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Mathematical and numerical modeling of reentrant
ventricular arrhythmias in the presence of Brugada
syndrome

Silvia Caligari · Simone Scacchi

Abstract The Brugada syndrome (BrS) is a cardiac arrhythmic disorder responsible for
sudden cardiac death associated with the onset of ventricular arrhythmias (VA), such as
ventricular tachycardia and fibrillation. The mechanisms which lead to the onset of such
electrical disorders in patients affected by BrS are not completely understood, yet. In a
recent paper of 2018 by C. Pappone and collaborators, the authors have identified the
presence of a region of cells with altered electrical properties (malignant VA substrate) in
the right ventricle of BrS patients. Their experiments have shown that, when the malig-
nant VA substrate is sufficiently large, conduction block of the excitation wavefront might
occur, generating a ventricular arrhythmia. The aim of the present computational study is
to validate in silico the results of these clinical experiments. To this end, we perform three-
dimensional numerical simulations on an idealized wedge of human right-ventricular tissue,
based on the Monodomain equations coupled with the ten Tusscher–Panfilov membrane
model. In the malignant VA substrate, we have modified the maximal conductances of fast
sodium current INa, L-type calcium current ICaL, outward potassium current Ito and the
intracellular conductivity coefficients, according to previously published data. The results
have shown that the prolongation of action potential duration and the reduction of con-
duction velocity in the malignant VA substrate facilitate conduction blocks of activation
wavefronts elicited by premature beats, yielding the onset of reentrant excitation.

Keywords Bidomain and Monodomain models · parallel numerical simulations ·
Brugada syndrome · ventricular arrhythmia · cardiac reentry
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1 Introduction

The Brugada Syndrome (BrS), first described as a new clinical entity in
[6], has attracted great interest because of its association with high risk of
sudden cardiac death and susceptibility to ventricular arrhythmias (VA);
see [2,3,5]. The mechanisms underlying the onset of such arrhythmic events
in patients affected by BrS remain poorly understood.

Recent studies in selected patients with BrS have described complex ar-
rhythmic substrates in the right ventricular outflow. The development of our

301



2 Silvia Caligari, Simone Scacchi

work has been inspired by a recent research published by C. Pappone and
colleagues ([21]), who explored clinical and electrophysiological predictors
of malignant ventricular tachyarrhythmia inducibility in BrS. In particular,
they investigated the correlations between the presence and extent of a re-
gion of cells with altered electrical properties (malignant VA substrate) in
the right ventricle of BrS patients and the pathophysiological basis of lethal
VA, which remain still unclear.

Because of the limitation to experimental research involving human car-
diac tissue, alternative methods such as computer modeling are of great
interest, see [9,18,27,31]. Most previous simulation studies of BrS were
mainly based on animal cell models and provided good references, but ani-
mal hearts, used for simulation studies, may differ significantly from human
hearts. Therefore there is a need to use human cell models to investigate
the electrophysiological mechanism of BrS.

The aim of the current study is to perform three-dimensional numeri-
cal simulations of reentrant arrhythmias in human right ventricular tissue
in order to provide a theoretical support to the findings reported in [21],
characterizing the electrical substrate in patients with BrS.

The quantitative models of cardiac cells serve the purpose of reproducing
the details of the action potential shape while attempting to give reason-
able mechanistic explanations of their behaviour. The difficulty with cardiac
cells is that there are many different cell types and different types of ionic
channels. For example, in the ventricles, epicardial, midmyocardial and en-
docardial cells have noticeable differences in action potential. Although it is
not easy to represent the fine structure and connections between the cellular
membrane and the intra and the extracellular spaces, it is possible to derive
a macroscopic model by a homogenization process.

The result is a model of cardiac electrical activity called Bidomain Model.
It consists of a degenerate parabolic system of two reaction-diffusion partial
differential equations (PDEs), describing the spatio-temporal evolution of
the the intra- and the extracellular electric potential in the cardiac mus-
cle, coupled with a system of ordinary differential equations (ODEs) which
describe the ionic currents. Because of the high computational costs re-
quired by the solution of the Bidomain system, we consider the simplified
Monodomain model, which describes only the evolution of the transmem-
brane electric potential. There are several different techniques to speed up
the numerical approximation of these models but in this work it is used a
space discretization based on structured hexahedral isoparametric Q1 finite
elements and a semi-implicit finite-difference method in time.

The rest of the paper is organized as follows. In Sect. 2 we briefly review
a membrane model for ionic currents and the Bidomain Model. In Sect.
3 we write the Bidomain and the Monodomain in a variational formula-
tion followed by the discretization in space and time. In Sect. 4 we present
our numerical results describing the geometrical domain considered and the
calibration of channels conductivities and intercellular coupling in order to
model the pathophysiology and ionic mechanisms of BrS.
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Numerical simulations of cardiac reentry in Brugada syndrome 3

2 Mathematical models

2.1 Mathematical models of human ventricular cells

Models of the ionic currents through the cardiac cellular membrane based
on the Hodgkin-Huxley formalism ([17]) have been developed for the ven-
tricular action potential, see [19,12]. The ionic current through channels
of the membrane is modulated by the transmembrane potential v, the
gating variables w := (w1, . . . , wm) and the ionic concentration variables
c := (c1, . . . , cq). According to the Hodgkin-Huxley formalism, the ionic
current has the following general structure

Iion(v, w, c) =
n∑

k=1

Gk(v, c)
m∏

j=1

w
pjk
j (v − vk(c)) + In(v, w, c),

where n is the number of ionic currents, Gk is the membrane conductance
and vk the reversal potential for the kth current, pjk are integers and In
accounts for time independent ionic fluxes. The dynamics of the gating
variables w is described by a system of ODE’s having the following structure





dwj
dt

= Rj(v, w) = αj(v)(1− wj)− βj(v)wj

wj(0) = wj,0
αj , βj > 0, 0 ≤ wj ≤ 1, j = 1, ...,m.

The dynamics of the ionic concentration variables c is described by the
additional system of ODE’s




dcj
dt

= Sj(v, w, c) = −Icj (v, w) ·Acap
Vcj · zcj · F

cj(0) = cj,0, j = 1, ..., q.

where Icj is the sum of ionic currents carrying ion cj , Acap is the capacitive
membrane area, Vcj is the volume of the compartment where cj is updated,
zcj is the valence of ion cj and F is the Faraday constant The transmembrane
current Im is the sum of the capacitive current, related to the membrane
lipidic bilayer, and of the ionic current Iion. Since Im must balance the
applied current Iapp, then the evolution of the TAP of a single myocyte is
given by the following system of ODE’s





Cm
dv

dt
+ Iion(v, w, c) = Im = Iapp,

dw

dt
−R(v, w) = 0,

dc

dt
− S(v, w, c) = 0,

v(0) = v0, w(0) = w0, c(0) = c0,

(2.1)

where Cm, Iion, Iapp are the surface capacitance, the ionic current of the
membrane and the applied current per unit area of the membrane surface,
respectively.
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In the present study, we adopt a mathematical model of the action po-
tential of human ventricular cells proposed in [25,26], the so-called ten
Tusscher-Panfilov (TP06) model, which includes a high level of electro-
physiological detail and it is enough computationally cost-effective to be
applied in large-scale spatial simulations for the study of reentrant arrhyth-
mias.

2.2 Mathematical models of ventricular tissue

The most complete mathematical model of the cardiac bioelectrical activity
is the Bidomain model. It was first proposed in [28,16] and it is now the
generally accepted model for the bioelectrical behavior of the cardiac tissue.
This model consists of two degenerate parabolic reaction-diffusion equations
describing the intra- ui and the extracellular ue potential in the cardiac
muscle, coupled with a system of ordinary differential equations describing
the ionic currents flowing through the cellular membrane. At the microscopic
level, a model for the cellular structure of the cardiac tissue is complicated
by the fact that the membrane potential, the intra- and the extracellular
spaces are continuously connected and intertwined. It is difficult to write
equations that take into account the fine structure of the geometry of these
spaces. However it is possible to derive, by a homogenization process, a
macroscopic model describing the averaged intra and extracellular electric
potential and currents; for further details, we refer to [20,19,15,22]. On the
well-posedness of the Bidomain model, we refer to [29,7].

Let Ω ⊂ R3 be the bounded physical region occupied by the cardiac tissue.
The intra- and the extracellular media are characterized by the conductivity
tensors Di and De. Because of the anisotropic structure, the conductivity
is related to the arrangement of the cardiac fibers, whose direction rotates
counterclockwise from epicardium to the endocardium. It is now possible to
identify three distinct principal axes at any point x. Let al(x), at(x) and
an(x) be a triplet of orthonormal vectors related to the structure of the
myocardium at a point x, with al(x) parallel to the local fiber direction

and at(x) normal to the muscle sheet. Let σi,el , σi,et , σi,en be the conduc-
tivity coefficients measured along the corresponding directions. In general,
these coefficients may depend on x, but we assume they are constant, i.e.
we are considering homogeneous anisotropy. Then the conductivity tensors,
dependent on x, are given by:

Di,e(x) = σi,el al(x)aTl (x) + σi,et at(x)aTt (x) + σi,en an(x)aTn (x) (2.2)

Recalling (2.1), the total membrane current per unit volume is given by

im = χIm = χ

(
Cm

∂v

∂t
+ Iion

)
(2.3)

where v = ui − ue is the transmembrane potential, the coefficient χ is the
ratio of membrane area per tissue volume, Cm is the surface capacitance
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Numerical simulations of cardiac reentry in Brugada syndrome 5

of the membrane and Iion is the ionic current. Imposing the conservation
of currents, i.e. the interchange between the two media must balance the
membrane current flow per unit volume, we have:

divJi = −divJe = im (2.4)

where Ji,e = −Di,e gradui,e are the intra and the extracellular current den-
sities.

We are now able to introduce the equations of the Bidomain model. Given

the intra- and extracellualar applied currents per unit volume ii,eapp : Ω ×
(0, T ) −→ R, where (0, T ) is the time interval (usually it coincides with
a heartbeat), and initial conditions v0 : Ω −→ R, w0 : Ω −→ Rm, c0 :
Ω −→ Rq, find the intra- and the extracellular electric potentials ui,e : Ω ×
(0, T ) −→ R, the transmembrane potential v = ui − ue and the gating and
ionic concentrations variables w : Ω × (0, T ) −→ Rm, c : Ω × (0, T ) −→ Rq
such that




χCm
∂v

∂t
− div(Di∇ui) + χIion(v, w, c) = iiapp in Ω × (0, T )

−χCm
∂v

∂t
− div(De∇ue)− χIion(v, w, c) = −ieapp in Ω × (0, T )

∂w

∂t
= R(v, w) in Ω × (0, T )

∂c

∂t
= S(v, w, c) in Ω × (0, T )

(2.5)

We also assume that the cardiac tissue is insulated, therefore homogeneous
Neumann boundary conditions are assigned on ∂Ω × (0, T )

nTDi∇ui = 0,nTDe∇ue = 0.

Initial conditions are assigned in Ω for t = 0





v(x, 0) = ui(x, 0)− ue(x, 0) = v0(x),

w(x, 0) = w0(x),

c(x, 0) = w0(x).

(2.6)

Adding the first two equations of the system, we have

−divDi∇ui − divDe∇ue = iiapp − ieapp.

Integrating on Ω and applying the divergence theorem we have the following
condition for the system to be solvable:

∫

Ω
iiapp dx =

∫

Ω
ieapp dx (2.7)

305



6 Silvia Caligari, Simone Scacchi

Concluding, the electric potentials, ui and ue, in bounded domains are deter-
mined up to the same additive time-dependent constant, while v is uniquely
determined. The usual choice consists of selecting this constant so that ue
has zero average on Ω

∫

Ω
ue dx = 0.

A simplified cardiac tissue model is the anisotropic Monodomain system, a
parabolic reaction-diffusion equation describing the evolution of the trans-
membrane potential coupled with an ionic model. This model has been
widely used for three-dimensional simulations because of its lower compu-
tational cost. Following the derivation reported in [14], the Bidomain system
reduces to the Monodomain system:





χCm
∂v

∂t
− div(D∇v) + χIion(v, w, c) = iapp in Ω × (0, T )

∂w

∂t
= R(v, w) in Ω × (0, T )

∂c

∂t
= S(v, w, c) in Ω × (0, T )

(2.8)

where D = De(Di + De)
−1Di and iapp = ieapp

σi
l

σi
l+σ

e
l
, with homogeneous

Neumann boundary conditions for v and initial conditions for v, w, c.

In our simulations, we will adopt this simplified model, coupled with the
TP06 membrane model, presented in the previous section.

3 Numerical methods

The Bidomain equations are computationally expensive because it is impos-
sible to formulate a solution scheme without having to solve a large system
of linear algebraic equations every time step, see [30,24,13,12]. Therefore,
many simulation studies have adopted the Monodomain model which al-
lows to reduce significantly the computational costs. Several space and time
discretization strategies have been proposed for such models. In this work,
we adopt the numerical approximation strategy developed in [11], based on
semi-implicit finite differences for time discretization and structured hexa-
hedral isoparametric Q1 finite elements for space discretization.
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Numerical simulations of cardiac reentry in Brugada syndrome 7

3.1 Variational Formulation and Mathematical Analysis

Let V be the Sobolev space H1(Ω), where Ω ⊂ R3 is the bounded physical
region occupied by the cardiac tissue, and define by

(ϕ,ψ) =

∫

Ω
ϕψ, ∀ϕ,ψ ∈ L2(Ω)

ai,e(ϕ,ψ) =

∫

Ω
(∇ϕ)TDi,e(x)∇ψ,

a(ϕ,ψ) =

∫

Ω
(∇ϕ)TD(x)∇ψ, ∀ϕ,ψ ∈ H1(Ω)

(3.1)

the usual L2-inner product and elliptic bilinear forms.
Now we can consider the variational formulation of the Monodomain

model. Given v0 ∈ L2(Ω), w0 ∈ L2(Ω)m, c0 ∈ L2(Ω)q, iapp ∈ L2(Ω×(0, T )),
find:

– v ∈W 1,1((0, T );V ),
– w ∈W 1,1((0, T );L2(Ω)m),
– c ∈W 1,1((0, T );L2(Ω)q)

such that




χCm
∂

∂t
(v(t), ϕ) + a(v(t), ϕ) + χ(Iion(v, w, c), ϕ) = (iapp, ϕ) ∀ϕ ∈ V

∂

∂t
(w(t), ψ) = (R(v(t), w(t)), ψ) ∀ψ ∈ L2(Ω)m

∂

∂t
(c(t), ζ) = (S(v(t), w(t), c(t)), ζ) ∀ζ ∈ L2(Ω)q

(3.2)

with initial conditions (2.6) on v, w, c.
Analogously, we can write the variational formulation of the Bidomain

model as follows. Given v0 ∈ L2(Ω), w0 ∈ L2(Ω)m, c0 ∈ L2(Ω)q, ii,eapp ∈
L2(Ω × (0, T )), find:

– ui,e ∈W 1,1((0, T );V ),
– w ∈W 1,1((0, T );L2(Ω)m),
– c ∈W 1,1((0, T );L2(Ω)q)

such that




χCm
∂

∂t
(v(t), ϕi) + ai(ui(t), ϕi) + χ(Iion(v, w, c), ϕi) = (iiapp, ϕi) ∀ϕi ∈ V

−χCm
∂

∂t
(v(t), ϕe) + ae(ue(t), ϕe)− χ(Iion(v, w, c), ϕe) = −(ieapp, ϕe) ∀ϕe ∈ V

∂

∂t
(w(t), ψ) = (R(v(t), w(t)), ψ) ∀ψ ∈ L2(Ω)m

∂

∂t
(c(t), ζ) = (S(v(t), w(t), c(t)), ζ) ∀ζ ∈ L2(Ω)q

(3.3)

with initial condition (2.6) on v, w, c and the compatibility condition (2.7)

on ii,eapp.
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3.2 Finite Element Discretization in Space

Let the domainΩ be a three-dimensional slab of cardiac tissue. We discretize
Ω by introducing a structured quasi-uniform grid of ni×nj×nk hexahedral
isoparametric Q1 finite elements. Applying the finite element approxima-
tion, we have Ω =

⋃
E∈Th E, where E = TE(Ê), with Ê = [−1, 1]3 and TE

is a trilinear map. The associate finite element space is given by

Vh =
{
ϕh ∈ V : ϕhis continuous in Ω : ϕh|E ◦ TE ∈ Q1(Ê),∀ E ∈ Th

}

(3.4)

where Q1(Ê) is the space if the trilinear functions on Ê. A semi-discrete
problem can be obtained by applying a standard Galerkin procedure, see e.g.
[23], and choosing a finite element basis {ϕi} for Vh. Let M = (mr,s), A =

(ar,s) and Ai,e = (ai,er,s) be the symmetric mass and stiffness matrices defined
by

mr,s =
∑

E

∫

E
ϕrϕsdx

ar,s =
∑

E

∫

E
(∇ϕr)TD(x)∇ϕsdx

ai,er,s =
∑

E

∫

E
(∇ϕr)TDi,e(x)∇ϕsdx

Let Ihion, I
h
app, I

i,h
app, I

e,h
app be the finite element interpolants of Iion, iapp, i

i
app,

ieapp respectively.
In the Monodomain model, the finite element approximation vh of the

transmembrane potential is the solution of the semi-discrete system

χCmM
dvh
dt

+Avh + χMIhion(vh, wh, ch) = MIhapp (3.5)

while in the Bidomain model, the finite element approximation ui,h, ue,h of
the intra- and extracellular potentials are the solution of the semi-discrete
system





χCmM
dvh
dt

+Aiui,h + χMIhion(vh, wh, ch) = MIi,happ

−χCmM
dvh
dt

+Aeue,h + χMIhion(vh, wh, ch) = MIe,happ

(3.6)

where vh = ui,h − ue,h. In both cases, these equations are coupled with the
semi-discrete approximations of the membrane model





dwh
dt

= R(vh, wh)

dch
dt

= S(vh, wh, ch)

(3.7)
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The Bidomain system can be written in compact form

χCmM
d

dt

[
ui,h

ue,h

]
+A

[
ui,h

ue,h

]
+ χ



MIhion(vh, wh, ch)

−MIhion(vu, wh, ch)


 =



MIi,happ

MIe,happ


 (3.8)

where

M =

[
M −M
−M M

]
, A =

[
Ai 0
0 Ae

]

3.3 Semi-implicit Time Discretization

In the semi-implicit discretization in time, the reaction terms are treated ex-
plicitly while the diffusion terms implicitly. The ODE system for the gating
and concentrations variables can be discretized by the semi-implicit Euler
method 




wn+1 − wn
∆t

= R(vn, wn+1)

cn+1 − cn
∆t

= S(vn, wn+1, cn)

(3.9)

Then we can obtain a solution for vn+1 in the Monodomain case

χCmM
vn+1 − vn

∆t
+Avn+1 + χMIhion(vn, wn+1, cn+1) = MIhapp (3.10)

or a solution for un+1
i , un+1

e in the Bidomain case




χCmM
vn+1 − vn

∆t
+Aiu

n+1
i + χMIhion(vn, wn+1, cn+1) = MIh,iapp

−χCmM
vn+1 − vn

∆t
+Aeu

n+1
e + χMIhion(vn, wn+1, cn+1) = MIh,eapp

(3.11)
where vn = uni − une .
Alternatively, it is possible solving the potentials first, given the gating and
the concentration variables at the previous time step, and then the new
gating and concentration variables.

4 Numerical simulations

We report in this section the results of parallel numerical simulations of the
three-dimensional slab of right ventricular tissue, performed on 40 cores of
the Linux cluster Horizon of the Department of Mathematics of the Univer-
sity of Milan. The code is written in Fortran90 and is based on the parallel
libraries MPI and PETSc [4], developed at the Argonne National Labora-
tory (USA).
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10 Silvia Caligari, Simone Scacchi

4.1 Computational domain, discretization and tissue parameters

The geometric model considered consists of a three-dimensional slab of right
ventricular tissue of size 5.76× 6.00× 0.36 cm3. The domain is discretized
by introducing a structured grid of ni × nj × nk hexahedral isoparametric
Q1 elements obtained by a uniform subdivision of the slab with a mesh size
of h = 1.5 · 10−2 (cm), where

ni = 384 nj = 400 nk = 24. (4.1)

For the semi-implicit discretization in time we use a time step of 0.05 ms.
We also assume a transversely isotropic tissue with conductivity coeffi-

cients

σel = 2× 10−3Ω−1cm−1, σil = 3× 10−3Ω−1cm−1

σet = 1.3514× 10−3Ω−1cm−1, σit = 3.1525× 10−4Ω−1cm−1

σen = σet , σin = σit

(4.2)

To model the malignant VA substrate, we introduce a region of cells, of size
2.88× 3.84× 0.36 cm3 (see Fig. 4.1-top panel), where channels conductivi-
ties and intercellular coupling are modified according to BrS characteristic,
described in the next sub-section.

4.2 BrS parameter setting

In the ECG waveforms, a coved ST segment elevation pattern followed by
a negative T wave is considered diagnostic of the Brugada syndrome. A
reduced function of cardiac sodium channel plays an important role in the
mechanism of BrS: the sodium channel blockers can provoke or augment
the Brugada ECG pattern and mutations in SCN5A, the gene encoding the
α-subunit of the cardiac sodium channel, are identified in ∼20% of patients.

The disorder more frequently observed in mutations in SCN5A is a de-
crease of sodium current INa ([10]), which leads to an imbalance between
the positive inward and outward currents at the end of the transient repolar-
ization phase of the cell action potential. This imbalance should occur with
decreases of inward sodium INa and L-type calcium ICaL currents or an in-
crease of outward potassium Ito current, which leads to a development of a
characteristic notch and the loss of action potential dome. Thus, one of the
way in which arrhythmias may occur in Brugada syndrome is through the
formation of a heterogeneous substrate, in which a region exhibits abnor-
mal action potentials. Such a substrate might be responsible for the onset
of reentrant arrhythmias, as suggested in [21].

Following the approach of Hoogendijk et al. ([18]), where ST segment
elevation is connected to reductions of sodium channel (GNa) and L-type
calcium channel (GCaL) maximal conductances and an increase of potassium
channel (Gto) maximal conductance, in our simulations, we modify in the
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Numerical simulations of cardiac reentry in Brugada syndrome 11

Fig. 1 Top: Three-dimensional slab of ventricular tissue. The red box represents the
region of cells affected by Brugada syndrome (BrS). Bottom: area of the slab where the
stimulus is applyed.

TP06 model GNa, GCaL and Gto in the region of BrS cells.
Referring to Antzelevitch ([1]), we also augment the slow delayed rectifier
current conductivity GKs and the potassium external concentration Ko,
trying to accentuate the action potential notch.

We consider the following different settings:

– Slab 1: GNa, GCaL and Gto are set in the BrS region at 20%, 70% and
150% of their normal values, respectively;

– Slab 2: in addition to the Slab 1 conditions, the intracellular conductivity
coefficients σil and σit are set in the BrS region at 25% and 12.5% of their
normal values, respectively;

– Slab 3: GNa, GCaL and Gto are set in the BrS region at 20%, 70% and
300% of their normal values, respectively;

– Slab 4: in addition to the Slab 3 conditions, σil and σit are set in the BrS
region at 25% and 12.5% of their normal values, respectively;

– Slab 5: in addition to the Slab 4 conditions, GKs and Ko are set in the
BrS region at 70% and 120% of their normal values, respectively.
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4.3 Stimulation protocol

Risk stratification in BrS is still challenging, especially in asymptomatic
case. In general, patients with documented ventricular fibrillation should
receive an implantable cardioverter defibrillator. However, for individuals
with a typical BrS ECG without documented ventricular fibrillation, the
best approch is still unclear. Pedro and Josep Brugada were the first to pro-
pose in 2002 ([8]), on the basis of data from their registry, that arrhythmia
inducibility at programmed electrical stimulation (PES) could be useful to
identify patients at high risk.

For our simulations we have decided to use the same pacing procedure
introduced in [8]. The excitation process is started by applying a stimulus
of 350 mA/cm3 for 1 ms on a small area 0.12× 0.12× 0.06 cm3 at the base
of the slab, see Fig. 4.1 (Bottom panel). For each simulation setting, we
first apply four pacing stimuli (S1) at a basic cycle length (BCL) of 500 ms.
Then, a premature stimulus (S2) is delivered 350 ms after S1. If S2 does not
generate a re-entrant arrhythmia, the S1-S2 coupling interval is shortened
in steps of 10 ms until arrhythmia is induced or the S2 fails to trigger
excitation. If arrhythmia is not induced, an additional S3, and if necessary
S4, is delivered in the same manner as S2 (initially delivered 350 ms after
previous stimulus, and then shortened until arrhythmia is induced or the
stimulus fails). The simulation of a single cardiac beat in this model required
3-4 hours.

4.4 Results and Discussion

4.4.1 Slab 1 and Slab 2 simulations

Fig. 2 reports the spatial distribution of transmembrane potential computed
from the Slab 1 simulation at eight time snapshots after an S2 stimulus
applied at 300 ms later than the last S1 stimulus and an S3 stimulus applied
at 240 ms later than S2. The excitation wavefront elicited by the S3 stimulus
undergoes a conduction block when it reaches the bottom border of the BsR
region (see Fig. 2-(B)), which is still refractory due to the prolongation of
the action potential. Then excitation moves around the BsR region, entering
it through the lateral borders (see Fig. 2-(C)) and thus inducing a cycle of
reentry (see Fig. 2-(D-F)). However, the reentrant activation wavefront is
not sustained, since excitation dies after the first cycle (see Fig. 2-(H)). Fig.
3 displays two action potential waveforms, computed at sites A and B of
Fig. 4.1 (Top panel). Site A is in the normal tissue, whereas site B is in the
BsR region. From these waveforms, it is clear that excitation dies after the
first cycle of reentry.

Fig. 4 reports the spatial distribution of transmembrane potential com-
puted from the Slab 2 simulation at eight time snapshots. Even in this
case, the S2 stimulus is delivered 300 ms later than the last S1 stimulus and
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(A) t = ts2+15ms (B) t = ts2+385ms

(C) t = ts2+450ms (D) t = ts2+500ms

(E) t = ts2+650ms (F) t = ts2+700ms

(G) t = ts2+750ms (H) t = ts2+900ms

Fig. 2 Slab 1 simulation. Snapshots of transmembrane potential distributions at eight
time instant after the S2 stimulus applied at ts2 = 300 ms, being t = 0 the onset of the
last S1 stimulus.

the S3 stimulus is applied 240 ms later than S2. The excitation wavefront
elicited by the S3 stimulus is blocked when it reaches the bottom border of
the BsR region (see Fig. 4-(B)) and it proceed along the lateral borders of
the BsR region (see Fig. 4-(C)), re-exciting it entering then from the top
border (see Fig. 4-(D)). Consequently, a reentrant excitation is generated,
that remains sustained, as also confirmed by the action potential waveforms
displayed in Fig. 4.4.

Thus, the reduction in the model of the intercellular coupling by modifying
the intracellular conductivity coefficients in BrS region is fundamental in
determining the maintenance of reentry.
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(A) Transmembrane action potential at point A in Fig. 4.1 (Top panel).

(B) Transmembrane action potential at point B in FIg. 4.1 (Top panel).

Fig. 3 Slab 1 simulation. Transmembrane action potential waveforms computed from
two sites in the normal (A) and Brugada (B) cell regions.

4.4.2 Slab 3 and Slab 4 simulations

In the second set of simulations, we set the Gto maximal conductance in the
BrS region at 300 % of the normal value, whereas the values of the other
parameters are the same as in the previous tests. Fig. 6 reports the spatial
distribution of transmembrane potential computed from the Slab 3 simu-
lation at eight time snapshots after an S2 stimulus applied at 300 ms later
than the last S1 stimulus and an S3 stimulus applied at 240 ms later than
S2. As it happens in the Slab 1 simulation, after the S3 stimulus, one cycle
of reentry occurs, due to the conduction block when the excitation wave-
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(A) t = ts2+15ms (B) t = ts2+385ms

(C) t = ts2+450ms (D) t = ts2+650ms

(E) t = ts2+800ms (F) t = ts2+900ms

(G) t = ts2+1000ms (H) t = ts2+1150ms

Fig. 4 Slab 2 simulation. Snapshots of transmembrane potential distributions at eight
time instant after the S2 stimulus applied at ts2 = 300 ms, being t = 0 the onset of the
last S1 stimulus.

front reaches the bottom border of the BrS regions. However, the reentry is
not sustained.

Then, in Slab 4 simulation, we reduce the intracellular conductivity as
done for Slab 2, keeping unchanged the other parameters. Fig. 7 reports the
spatial distribution of transmembrane potential computed from the Slab 4
simulation at eight time snapshots. Even in this case, the S2 stimulus is
delivered 300 ms later than the last S1 stimulus and the S3 stimulus is
applied 240 ms later than S2. The excitation wavefront originating from
the S3 stimulus is blocked at the bottom border of the BrS region, moves
around its lateral borders and then re-enter it from the top border, yield-
ing a reentrant excitation, that remains sustained, as also confirmed by the
transmembrane action potential waveforms displayed in Fig. 8. This result
confirms that the reduction of intracellular conductivities, together with the
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(A) Transmembrane action potential at point A in Fig. 4.1 (Top panel).

(B) Transmembrane action potential at point B in Fig. 4.1 (Top panel).

Fig. 5 Slab 2 simulation. Transmembrane action potential waveforms computed from
two sites in the normal (A) and Brugada (B) cell regions.

modifications of GNa, GCaL and Gto conductances, determines the mainte-
nance of the reentrant arrhythmia.

4.4.3 Slab 5 simulation

In the BrS region, we set the sodium channel conductivity GNa at 20% of
normal, calcium channel conductivity GCaL at 70% of normal, potassium
channel conductivity Gto at 150% of normal and we modify the slow delayed
rectifier current conductivity GKs and potassium external concentration Ko.
The first one is associated with the plateau phase of the action potential
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(A) t = ts2+15ms (B) t = ts2+385ms

(C) t = ts2+450ms (D) t = ts2+500ms

(E) t = ts2+575ms (F) t = ts2+575ms

(G) t = ts2+575ms (H) t = ts2+900ms

Fig. 6 Slab 3 simulation. Snapshots of transmembrane potential distributions at eight
time instant after the S2 stimulus applied at ts2 = 300 ms, being t = 0 the onset of the
last S1 stimulus.

and its formulation is based on an activation gate and a reversal potential
determined by a small permeability to sodium and a large permeability to
potassium ions. The second one is connected to the fast repolarization phase.
The GKs and Ko parameters are fixed at 70% and 120% of their normal
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(A) t = ts2+15ms (B) t = ts2+385ms

(C) t = ts2+450ms (D) t = ts2+650ms

(E) t = ts2+800ms (F) t = ts2+900ms

(G) t = ts2+1000ms (H) t = ts2+1150ms

Fig. 7 Slab 4 simulation. Snapshots of transmembrane potential distributions at eight
time instant after the S2 stimulus applied at ts2 = 300 ms, being t = 0 the onset of the
last S1 stimulus.

values, respectively. We also set the intracellular conductivity coefficients σil
and σit at 25% 12.5% of the normal values.

Fig. 9 reports the spatial distribution of transmembrane potential com-
puted at eight time snapshots. Even in this case, the S2 stimulus is delivered
300 ms later than the last S1 stimulus. The excitation wavefront originat-
ing from the S2 stimulus is blocked at the bottom border of the BrS region,
moves around its lateral borders and then re-enter it from the top border,
yielding one cycle of reentry. However, the reentry is not sustained.
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Fig. 8 Slab 4 simulation. Transmembrane action potential waveforms computed from
two sites in the normal (A) and Brugada (B) cell regions.

(A) t = ts2+15ms (B) t = ts2+250ms

(C) t = ts2+300ms (D) t = ts2+375ms

(E) t = ts2+400ms (F) t = ts2+475ms

(G) t = ts2+575ms (H) t = ts2+700ms

Fig. 9 Slab 5 simulation. Snapshots of transmembrane potential distributions at eight
time instant after the S2 stimulus applied at ts2 = 300 ms, being t = 0 the onset of the
last S1 stimulus.
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5 Conclusion

We have investigated by means of three-dimensional numerical simulations
the mechanisms producing successful initiation of reentry in the presence
of BrS. The mathematical model includes the Monodomain system for
the bioelectrical current flow in the cardiac ventricular tissue, the trans-
versely isotropic conductivities, the structure of the fiber architecture and
the ten Tusscher-Panfilov membrane model. The parallel code is based on
isoparametricQ1 finite elements in space and a semi-implicit finite-difference
method in time. Parallelization and portability are based on the PETSc par-
allel library. The results have shown that the combined role of conduction
and repolarization abnormalities and the reduced electrical coupling is an
important determinant for the initiation and maintenance of reentrant ar-
rhythmias.
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