the only possible configurations are given by

– (C) u > p+δ : an arc in the first quadrant joins the points QΓ and PΓ .
– (D) p + δ > u > p : the arc in the first quadrant joins the origin and

the point QΓ .

In the remaining case u < p, Γ does not have a feasible branch.
Feasible intersections between Γ and Π exist in the following situations:

– (Cm) u > p + δ, 0 < V Π
0 < V Γ

0 , r > m : a single intersection is
guaranteed. Explicitly:

u > p+ δ, 0 <
r −m
cV V

<
u− p− δ

c
(3.19)

– (Cn) u > p+ δ, 0 < LΠ0 < LΓ0 , r < m : a single intersection is guaran-
teed. Explicitly:

u > p+ δ, 0 <
m− r
ce

<
u− p
cLL

. (3.20)

– (Dm) p+δ > u > p, V Π
0 > 0, r > m : through a saddle-node bifurcation

two intersections may exist. Explicitly:

p+ δ > u > p, r > m. (3.21)

– (Dn) p + δ > u > p, 0 < LΠ0 < LΓ0 , r < m : a single intersection is
guaranteed. Explicitly:

p+ δ > u > p, 0 <
m− r
ce

<
u− p
cLL

. (3.22)
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Table 2 Equilibria feasibility

Equilibrium Feasibility conditions

E0 = (0, 0, 0, 0) −
E1 = (V1, 0, 0, 0) (3.2)
E2 = (0, S2, 0, 0) (3.3)
E∗ = (0, 0, I∗, 0) σ = 1, (3.5)
E3 = (0, S3, I3, 0) Ψ has one arc through PΨ and one through QΨ :

∃ ! (3.10); ∃ 2 (3.11);
Ψ has a feasible arc through PΨ and QΨ :

∃ ! (3.10);
Ψ has a feasible arc through O and QΨ :

∃ ! (3.12); ∃ 2 or none (3.13);
Ψ has one arc through O and one through QΨ :

∃ ! (3.12); ∃ 2 (3.13);
Ψ has an arc through O and PΨ :
∃ ! (3.14); ∃ 2 or none (3.15);

Ψ has one arc through O and one through PΨ :
∃ 2 (3.15); ∃ ! (3.14);

E4 = (V4, S4, I4, 0) numerical
E5 = (0, 0, 0, L5) (3.4)
E6 = (V6, 0, 0, L6) ∃ ! (3.19); ∃ ! (3.20); ∃ 2 or none (3.21); ∃ ! (3.22);
E7 = (0, S7, 0, L7) (3.3), (3.4)
E8 = (0, S8, I8, L8) numerical
E9 = (V9, S9, I9, L9) numerical

3.3 Equilibria stability

Let us introduce the functions

K = λ
SI

S + I
, G = S

γI + αV

V + S + I + L
, H = L

βI + δV

V + S + I + L
.

Denoting by subscripts the partial derivatives with respect to each popu-
lation, the Jacobian J of (2.8) has the following entries, where some ancillary
quantities are explicitly stated in the Appendix, namely (5.1),(5.5),(5.9):

F 1
V = r −m− 2cV V V + eaS + ebI + ecL, F 1

S = eaV, F 1
I = ebV,

F 1
L = ecV, F 2

V = −aS −GV , F 2
S = s− 2cSSS − cSII − n− aV −KS −GS ,

F 2
I = −cSIS + (1− σ)sI −KI −GI , F 2

L = −GL, F 3
V = −bI +GV ,

F 3
S = −cISI +KS +GS , F 3

I = σsI − 2cIII − cISS − n− ν − bV +KI +GI ,

F 3
L = GL, F 4

V = −cL−HV , F 4
S = −HS ,

F 4
I = −HI , F 4

L = u− 2cLLL− p− cV −HL.

Because of the nonlinearities appearing in (2.7) some terms in the above
Jacobian may show singularities when their denominator vanishes. This
happens at the origin and at equilibria E1 and E5. In each such case care
must be exerted in the Jacobian evaluation as well as in the bifurcation
analysis of Section 4. Note that at the origin the nonlinear term in the last
equation of (2.7) has the numerator vanishing faster than the denominator,
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so that it can be disregarded in the linearization process. Similarly for E1

and E5 the function K vanishes for the same reason and consequently its
contribution can be ignored in the Jacobian evaluation. Equivalently, we
can state that K vanishes with its derivatives whenever S = I = 0,

K(0, 0) = 0, KI(0, 0) = 0, KS(0, 0) = 0, (3.23)

KSS(0, 0) = 0, KSI(0, 0) = 0, KII(0, 0) = 0.

This consideration will be used both in this section as well as in the bifur-
cation analysis.

Thus for E0, keeping only the linear terms in the system equations, we
easily obtain the following stability conditions, that are the opposite ones
respectively of (3.2), (3.3), (3.4):

m > r, s > n, u > p. (3.24)

Let us introduce the following notation. By JP[i,j;h,k] or JP[i,j,g;h,k,`] we de-

note the minor of the Jacobian evaluated at the equilibrium point P , where
only the rows i, j and g, as well as the columns h, k and ` are retained.

Recalling (3.23), two eigenvalues of the Jacobian JE1 evaluated at E1 are
explicitly known, λ1,1 = m − r and λ1,4 = u − p − δ − cV1. They give the
first set of stability conditions, (3.2) and:

u < p+ δ + cV1. (3.25)

Imposing the Routh-Hurwitz conditions to the remaining minor JE1

[2,3;2,3],

tr(JE1

[2,3;2,3]) < 0, det(JE1

[2,3;2,3]) > 0,

we find the additional stability conditions

2n+(a+b)V1+ν+α>σsI+s, (s−n−aV1−α)(σsI−n−ν−bV1)>α(1−σ)sI .
(3.26)

At E2 all eigenvalues are explicit, −cSSS2 < 0, r−m+eaS2, σsI−cISS2−
n− ν + λ+ γ and u− p, and provide the stability conditions

r + eaS2 < m, σsIS2 + λ+ γ < n+ ν − cISS2, u < p. (3.27)

For the particular case σ = 1, the equilibrium I∗ is found. In such case
the Jacobian is lower triangular, and the eigenvalues are r − m + beI∗,
s − cIII∗ − n − λ − γ, sI − 2cIII∗ − n − ν, u − p − β. Thus the stability
conditions for I∗ can be explicitly written as

cIIr+n+ν < ebsI+cIIm, σscII+n+ν < (n+λ+γ)cII+sI , (3.28)

n+ ν < sI , u < p+ β.

At E3 we find the two eigenvalues

r −m+ eaS3 + abI3, u− p− β I

S + I
.
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The remaining minor JE3

[2,3;2,3] has a negative trace. We need to require

further just that det(JE1

[2,3;2,3]) > 0 to ensure stability. To sum up, stability

is achieved under the conditions:

r+eaS3+abI3<m u<p+β
I3

S3+I3
, (3.29)

(
s− 2cSSS3 − cSII3 − n− λ

I23
(S3 + I3)2

− γI3
S3 + I3

+ S3
γI3

(S3 + I3)2

)

×
(
σsI − 2cIII3 − cSIS3 + λ

I23
(S3 + I3)2

− n− ν +
γS2

3

(S3 + I3)2

)

>

(
σsI − 2cIII3 + λ

I23
(S3 + I3)2

− n− ν +
γS3

(S3 + I3)2

)

×
(
−cSIS3 − λ

S2
3

(S3 + I3)2
+ (1− σ)sI −

γS2
3

(S3 + I3)2

)

At E4 only one eigenvalue is explicit, giving the stability condition

u < p+ cV4 +
βI4 + δV4
V4 + S4 + I4

. (3.30)

For the remaining minor JE4

[1,2,3;1,2,3] we need to calculate the sum of the

minors of order 2, ME4

[1,2,3;1,2,3]. We find

ME4

[1,2,3;1,2,3] = JE4
11 J

E4
22 − JE4

21 J
E4
12 + JE4

11 J
E4
33 − JE4

31 J
E4
13 + JE4

22 J
E4
33 − JE4

23 J
E4
32 ,

tr(JE4

[1,2,3;1,2,3]) = JE4
11 + JE4

22 + JE4
33 , det(JE4

[1,2,3;1,2,3]) = JE4
11 J

E4
22 J

E4
33

+JE4
12 J

E4
23 J

E4
31 + JE4

21 J
E4
13 J

E4
32 − JE4

31 J
E4
22 J

E4
13 − JE4

11 J
E4
23 J

E4
32 − JE4

12 J
E4
21 J

E4
33 .

Stability is provided then by applying the Routh-Hurwitz conditions

tr(JE4

[1,2,3;1,2,3]) < 0, det(JE4

[1,2,3;1,2,3]) < 0, (3.31)

tr(JE4

[1,2,3;1,2,3])M
E4

[1,2,3;1,2,3] < det(JE4

[1,2,3;1,2,3]).

Using again (3.23), for E5 we have all the eigenvalues. Since −2cLLL5 < 0,
the stability conditions are

r + ecL5 < m, s < n, σsI < n+ ν. (3.32)

For E6 the Jacobian splits into the product of two minors of order 2,
JE6

[1,4;1,4] and JE6

[2,3;2,3] for which the Routh-Hurwitz conditions provide

tr(JE6

[1,4;1,4]) = JE6
44 − cV V V6 < 0,

det(JE6

[1,4;1,4]) = V6

(
ceJE6

41 − cV V JE6
44

)
> 0 (3.33)
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An EBHS model for a foxes-cottontails-hares system 15

Table 3 Equilibria stability

Equilibrium Stability conditions

E0 = (0, 0, 0, 0) numerical
E1 = (V1, 0, 0, 0) (3.2), (3.25), (3.26)
E2 = (0, S2, 0, 0) (3.27),
E∗ = (0, 0, I∗, 0) σ = 1, (3.28)
E3 = (0, S3, I3, 0) (3.29)
E4 = (V4, S4, I4, 0) (3.30), (3.31)
E5 = (0, 0, 0, L5) (3.32)
E6 = (V6, 0, 0, L6) (3.33), (3.34)
E7 = (0, S7, 0, L7) (3.35), (3.4)
E8 = (0, S8, I8, L8) (3.36), (3.37)
E9 = (V9, S9, I9, L9) numerical

as well as

tr(JE6

[2,3;2,3]) = JE6
22 + JE6

33 < 0,

det(JE6

[2,3;2,3]) = JE6
22 J

E6
33 − JE6

32 + JE6
23 > 0. (3.34)

At E7 all eigenvalues are known. But −2cSSS7 < 0 and −2cLLL7 < 0,
hence stability is given by

r + eaS7 + ecL7 < m, σsI + λ+ γ
S7

S7 + I7
< cISS7 + n+ ν. (3.35)

The Jacobian at E8 gives one eigenvalue, from which the first stability
condition

r + eaS8 + ebI8 + ecL8 < m. (3.36)

The remaining conditions arise from the Routh-Hurwitz criterion applied
to the minor JE8

[2,3,4;2,3,4]. We have

ME8

[2,3,4;2,3,4] = JE8
22 J

E8
33 − JE8

32 J
E8
23 + JE8

22 J
E8
44 − JE8

42 J
E8
24 + JE8

33 J
E8
44 − JE8

34 J
E8
43 ,

tr(JE8

[2,3,4;2,3,4]) = JE8
22 + JE8

33 + JE8
44 , det(JE8

[2,3,4;2,3,4]) = JE8
22 J

E8
33 J

E8
44

+JE8
23 J

E8
34 J

E8
42 + JE8

32 J
E8
24 J

E8
43 − JE8

42 J
E8
33 J

E8
24 − JE8

22 J
E8
34 J

E8
43 − JE8

23 J
E8
32 J

E8
44 .

Stability is provided then by applying the Routh-Hurwitz conditions

tr(JE8

[2,3,4;2,3,4]) < 0, det(JE8

[2,3,4;2,3,4]) < 0, (3.37)

tr(JE8

[2,3,4;2,3,4])M
E8

[2,3,4;2,3,4] < det(JE8

[2,3,4;2,3,4]).

The equilibria E0, E4, E8 and E9 can be attained, as shown in Figures 2,
3, 4. Initial conditions are always taken as follows:

V (0) = 1, S(0) = 8, I(0) = 0, L(0) = 3. (3.38)
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The ecologically available information used in [13], is here reproduced. In
fact we take the very same parameters when they are biologically moti-
vated. For the remaining ones, the values are hypothetical. In any case, the
reference parameter values are as follows:

r = log(3), s = log(4.5), u = log(5), sI = 0.1,m =
2

7
, n =

4

5
,

(3.39)

ν = 0.1, p =
2

11
, a = 0.5, b = 0.5, c = 4, e = 0.91,

cV V = log(3)− 2

7
, cSS =

1

100
log(4.5)− 4

500
, cLL =

1

30
log(5)− 2

330
,

cII =
1

100
log(4.5)− 4

500
, cSI = cSS − 0.1, cIS = cII + 1, σ = 0.8,

λ = 0.9, γ = 0.9, α = 0.9, β = 0.1, δ = 0.1.

which provide equilibrium E1, the remaining equilibria are attained for the
choice (3.39) except the parameter values that are listed below in each case.

For E2

sI = 2, m = 20, n =
4

5
, p = 11, a = 0.2, b = 0.1, c = 0.4.

For E3

sI = 20, m = 20, p = 11, a = 0.2, b = 0.1, c = 0.4, λ = 5, γ = 7.

For E5

sI = 2, m = 4, n = 5, a = 0.2, b = 0.1, c = 0.1.

For E6

sI = 2, a = 1, b = 1, c = 0.4.

For E7

sI = 2, m = 13, a = 0.1, b = 0.1, c = 0.1, cV V = 5.

4 Bifurcation analysis

Numerically we find the bifurcations reported in Figures 5, 6, 7 and 8.
We now analytically assess the system bifurcations at various equilibria,

for most of the explicitly known eigenvalues. Note that in what follows some
quantities stemming from the environment contamination terms, namely the
functions G and H, as well as the disease incidence K will be needed and
are summarized in the Appendix for the ease of the reader, because their
evaluation at some of the equilibria may vanish, compare (5.1), (5.2), (5.3),
(5.4), (5.5), (5.6), (5.7), (5.8), (5.9), (5.10).
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An EBHS model for a foxes-cottontails-hares system 17

Fig. 1 Equilibrium E0 is obtained for the parameter values (3.39) with the exception of
m = 4, n = 5, p = 5, and the initial conditions (3.38).

4.1 Equilibrium E1

At E1 we know two of the Jacobian’s eigenvalues,

λ1,1 = r −m, λ1,2 = u− p− δ − cV1.

4.1.1 Eigenvalue: λ1,1

The critical value that annihilates λ1,1 is r =: r̃ = m. Thus for this value,
V1 = 0. The Jacobian at this point and for this threshold value becomes

J(E1, r̃) =




0 0 0 0
0 s− n− α (1− σ)sI − (γ + α) 0
0 α σsI − n− ν 0
0 0 0 u− p− δ




with right eigenvector v = (1, 0, 0, 0)T and right eigenvector of [J(E1, r̃)]
T

given by w = (1, 0, 0, 0)T . Differentiating the right hand side of (2.7) with
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Fig. 2 Equilibrium E4 is obtained for the parameter values (3.39) with the exception of
sI = 2, a = 0.2, b = 0.1, c = 1, and the initial conditions (3.38).

respect to the bifurcation parameter gives

Fr =



V
0
0
0


 DFr =




1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


 . (4.1)

Evaluation at the equilibrium and at the threshold gives Fr(E1, r̃) = 0T ,
from which also wTFr(E1, r̃) = 0 follows. On the other hand,DFr(E1, r̃)v =
v and consequently wTDFr(E1, r̃)v = 1. Since this quantity does not van-
ish, the first condition in Sotomayor’s theorem [8] holds. Further differenti-
ation leads to

wT
[
D2F(E1, µ̃)(v,v)

]
= D2F 1

V V (E1, µ̃) = −2cV V 6= 0.

Thus the system shows the transcritical bifurcation r1,0 := r̃ = m between
E1 and E0. Note indeed that below the critical value, all conditions (3.24)
for the stability of the origin are satisfied.

4.1.2 Eigenvalue: λ1,4

Here the threshold value is ũ = p + δ + cV1. The left and right eigen-
vectors of the Jacobian evaluated at this point and threshold are v =
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Fig. 3 Equilibrium E8 is obtained for the parameter values (3.39) with the exception of
sI = 2, m = 13, a = 0.1, b = 0.1, c = 0.1, cV V = 5, λ = 7, γ = 5, α = 5 and the initial
conditions (3.38).

(ecV1, 0, 0, r −m)T and w = (0, 0, 0, 1)T . Further,

Fu =




0
0
0
L


 DFu =




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1


 , (4.2)

so that Fu(E1, ũ) = 0 and thus wTFu(E1, ũ) = 0. Also,

wTDFu(E1, ũ)v = r −m 6= 0,

in view of the fact that in this situation λ1,1 6= 0. The second derivatives
give

wTD2F(E1, ũ)(v,v) = D2F 4(E1, ũ)(v,v)

= F 4
V V (E1, ũ)v21 + 2F 4

V L(E1, ũ)v1v4 + F 4
LL(E1, ũ)v24

= −HV V (E1, ũ)v21 − 2HV L(E1, ũ)v1v4 −HLL(E1, ũ)v24 − 2cv1v4 − 2cLLv
2
4.

Use of (5.6) and evaluation at the equilibrium gives finally

wTD2F(E1, ũ)(v,v) = 2v4[(δ − cLL)v4 − cv1]

= 2
r −m
cV V

[(δ − cLL)cV V − ec2] 6= 0. (4.3)
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Fig. 4 The coexistence equilibrium is obtained for the parameter values (3.39) with the
exception of sI = 2, a = 0.2, b = 0.1, c = 0.4, and the initial conditions (3.38).

Thus the transcritical bifurcation arises u1,6 := ũ = p + δ + cV1 between
E1 and E6 if (4.3) is satisfied. Indeed, in such case the L population is
destabilized from its zero value, thus it invades the system and the latter
must settle to the equilibrium where both V and L do not vanish, i.e. E6.
In the opposite case, we evaluate the third derivatives:

wTD3F(E1, ũ)(v,v,v) = D3F 4(E1, ũ)(v,v,v)

= −HV V V (E1, ũ)v31 − 3HV V L(E1, ũ)v21v4 − 3HV LL(E1, ũ)v1v
2
4 −HLLL(E1, ũ)v34

= −3δ
v4
V 2
1

[(v1 + v4)2 + 2v4] = −3δ
[
(r −m) (ec+ cV V )2 + 2c2V V

]
6= 0.

Thus a pitchfork bifurcation arises.

4.2 Equilibrium E2

At E2 we know all Jacobian’s eigenvalues,

λ2,1 = r −m+ eaS2, λ2,2 = s− n− 2cSSS2 = n− s,
λ2,3 = σsIS2 − n− ν + λ+ γ, λ2,4 = u− p.

366



An EBHS model for a foxes-cottontails-hares system 21

Fig. 5 The bifurcation between E0 and E3 is obtained for the parameter values (3.39)
with the exception of the following changes sI = 20, m = 20, n = 19, p = 11, a = 0.2,
b = 0.1, c = 0.4, σ = 0.9, λ = 5, γ = 7 and the initial conditions (3.38).

4.2.1 Eigenvalue: λ2,1

Take

r+ = m− aes− n
cSS

Then v = (v1, v2, v3, 0)T and w = (1, 0, 0, 0)T . Differentiating using (4.1),
we find Fr(E2, r

+) = (V2, 0, 0, 0)T = 0 so that wTFr(E2, r
+) = 0 while

DFr(E2, r
+)v = (v1, 0, 0, 0)T from which wTDFr(E2, r

+)v = v1 6= 0. Fur-
ther,

wTD2F(E2, n
+)(v,v) = D2F 1(E2, n

+)(v,v) = F 1
V V (E2, n

+)v21
+2F 1

V S(E2, n
+)v1v2 + 2F 1

V I(E2, n
+)v1v3 + F 1

SS(E2, n
+)v22 + 2F 1

SI(E2, n
+)v2v3

+F 1
II(E2, n

+)v23 = 2v1(aev2 + bev3 − cV V v1).

Thus if
aev2 + bev3 6= cV V v1 (4.4)

the transcritical bifurcation r2,4 := r+ = m − ae s−ncSS
between E2 and E4

occurs. In such case the foxes must enter into the system carrying the virus,
which implies that also the cottontails will be infected. Thus both V and
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Fig. 6 The bifurcation between E6 and E9 is obtained for the parameter values (3.39)
with the exception of the following changes sI = 2, a = 1, b = 1, c = 0.4, and the initial
conditions (3.38).

I are destabilized, and invade the system, which settles to the equilibrium
where also V and I do not vanish, namely E4. If (4.4) does not hold, because

wTD3F(E2, n
+)(v,v,v) = D3F 1(E2, n

+)(v,v,v) = 0

no pitchfork bifurcation can arise.

4.2.2 Eigenvalue: λ2,2

Here we find the simplification λ2,2 = n − s. Taking the bifurcation pa-
rameter s and relative critical value s̃ = n, the left and right eigenvectors
of the Jacobian are v = (0, 1, 0, 0)T and w = (w1, 1, w3, 0)T . Appropriate
differentiation gives

Fs =




0
S
0
0


 DFs =




0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0


 , (4.5)

where now Fs(E2, s̃) = 0, from which

wTFs(E2, s̃) = 0 (4.6)
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Fig. 7 The bifurcation between E6 and E9 then E4 is obtained for the parameter values
(3.39) with the exception of the following changes sI = 2, a = 1, b = 1, c = 0.4, and the
initial conditions (3.38).

and

wTDFu(E2, s̃)v = 1 6= 0. (4.7)

Furthermore,

D2Fu(E1, ũ)(v,v) =




0
F 2
SS(E2, s̃)
F 3
SS(E2, s̃)
F 4
SS(E2, s̃)


 (4.8)

=




0
−2cSS −KSS(E2, s̃)−GSS(E2, s̃)

KSS(E2, s̃) +GSS(E2, s̃)
−HSS(E2, s̃)


 =




0
−2cSS

0
0




so that wTD2Fu(E1, ũ)(v,v) = −2cSS 6= 0. Combining this result with
(4.6) and (4.7), the transcritical bifurcation s2,0 := s̃ = n is seen to exist
between E2 and E0. For s < s2,0 conditions (3.24) ensuring stability of the
origin are satisfied.

369



24 Elisa Caudera, Simona Viale, Sandro Bertolino, Ezio Venturino

Fig. 8 The bifurcation between E1 and E4 is obtained for the parameter values (3.39)
and the initial conditions (3.38).

4.2.3 Eigenvalue: λ2,3

In this case take

n† =
cSS

cIS + cSS

[
σsI − ν + λ+ γ − cIS

cSS
s

]
.

In this case v = (0, v2, v3, 0)T and w = (w1, 0, w3, 0)T . We find

Fn =




0
−S
−I
0


 DFn =




0 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 0


 . (4.9)
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Hence Fn(E2, n
†) = (0, S2, 0, 0)T from which wTFn(E2, n

†) = 0 as well as
wTDF(E2, n

†)v = −v3w3 6= 0. We then calculate

wTD2F(E2, n
†)(v,v) = w1D

2F 1(E2, n
†)(v,v) + w3D

2F 3(E2, n
†)(v,v)

(4.10)

= w1[F 1
SS(E2, n

†)v22 + 2F 1
SI(E2, n

†)v2v3 + F 1
II(E2, n

†)v23]

+w3[F 3
SS(E2, n

†)v22 + 2F 3
SI(E2, n

†)v2v3 + F 3
II(E2, n

†)v23]

= w3[(GSS(E2, n
†) +KSS(E2, n

†))v22 + 2(GSI(E2, n
†) +KSI(E2, n

†))v2v3

−2cSIv2v3 − 2cIIv
2
3 + (GII(E2, n

†) +KII(E2, n
†))v23]

= −2w3

[
cSIv2v3 +

γ + λ

S2
v23 + 2cIIv

2
3

]
6= 0.

Thus the transcritical bifurcation n2,3 := n† arises between E2 and E3

if (4.10) holds, because the infected cottontails are destabilzed from their
zero value, and appear in the system. Otherwise, differentiating further,
and keeping only the nonvanishing derivatives appearing in (5.3), (5.4) and
(5.10),

wTD3F(E2, n
†)(v,v,v)=w1D

3F 1(E2, n
†)(v,v,v)+w3D

3F 3(E2, n
†)(v,v,v)

=w3[3(GSSI+KSSI)v
2
2v3+3(GSII+KSII)v2v

2
3+KIII)v

3
3]
∣∣
(E2,n†)

(4.11)

=−3w3

[
2λ

S3
2

v22v3+λ

(
2

S2
2

− 4

S3
2

+
6

S4
2

)
v2v

2
3+4

λ

S2
2

v33

]
6=0.

Then if (4.11) holds, a pitchfork bifurcation arises.

4.2.4 Eigenvalue: λ2,4

Take u+ = p. Then v = (0, 0, 0, 1)T and w = (0, 0, 0, 1)T . Then using
again (4.2), we have Fu(E2, u

+) = 0 implying wTFu(E2, u
+) = 0. Further,

wTDFu(E2, u
+)v = 1 6= 0. Finally

wTD2F(E2, u
+)(v,v) = D2F 4(E2, u

+)(v,v) = F 4
LL(E2, u

+) = −2cLL 6= 0,

because HLL(E2, u
+) = 0. Thus the transcritical bifurcation u2,7 := u+ =

p arises between E2 and E7, in view of the fact that the eigenvalue λ2,4
becoming positive implies that the corresponding hares population invades
the system.
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4.3 Equilibrium E3

At E3 we know the following Jacobian’s eigenvalues,

λ3,1 = r −m+ eaS3 + abI3, λ3,4 = u− p− β I

S + I
.

4.3.1 Eigenvalue: λ3,1

Take m+ = r + eaS3 + abI3. Then v = (v1, v2, v3, 0)T and w = (1, 0, 0, 0)T .
Then

Fm =



−V
0
0
0


 DFm =



−1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


 , (4.12)

but Fm(E3,m
+) = 0, so that wTFm(E3,m

+) = 0. Also, DFm(E3,m
+)v =

(v1, 0, 0, 0)T so that wTDFm(E3,m
+)v = v1 6= 0. Further,

wTD2F(E3,m
+)(v,v) = D2F 1(E3,m

+)(v,v)

= F 1
V V v

2
1 = −2v1[cV V v1 − e(av2 + bv3)] 6= 0. (4.13)

Thus if (4.13) holds, we find the transcritical bifurcation m3,4 := m+ =
r + eaS3 + abI3 between E3 and E4, because the foxes are destabilized
from vanishing, and therefore invade the system. Otherwise, observe that
wTD3F(E3,m

+)(v,v,v) = D3F 1(E3,m
+)(v,v,v) = 0, so that no pitch-

fork bifurcation can occur.

4.3.2 Eigenvalue: λ3,4

Take

u‡ = p+
βI3

S3 + I3

to have v = (0, v2, v3, v4)T and w = (0, 0, 0, 1)T . We have again (4.2),
with Fu(E3, u

‡) = 0, so that wTFu(E3, u
‡) = 0. Now, DFu(E3, u

‡)v =
(0, 0, 0, v4)T so that wTDFu(E3, u

‡)v = v4 6= 0. Moreover,

wTD2F(E3, u
‡)(v,v) = D2F 4(E3, u

‡)(v,v)

= F 4
SSv

2
2 + 2F 4

SIv2v3 + 2F 4
SLv2v4 + F 4

IIv
2
3 + 2F 4

ILv3v4 + F 4
LLv

2
4.

Now, observe that at E3 the only nonvanishing derivatives of H, apart from
those with respect to V which would disappear anyway, are HSL, HIL, HLL.
Thus we get

wTD2F(E3, u
‡)(v,v) = −2cLLv

2
4 + 2

βI3
(S3 + I3)2

v2v4

−2
βS3

(S3 + I3)2
v3v4 +

βI3
(S3 + I3)2

v24.
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If the latter vanishes we get the transcritical bifurcation u3,8 := u‡ =

p + βI3
S3+I3

between E3 and E8. In such case indeed, the hares population
is destabilized from zero and enters in the system. If not, differentiating
further, the only derivatives of H that do not disappear at E3, apart from
those with respect to V , which do not count because v1 = 0, are HSSL,
HSIL, HSLL, HIIL, HILL, HLLL. It follows

wTD3F(E3, u
‡)(v,v,v) = −6

βI3
(S3 + I3)3

v22v4 − 3β
I3 − S3

(S3 + I3)3
v2v3v4

−12
βI3

(S3 + I3)3
v2v

2
4 + 6β

S3

(S3 + I3)3
v23v4 − 6β

I3 − S3

(S3 + I3)3
v3v

2
4 − 6

βI3
(S3 + I3)3

v34.

If the above expression is different from zero, we get a pitchfork bifurcation.

4.4 Equilibrium E4

At E4 we know only the following Jacobian’s eigenvalue

λ4,4 = u− p− cV4 −
βI + δV

V + S + I
.

4.4.1 Eigenvalue: λ4,4

Take

u∗ = p+ cV4 +
βI + δV

V + S + I
.

Here v = (v1, v2, v3, 1)T and w = (0, 0, 0, 1)T . We find anew (4.2), with
Fu(E4, u

∗) = 0, so that wTFu(E4, u
∗) = 0.

Now, DFu(E4, u
∗)v = (0, 0, 0, 1)T so that wTDFu(E4, u

∗)v = 1 6= 0.
Moreover,

wTD2F(E4, u
∗)(v,v) = D2F 4(E4, u

∗)(v,v).

Now of all the possible partial derivatives of F 4, those that contain H and
do not vanish at E4 are HV L, HSL, HIL, HLL. Evaluation and substitution
gives

wTD2F(E4, u
∗)(v,v) = −2cLL − 2cv1 − 2

βI4 − δ(S4 + I4)

(V4 + S4 + I4)2
v1

+2
βI4 + δV4

(V4 + S4 + I4)2
v2 + 2

β(V4 + S4)− δV4
(V4 + S4 + I4)2

v3 + 2
βI4 + δV4

(V4 + S4 + I4)2
.

We thus get a transcritical bifurcation if the above quantity does not vanish,
for the critical value u4,9 := u∗ = p + cV4 + βI+δV4

V4+S4+I4
in view of the fact

that the zero value for the hares is now unstable. It connects the points
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E4 and E9. Otherwise, keeping on differentiating, we find that the only
nonvanishing derivatives of H are HV V L, HV SL, HV IL, HV LL, HSSL, HSIL,
HSLL, HILL, HLLL. Their evaluation at the equilibrium point and at the
critical bifurcation parameter threshold then gives

−wTD3F(E4, u
∗)(v,v,v) = 3

βI4 + δV4
(V4 + S4 + I4)3

v21

+6

(
βI4 + δV4

(V4 + S4 + I4)3
− δ

(V4 + S4 + I4)2

)
v21

+3

(
2

βI4 + δV4
(V4 + S4 + I4)3

− δ

(V4 + S4 + I4)2

)
v1v2

+3

(
2

βI4 + δV4
(V4 + S4 + I4)3

− β + δ

(V4 + S4 + I4)2

)
v1v3

+6

(
2

βI4 + δV4
(V4 + S4 + I4)3

− δ

(V4 + S4 + I4)2

)
v1

+3

(
2

βI4 + δV4
(V4 + S4 + I4)3

− β

(V4 + S4 + I4)2

)
v2v3 + 12

βI4 + δV4
(V4 + S4 + I4)3

v2

+6

(
βI4 + δV4

(V4 + S4 + I4)3
− β

(V4 + S4 + I4)2

)
v23

+6

(
2

βI4 + δV4
(V4 + S4 + I4)3

− β

(V4 + S4 + I4)2

)
v3 + 6

βI4 + δV4
(V4 + S4 + I4)3

.

Thus if wTD3F(E4, u
∗)(v,v,v) 6= 0 there is a pitchfork bifurcation.

4.5 Equilibrium E5

At E5 we know all the Jacobian’s eigenvalues,

λ5,1 = r + ecL5 −m, λ5,2 = s− n, λ5,3 = σsI − n− ν, λ5,4 = −2cLLL5.

4.5.1 Eigenvalue: λ5,1

Take m∗ = r+ ecL5. Differentiating we have again (4.12) together with v =

(v1, 0, 0, v4)T and w = (1, 0, 0, 0)T . In view of the fact that Fm(E5,m
∗) = 0,

it follows wTFm(E5,m
∗) = 0. Moreover wTDFm(E5,m

∗)v = −v1 6= 0. In
addition,

wTD2F(E5,m
∗)(v,v) = F 1

V V v
2
1 + 2F 1

V Lv1v4 + F 1
LLv

2
4

= −2cV V v
2
1 + 2ecv1v4.

If

cV V v1 6= ecv4 (4.14)
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then because now the fox population must appear in the system, the tran-
scritical bifurcation m5,6 := m∗ = r + ecL5 takes place between the points
E5 and E6. Conversely, we find

wTD3F(E5,m
∗)(v,v,v) = D3F 1(E5,m

∗)(v,v,v) = 0,

so that no pitchfork bifurcation can arise.

4.5.2 Eigenvalue: λ5,2

Take s̃ = n. Then v = (0, 1, 0, 0)T and w = (0, w2, w3, 0)T . Differentiat-
ing we have again (4.5). In view of the fact that Fs(E5, s̃) = 0, it follows
wTFs(E5, s̃) = 0. Moreover wTDFs(E5, s̃)v = w2 6= 0. In addition,

wTD2F(E5, s̃)(v,v) = w2D
2F 2(E5, s̃)(v,v) + w3D

2F 3(E5, s̃)(v,v)

= w2F
2
SS + w3F

3
SS = −2cSSw2 6= 0,

because GSS(E5, s̃) = 0 and KSS(E5, s̃) = 0. Thus there is the transcrit-
ical bifurcation n5,7 := s̃ = n connecting E5 with E7, as the susceptible
cottontails must enter in the system.

4.5.3 Eigenvalue: λ5,3

Take s̃I = (n + ν)σ−1. Then v = (0, v2, v3, v4)T and w = (0, 0, 1, 0)T .
Differentiating

FsI =




0
(1− σ)I
σI
0


 DFsI =




0 0 0 0
0 0 (1− σ) 0
0 0 σ 0
0 0 0 0


 , (4.15)

In view of the fact that FsI (E5, s̃I) = 0, it follows wTFsI (E5, s̃I) = 0.
Moreover wTDFsI (E5, s̃I)v = σ(n− s) 6= 0 because λ5,2 6= 0. In addition,

wTD2F(E5, s̃I)(v,v) = D2F 3(E5, s̃I)(v,v) =

F 3
SS(E5, s̃I)v

2
2 + 2D2F 3

SI(E5, s̃I)v2v3F
3
II(E5, s̃I)v

2
3

Here we need to recall (3.23) and the discussion after writing the Jacobian
in Section 3.3.

Observe that for the second derivatives of G we have

GSS(E5, s̃I) = 0, GSI =
γ

L5
, GII(E5, s̃I) = 0.

All those of K instead vanish in view of the assumption (3.23). Thus

wTD2F(E5, s̃I)(v,v) =

(
γ

L5
− 2cSI

)
v2v3 (4.16)
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If the above quantity does not vanish, we have the transcritical bifurcation
sI5,8 := s̃I = (n+ν)σ−1 joining E5 and E8, because the infected cottontails
must enter in the environment, their zero value is destabilized, and with
them the healthy ones as well. Instead, if the quantity in (4.16) vanishes,
we evaluate further, still recalling (3.23).

wTD2F(E5, s̃I)(v,v,v) = D2F 3(E5, s̃I)(v,v) = GSSS(E5, s̃I)v
3
2

+3GSSI(E5, s̃I)v
2
2v3 + 3GSII(E5, s̃I)v2v

2
3 +GIII(E5, s̃I)v

3
3 = 6

γ

L5
(v2L5 + v3)

If this quantity does not vanish, a pitchfork bifurcation exists instead.

4.5.4 Eigenvalue: λ5,4

Take u+ = p. Then v = (0, 0, 0, 1)T and w = (w1, 0, w3, w4)T . Using (4.2),
Fu(E5, u

+) = 0, because L5 = 0 for u = u+. Hence wTFu(E5, u
+) = 0, as

well as wTDFu(E5, u
+)v = w4 6= 0. Also, because the only nonvanishing

component of v is the fourth one,

D2F(E5, u
+)(v,v)=FLL(E5, u

+)=(0,−GLL−KLL,GLL+KLL,−2cLL−HLL)T .

On the other hand, GLL(E5, u
+) = 0, HLL(E5, u

+) = 0, so that we obtain
wTD2F(E5, u

+)(v,v) = −2cLLw4 6= 0 and there is the transcritical bifur-
cation u5,0 := u+ = p joining the origin with E5. Indeed whenever u < u5,0,
conditions (3.24) hold.

4.6 Equilibrium E7

At E7 we know all the Jacobian’s eigenvalues,

λ7,1 = r + eaS7 + ecL7 −m, λ7,2 = −2cSSS7,

λ7,3 = sI + λ+ γS7S7 + I7 − cISS7n− ν, λ7,4 = −2cLLL7.

In this situation, we observe that the eigenvalues λ7,2 and λ7,4 give rise to
the same bifurcations n5,7 and u2,7 already found before and thus will not
be analysed again.

4.6.1 Eigenvalue: λ7,1

Take m̃ = r+ aeS7 + ecL7. Hence v = (v1, v2, v3, v4)T and w = (1, 0, 0, 0)T .
From (4.12), Fm(E7, m̃) = (−V7, 0, 0, 0)T = 0, because V7 = 0, and from
this wTFm(E7, m̃) = 0. Further wTDFm(E7, m̃)v = −v1 6= 0.

Moreover,

wTD2F(E7, m̃)(v,v) = D2F 1(E7, m̃)(v,v) = 2v1[e(av2+bv3+cv4)−cV V v1]
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If it is different from zero, there is the transcritical bifurcation m7,9 = m̃ =
r+ aeS7 + ecL7 between E7 and E9 because the foxes are destabilized from
their vanishing; if not, since

wTD3F(E7, m̃)(v,v,v) = D3F 1(E7, m̃)(v,v,v) = 0,

no pitchfork bifurcation can occur.

4.6.2 Eigenvalue: λ7,3

Take

s+I =
1

σ

[
cISS7 + n+ ν − λ− γS7

S7 + L7

]
.

Here v = (0, v2, v3, v4)T and w = (w1, 0, w3, 0)T . From (4.15) we thus have
wTFsI (E7, s

+
I ) = 0 and wTDFsI (E7, s

+
I )v = σv3 6= 0. Also, because v1 = 0,

it is easily seen that D2F 1(v,v) = 0. Hence

wTD2F(E7, s
+
I )(v,v) = w3D

2F 3(E7, s
+
I )(v,v)

= w3[F 3
SSv

2
2 + 2F 3

SIv2v3 + 2F 3
SLv2v4 + F 3

IIv
2
3 + 2F 3

ILv3v
2
4 + F 3

LLv
2
4]

= −2v3w3

[
cISv2 + cIIv3 −

γL7

S7 + L7
v2 +

γS7

(S7 + L7)2
(v3 + v4)− λ

S2
7

v4 +
λ

S7
v3

]
.

If the latter does not vanish, the infected cottontail population is desta-
bilized and must appear in the system. We thus have the transcritical
bifurcation sI7,8 = s+I between E7 and E8. If not, again observe that
D3F 1(v,v,v) = 0. It follows

wTD3F(E7, s
+
I )(v,v,v) = w3D

3F 3(E7, s
+
I )(v,v)

=

[
−6

λ

S3
7

v22v3 − 12
λ

S3
7

v2v
2
3 + 6

λ

S2
7

v33 + 6
γ(S7 − L7)

(S7 + L7)3
v2v

2
3 + 3

γ(S7 − L7)

(S7 + L7)3
v2v3v4

+6
γS7

(S7 + L7)3
v33 − 12

γS7

(S7 + L7)3
v23v4 + 6

γS7

(S7 + L7)3
v3v

2
4

]
w3

so that if the quantity in the bracket does not vanish, a pitchfork bifurcation
occurs.

4.7 Equilibrium E8

At E8 we know only

λ8,1 = r + eaS8 + ebI8 + ceL8 −m.
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4.7.1 Eigenvalue: λ8,1

Take r∗ = m − eaS8 − ebI8 − ceL8. Then v = (v1, v2, v3, v4)T and w =

(1, 0, 0, 0)T . Using (4.1), Fr(E8, r
∗) = 0 and then wTFr(E8, r

∗) = 0. Also,
wTDFr(E8, r

∗)v = v1 6= 0 and

wTD2F(E8, r
∗)(v,v) = F 1

V V v
2
1 + 2F 1

V Sv1v2 + 2F 1
V Iv1v3 + 2F 1

V Lv1v4

because F 1
JM = 0 for all other indices J,M ∈ {V, S, I, L}. Finally,

wTD2F(E8, r
∗)(v,v) = −2cV V v

2
1 + 2ev1(av2 + bv3 + cv4).

If it does not vanish, i.e. for

e(av2 + bv3 + cv4) 6= cV V v1

the foxes must appear in the system and we get the transcritical bifurcation
r8,9 = r∗ = m−eaS8−ebI8−ceL8 joining E8 and E9. Else, since F 1

JMN = 0
for all indices J,M,N ∈ {V, S, I, L}, wTD3F(E8, r

∗)(v,v,v) = 0 follows,
hence no pitchfork bifurcation can arise.

5 Conclusions

Figure 9 summarizes the bifurcations found, both analytically and numeri-
cally. It constitutes the main tool for the applied ecologist that wants to act
on the disease spread, trying to contain the virus propagation. In applying
possible containment programs, one important issue is to be kept in mind,
that possible interference with the system may not always lead to the de-
sired outcomes. Indeed, the destabilization of a configuration that is stable
in some actual conditions not always corresponds to attaining another one
that is wanted. For instance, in the presence of the virus and all popula-
tions in the system, at the coexistence equilibrium E9, a control program
for the foxes for instance could be envisaged, to remove the virus carriers.
However, as it is clearly seen in Figure 9, acting on the foxes reproduction
rate r, the outcome leads to the equilibrium E8 where the infected cot-
tontails thrive, and the problem is not solved. Instead, acting on the foxes
mortality rate m would allow also the removal of the infected cottontails.
However, note also that each bifurcation parameter contains the other one:
rewriting for instance the transition between E8 and E9 in terms of m,
we would get m8,9 = m† = r + eaS8 + ebI8 + ceL8. In this situation, we
can easily check that Fm(E8,m

†) = 0 and then wTFm(E8,m
†) = 0, while

wTDFm(E8,m
†)v = v1 6= 0 is also satisfied. There would be no relevant

change in what concerns the second derivative wTD2F(E8,m
†)(v,v), so

that if it does not vanish, the same transcritical bifurcation connecting E8

and E9 occurs in terms of m8,9 = m†, a threshold value that depends on
the populations at E8. Then, comparing this value with m7,9, that depends
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E2

(0, S, 0, 0)

E6

(V, 0, 0, L)

E8

(0, S, I, L)

E1

(V, 0, 0, 0)

E3

(0, S, I, 0)

E5

(0, 0, 0, L)

E4

(V, S, I, 0)

E7

(0, S, 0, L)

E9

(V, S, I, L)
E0

(0, 0, 0, 0)

r1,0 u1,6

r2,4

n2,3

u2,7

s2,0

u3,8

m3,4 u4,9

u0,5

sI5,8

m5,6

n5,7

sI7,8

r8,9

m7,9

s

s

s

Fig. 9 Picture of the whole bifurcation structure of the model (2.7) arising from the
analysis of Section 4. In each node, the name of equilibrium is reported, together with
its nonvanishing populations. Bifurcation thresholds: r1,0 = m, u1,6 = p+ δ + cV1, r2,4 =

m − ae s−n
cSS

, s2,0 = n, n2,3 = n†, u2,7 = p, m3,4 = r + eaS3 + abI3, u3,8 = p + βI3
S3+I3

,

u4,9 = p+ cV4 + βI+δV4
V4+S4+I4

, m5,6 = r+ ecL5, n5,7 = n, sI5,8 := s̃I = (n+ ν)σ−1, u5,0 = p,

m7,9 = r + aeS7 + ecL7, sI7,8 = s+I , r8,9 = m − eaS8 − ebI8 − ceL8. The bifurcations
obtained only numerically are shown in red.

on the populations at equilibrium E7, allows to determine which transition
actually occurs first in decreasing the fox mortality, and thus where would
the system settle from coexistence. As this action could also be carried out
by external human-related control measures, the information is important
from the ecological point of view. The analysis therefore could clarify these
situations and avoid pitfalls in the epidemics management.

Appendix

Recalling (3.1), we find:

GV =S
α(S + I + L)− γI

P 2
, GS =

γI(V + I + L) + αV (V + I + L)

P 2
, (5.1)

GI =S
γ(V + S + L)− αV

P 2
, GL=−SαV + γI

P 2
;
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GV V=−2S
α(S+I+L)−γI

P 3
, GV I=S

α−γ
P 2
−2S

α(S+I+L)−γI
P 3

,

(5.2)

GV S =
α(2S + I + L)− γI

P 2
− 2S

α(S + I + L)− γI
P 3

,

GV L=
αS

P 2
− 2S

α(S + I + L)− γI
P 3

, GSS =−2
(γI + αV )(V + I + L)

P 3
,

GSI =
γ(V + 2I + L) + αV

P 2
− 2

(γI + αV )(V + I + L)

P 3
,

GSL=
γI + αV

P 2
− 2

(γI + αV )(V + I + L)

P 3
, GLL=2S

αV + γI

P 3
,

GIL=
γS

P 2
− 2S

γ(V + S + L)− αV
P 3

, GII =−2S
γ(V + S + L)− αV

P 3
;

GV V V =6S
α(S+I+L)−γI

P 4
, GSSS =6

(γI+αV )(V +I+L)

P 4
,

(5.3)

GV V S =−2
α(2S + I + L)− γI

P 3
+6S

α(S + I + L)− γI
P 4

,

GV V I =−2S
α− γ
P 3

+6S
α(S + I + L)− γI

P 4
,

GV V L=−2S
α

P 3
+6S

α(S + I + L)− γI
P 4

,

GV SS =2
α

P 2
− 4

α(2S + I + L)− γI
P 3

+6S
α(S + I + L)− γI

P 4
,

GV SI =
α− γ
P 2

− 2
α(2S + I + L)− γI

P 3
− 2S

α− γ
P 3

+6S
α(S + I + L)− γI

P 4
,

GV SL=
α

P 2
− 2

α(2S + I + L)− γI
P 3

− 2S
α

P 3
+6S

α(S + I + L)− γI
P 4

,

GV IL=−2S
α− γ
P 3

− 2
αS

P 3
+6S

α(S + I + L)− γI
P 4

,

GSSI =−2
(γI + αV ) + γ(V + I + L)

P 3
+6

(γI + αV ) + γ(V + I + L)

P 4
,

GSSL=−2
γI + αV

P 3
+6

(γI + αV )(V + I + L)

P 4
,
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GSII =
2γ

P 2
− 2

γ(V + I + L) + αV

P 3

(5.4)

−2
γI + αV + γ(V + I + L)

P 3
+ 6

(γI + αV )(V + I + L)

P 4
,

GSIL =
γ

P 2
− 2γ(V + L) + 4(γI + αV )

P 3
+ 6

(γI + αV )(V + I + L)

P 4
,

GSLL = 6
(γI + αV )(V + I + L)

P 4
− 4

γI + αV

P 3
, GLLL = −6S

γI + αV

P 4
,

GV II = −2
(γ − α)S

P 3
+ 6S

γ(V + S + L)− αV
P 4

,

GIII = 6S
γ(V + S + L)− αV

P 4
, GIIL = 6S

γ(V + S + L)− αV
P 4

− 2
γS

P 3
,

GV LL =
2αS

P 3
− 6S

αV + γI

P 4
, GILL = −4

γS

P 3
+ 6S

γ(V + S + L)− αV
P 4

.

HV = −LβI + δV

P 2
+
δL

P
, HS = −LβI + δV

P 2
, (5.5)

HI = L
β(V + S + L)− δV

P 2
, HL =

βI + δV

P
− LβI + δV

P 2
;

HV V = −2δL

P 2
+ 2L

βI + δV

P 3
, HV S = 2L

βI + δV

P 3
− δL

P 2
, (5.6)

HV I = −Lβ + δ

P 2
+ 2L

βI + δV

P 3
, HSI = 2L

βI + δV

P 3
− βL

P 2
,

HV L = −βI + δ(V + L)

P 2
+ 2L

βI + δV

P 3
+
δ

P
, HSS = 2L

βI + δV

P 3
,

HSL = 2L
βI + δV

P 3
− βI + δV

P 2
, HII = −2βL

P 2
+ 2L

βI + δV

P 3
,

HIL =
β

P
− β(I + L) + δV

P 2
+ 2L

βI + δV

P 3
,

HLL = −βI + δV

P 2
+ 2L

βI + δV

P 3
;
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HV V V = −6δL

P 3
− 6L

βI + δV

P 4
, HV V S = 4

δL

P 3
− 6L

βI + δV

P 4
,

(5.7)

HV V I = 4
δL

P 3
+ 2

βL

P 3
− 6L

βI + δV

P 4
, HV SI = 2L

β + δ

P 3
− 6L

βI + δV

P 4
,

HV V L = 4
δL

P 3
− 6L

βI + δV

P 4
− 2

δL

P 2
+
βI + δV

P 3
,

HV SL = 2
βI + δV

P 3
− 6L

βI + δV

P 4
+
δ(2L− P )

P 3
HSSS = −6L

βI + δV

P 4
,

HV IL = −β + δ

P 2
+ 2

βI + δV

P 3
+ 2L

β + δ

P 3
− 6L

βI + δV

P 4
;

HV LL = 4
βI + δV

P 3
− 6L

βI + δV

P 4
− 2

δ

P 2
+ 2L

δ

P 3
, (5.8)

HV SS = 2
δL

P 3
− 6L

βI + δV

P 4
, HV II = 6

βL

P 3
− 6L

βI + δV

P 4
,

HSSI = 2
βL

P 3
− 6L

βI + δV

P 4
, HSSL = 2

βI + δV

P 3
− 6L

βI + δV

P 4
,

HSIL = − β

P 3
+ 2

βL

P 3
+ 2

βI + δV

P 3
− 6L

βI + δV

P 4
,

HSII = 4
βL

P 3
− 6L

βI + δV

P 4
, HSLL = 4

βI + δV

P 3
− 6L

βI + δV

P 4
,

HIII = 6
βL

P 3
− 6L

βI + δV

P 4
, HLLL = 6

βI + δV

P 3
− 6L

βI + δV

P 4
,

HIIL = −2
β

P 2
+ 4L

β

P 3
+ 2

βL+ δV

P 3
− 6L

βL+ δV

P 4
,

HILL = −2
β

P 2
+ 4L

βI + δV

P 3
+ 2

βL

P 3
− 6L

βI + δV

P 4
.

KS = λ
I2

(S + I)2
, KI = λ

S2

(S + I)2
; KSS = −2λ

I2

(S + I)3
, (5.9)

KSI = 2λ
I

(S + I)2
− 2λ

I2

(S + I)3
, KII = −2λ

S2

(S + I)3
;

KSSS = 6λ
I

(S + I)4
, KSSI = − 2λ

(S + I)3
+ 6λ

I

(S + I)4
, (5.10)

KSII = − 4λ

(S + I)3
+ 6λ

I

(S + I)4
, KIII = 6λ

S2

(S + I)4
.
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