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An artificial neural network approach for the dynamics of
enzyme-catalysed reactions

Ana-Maria Mosgneagu - Iulian Stoleriu

Abstract Biochemical reactions are chemical reactions that take place inside the cells
of living beings. Catalysts are substances that enable a chemical reaction to proceed at
faster rates by lowering down the activation energy needed for a reaction. Enzymes are
biological catalysts that play a crucial role in accelerating the biochemical reactions. One
important feature of enzymatic reactions is the enzyme saturation, which occurs when
all the enzyme active sites are already occupied by substrate. At saturation, the reaction
rate appears to attain an apparent maximum. Therefore, it is assumed that, after a short
transient state, the dynamics of the reaction reaches a quasi-steady state. The dynamics of
the reactions that take place in a biochemical process can be captured by a set of coupled
ordinary differential equations. In this paper, we employ an artificial neural network (ANN)
approach to approximate the solutions of the obtained dynamical system. Our method is
based on a mixture of feed-forward artificial neural networks and optimization techniques.
Several numerical examples are performed to show the efficiency of the method, and the
numerical results are compared with the ones obtained via the classical Runge-Kutta
method.
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1 Introduction

All living beings need energy to support life. The vital energy comes from
the reactions that take place within living things, which are called bio-
chemical reactions. Two of the most important biochemical reactions are
the photosynthesis and the cellular respiration. Therefore, the study of how
biochemical reactions take place in living organisms is of great importance
for the understanding of life. Besides this, the interest of scientist in enzyme-
catalysed processes and reactions for organic synthesis is constantly growing
in the pharmaceutical or cosmetics industry.

A biochemical reaction is the transformation of one molecule into a differ-
ent molecule inside the cell. These reactions are mediated by some catalysts,
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which are substances that can significantly speed up the rate of chemical
reactions. Typically, catalysts are large molecules that can process millions
of molecules every second. Catalysts are said to exert a catalytic reaction,
and a reaction in which a catalyst is involved is called a catalysed reaction.
An enzyme is a protein that acts as a catalyst inside a living cell and thus
help to support life. Enzymes are found in all tissues and fluids of the body.
Without enzymes, most chemical reactions in living things would occur too
slow to keep organisms alive. They act on substrates (a substrate is reactant,
other than catalyst, participating in a catalysed reaction), and they facil-
itate the reactions in which they participate, but they are not themselves
consumed in the process. A chemical reaction occurs only if the molecules
possess a minimum amount of energy (called the activation energy), and
the magnitude of this energy will determine how fast a reaction will pro-
ceed. The lower the activation energy, the faster will be the reaction. In
chemical reactions, the activation energy is usually obtained by increasing
the temperature or the concentration of the reactants. As biological systems
cannot raise heat or concentrations at will, enzymes facilitate the speeding
up process by lowering the activation energy without changing the Gibbs
free-energy required for this reaction to occur.

FEnzyme kinetics deals with time-dependent enzyme reactions that serve
to describe mechanisms of enzyme catalysis and regulation. Of major im-
portance is the study of the rates at which enzymatic reactions proceed.
These rates may be influenced by factors such as: enzyme or substrate
concentrations, the presence of activators or inhibitors, temperature, pH
etc. Enzymes contain some unique sites (called active sites) where other
molecules can bind, forming a mixture complex. The most important and
thus most extensively studied ligand is the substrate which is then converted
into product by the enzyme. The substrate temporarily binds to the enzyme
and, doing so, the activation energy needed for a conversion into product is
lowered. After the binding, substrates undergo an enzyme-induced chemical
change, and then they are converted into products.

Complex biochemical processes are usually described as a succession of
simple and reversible binding steps and largely irreversible catalytic steps.
Each step constitutes an elementary reaction. The simplest case of an
enzyme-catalysed reaction is the conversion of a single substrate into prod-
uct, as for isomerisations and cleavage reactions (for more details related to
this subject one can consult, for example, [1]). If we denote by E, S, C' and
P the concentrations of, respectively, the free enzyme, the free substrate,
the enzyme-substrate complex and the product, then the schematic repre-
sentation of this biochemical process is represented in Figure 1, where k1,
k_1 and ko are constant parameters associated with the rates of the reac-
tion. Note that the concentrations of the reactants are changing in time. In
the first step, enzyme and substrate bind to each other to form a complex
C. As the enzyme facilitates the crossing over the activation barrier, the
substrate is transformed rapidly into product. Enzymes and products then
dissociate to form F and P. The first reaction that takes place is reversible,
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Fig. 1 A canonical enzyme-catalysed reaction

that is, under certain conditions, the complex may break-down at a rate
k_1. For simplicity, it is generally assumed that the second reaction is irre-
versible. Typically, it is assumed that the rate ko is much greater than the
rate of the reverse reaction (practically, one assumes that product is contin-
ually removed), which prevents the reverse reaction of the second step from
occurring. In reality, this is not always the case.

Let us also note that the set of chemical reactions, as they are presented
here, acts as being separated from the outside world, and thus can only be
considered as a schematic model for an in vitro biochemical process (that
is, a process that takes place in an isolated environment). However, in a
living system, large numbers of enzymatic reactions are networked in a
complex manner. A particular enzymatic reaction, as the one in Figure 1, is
embedded in such a pathway, taking product molecules from the previous
reaction step and supplying substrate to the next step. Moreover, a living
system may take up substrates from external sources and releases products
to them. Therefore, all enzymatic reactions in a living system are in vivo,
and so they are subject to substrate input and product removal. In [15] and
[16], the authors added an input of substrate (constant or periodic) to the
scheme presented in Figure 1, and then studied how the dynamics of the
newly created models are changing as a consequence of this fact.

In Chemistry and Chemical engineering, the law of mass action is em-
ployed to explain and predict behaviours of solutions that are in dynamic
equilibrium. This law states that the rate of the chemical reaction is di-
rectly proportional to the product of the concentrations of the reactants.
The natural language for describing chemical kinetics in a mass action ap-
proximation are networks of coupled ordinary differential equations. Using
the law of mass action, one can write the governing equations for the bio-
chemical reaction in Figure 1 as in (2.1) - (2.4) in the next section.

In order to solve this system of differential equations, the time-dependent
concentration changes must be known, fact that is hard to realize in practice.
There is no known method that can provide an analytical solution to the
system. One can, however, calculate numerical solutions for any specific
values of the initial conditions and kinetic parameters by evaluating the
equations on a computer. For example, one can easily discretize the above
system of equations and then simulate its solutions on a computer using
some conventional numerical methods, such as the Runge-Kutta methods,
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the predictor-corrector methods or the finite-element methods, by which the
solution can be approximated to the desired level of accuracy.

In this paper we follow a different approach, and model the dynamics of
the above system by employing an artificial neural network setting. Similar
approaches have been used in [6] and [8] but for different mathematical
problems. Machine-learning algorithms have become increasingly popular
in solving a wide variety of problems that arise in sciences. Motivated by
the known fact that a multilayer perceptron with one hidden layer can
approximate any function to arbitrary accuracy, it is reasonable to consider
this type of network architecture as a candidate model to approximate the
solution of the above system of differential equations.

An artificial neural network is a piece of a computing system that is
trained to simulate the way the human brain analyses and processes infor-
mation. We shall use here a feed-forward ANN as the basic approximation
element of the solution of the system, whose hyper-parameters (weights and
biases) are adjusted at each iterative step to minimize an appropriate cost
function. To train the network we employ optimization techniques, which
require the computation of the gradient of the cost function with respect to
the network parameters. The model function is expressed as the sum of two
terms: the first term satisfies the initial conditions and it contains no ad-
justable hyper-parameters; the second term is a feed-forward neural network
with one hidden layer. Starting from a set of randomly chosen parameters,
the ANN will be trained to satisfy the set of differential equations, and then
to predict our solution on the desired time interval. The trial solution of
the model is generated by training the algorithm. The computational com-
plexity of the method does not increase considerably with the number of
sampling points. The method we present here can be easily adapted to solve
any linear or nonlinear ordinary and partial differential equations.

The idea of approximating the solutions of differential equations with
neural networks was firstly implemented in [4], where training was accom-
plished by minimizing a loss function based on the networks satisfaction of
the boundary conditions and the differential equations.

The approximate solution by ANN has many benefits compared with tra-
ditional numerical methods. We mention here some of them (for more de-
tails, see [6]).

— The ability of implicitly detecting complex nonlinear relationships be-
tween dependent and independent variables.

— Any solution obtained via ANNs is differentiable and written in a closed
analytic form, that can be easily employed in any subsequent calculation.
As a comparison with the Runge-Kutta method, the latter one offers only
a discrete approximation of the solution.

— The number of model parameters that are needed to perform a solution
approximation based on ANN’s is far less than any other solution tech-
nique. Therefore, compact solution models are obtained, with low demand
on memory space.
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— The ANN method can be applied to a wide range of mathematical prob-
lems, such as: ordinary differential equations (ODESs), partial differential
equations (PDEs), systems of ODEs or PDEs, regression analysis etc.

— The method can be implemented in hardware, by the use of neuropro-
cessors, and hence offer the opportunity to tackle in real time difficult
differential equation problems arising in many engineering applications.

— The method can also be efficiently implemented on parallel architectures.

However, we also mention here some disadvantages of the ANN setting:

— The main disadvantage of the ANN methods is that an ANN model is
a black-box model, and thus very little is understood from what hap-
pens inside the model. With other words, there is no simple link between
the weights and the function that is approximated. Despite the fact that
a proper built ANN model can approximate any function, studying its
structure won’t give you any insights on the structure of the function
being approximated.

— The network architecture includes a set of hyper-parameters that has
to be tuned in the model, fact that can become very laborious and/or
computationally expensive for large networks.

— The tuning of these parameters comes with the minimization of some cost
function. In some cases you don’t get the nice guarantees that come with
convex optimization, such as global minima.

If the benefits and the drawbacks of using an ANN method are weighted,
the decision is evidently in the favour of using it.

Another important limitation, this time of any numerical method im-
plemented on a computer, is that they are scale-aware, that is, it cannot
deal with large intervals for the range of the input layer, as the errors ac-
cumulated over a larger range build up. In this paper, we have overcome
this inconvenient by decomposing the time interval used in simulations into
smaller intervals, and then applied the ANN algorithm for each subsequent
interval. The solution at the end of each interval becomes the initial solution
for the new time interval. At the end, we have glued together these solutions
and obtained the solution on the desired time interval. However, when it
is possible, the input data can be scaled to a smaller size interval, such as
[0, 1] or [0, 2], where the approximation errors do not accumulate very fast.
The problem with this approach is that, when scaling down ¢, the derivative
of the solution with respect to t increases, making the solution oscillating
more drastically and thus harder to fit.

The remaining of the paper is organized as follows. The next section
contains a review of the most important mathematical models for the in
vitro enzyme-catalysed reaction depicted in Figure 1. We shall discuss the
mathematical models derived via the law of mass action, via the Michaelis-
Menten formalism and via the Briggs-Haldane mechanism. In Section 3, we
discuss how the previous mathematical models can be adapted to analyse
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the biochemical reaction depicted in Figure 3, and compare the results with
the ones obtained in the previous section. Section 4 introduces the setting
for the numerical approximation of the enzyme-catalysed reaction using an
ANN approach. Section 5 contains some numerical tests to illustrate the
effectiveness of the proposed numerical method. Finally, some comments
and ideas of future work are presented in the last section of the paper.

2 Mathematical models for enzyme-catalysed reactions in vitro

By employing the law of mass action, one can transform the reactions in
Figure 1 into the following system of differential equations:

E

C;—t = —klES + kflc + kZCa (21)
d

ch = —k1ES + k_1C, (2:2)
% =k ES —k_1C — koC, (2:3)
dpP

@k 2.4
a ~ ¢ 24

This system is usually accompanied by a set of initial conditions of the form
E(0) = Ey, S(0) =Sy, C(0)=0, P(0)=0.

One can easily observe that, by adding the first and the third equation, one
arrives at E(t) + C(t) = Ey = const., which is the conservation of enzyme
law. However, the system obeys a second conservation law, that is

S(t) 4+ C(t) + P(t) = Sp, t > 0.

Using the law for the conservation of enzyme, the system can be reduced to
only three equations:

% = —kl(Eo — C)S + ]{3_10, (25)
dC
o = k(o — C)S — (k1 + ka)C, (2.6)
dP
o =k (2.7)

The last equation is decoupled from the first two equations, and represents
the turnover rate v in product concentration. Therefore, the minimal set of
equations that describes the evolution of the biochemical reaction is formed
only by two equations, namely (2.5) and (2.6).

Under some specific assumptions, Michaelis and Menten proposed in [9]
a mathematical model that further simplifies this system of equations. This
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model is widely known as the Michaelis-Menten model and is now one of
the best-known models of enzyme kinetics. The assumptions in their model
are:

— the substrate and enzyme react very rapidly to form the enzyme-substrate
complex C;

— the reaction rate ko is relatively small compared to k_1;

— the substrate concentration greatly exceeds the enzyme concentration, so
that all enzyme activation sites become saturated with substrate. If this
is the case, one may assume that the complex creation remains fairly
constant in time and an equilibrium is established between F, S and C.

With other words, Michaelis and Menten assumed that the enzyme reactions
do not follow the law of mass action directly. At equilibrium, we shall have
that

khES=k_C.

Using the conservation of energy, one can easily obtain that

Ey S
Cin—V—S’

k_
where K; = k—l is the dissociation constant for the enzyme-substrate com-

1
plex. Hence, the production rate is

7£7 Umaz S
Cdt Kg+ S’

We can easily see that for S < Ky, we have S + Ky =~ K, therefore v  S.
This means that at low substrate concentrations the enzyme will not be
saturated with substrate and the complex concentration C' (and therefore
the production rate v) will be proportional to the concentration of S. On
the other hand, for S > K, we can write S + Kz~ S and then v = vqz.
This means that for large amounts of substrate, the reaction takes place at
constant maximum velocity.

One major critique of the Michaelis-Menten approach is that the assump-
tion ko < k_p is not always valid, and thus the equilibrium is only an
approximation. An alternative analysis of the system was undertaken by
Briggs and Haldane in 1925 in [3]. The main idea of their approach is that
the complex concentration remains fairly constant on the time-scale of prod-
uct formation, assumption that is known as the quasi-steady-state assump-
tion. Based of the Briggs-Haldane approach, a complex formation rapidly
occurs over a short period of time. When the substrate concentration is
much larger than the enzyme concentration, the enzyme will be saturated
with substrate and the reaction cannot proceed any faster by adding more
substrate. As a consequence, the reaction production rate remains fairly
constant in time. From equation (2.6) we see that the complex concentra-

tion C is also constant in time, and thus % ~ 0. By setting % =01in (2.6),

v where vy, = ko Ey is the maximum reaction velocity.
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Fig. 2 The solutions of (2.5) and (2.6) for different initial data (thin lines), approaching
the invariant manifold (2.9) (bold line).
differential-algebraic system:

ds

the system formed by the differential equations (2.5) and (2.6) reduces to a
dt

—ki1(Ey — C)S + k_1C,

(2.8)

Ey S

C= L,

S+ Ky
where Ky = %
duction rate becomes
dP

v =

(2.9)
is the so called Michaelis-Menten constant. The pro-
al” Umaz S
dt S+ Ky’

where vy =ko Eo is the maximum reaction velocity.
tration satisfies the equation

We also obtain that, during the quasi-steady state, the substrate concen-

ﬁ _ Umazx S
dt S+ Ky
(2.10) with S(0) = Sp, which is

(2.10)
In [11], Schnell and Mendoza found a closed form solution for the problem

SO - 'Umaxt

)

As we have seen, the derivation of this formalism is based on certain

assumptions, principally, the quasi-steady state assumption (QSSA). The
validity of these assumptions has been the subject of much attention. It

S
S(t) :KMW< 0 exp(
K
where W (+) is the Lambert W function.
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Fig. 3 A canonical enzyme-catalysed reaction with added substrate input

was initially proposed that a necessary condition for the standard or classi-
cal (sQSSA) assumption is that the initial substrate concentration greatly
exceeds the concentration of the enzyme. This situation often arises in labo-
ratory experiments, but is less common for reactions in vivo. Consequently,
new weaker necessary conditions on the initial concentrations have been
derived. Such validity conditions are, for example:

Eo < So+Ky (in [12], [13]) or keEo < ky(Eo+So+EKa)? (in [2], [13]).

Moreover, when the initial enzyme concentration greatly exceeds that of the
substrate concentration, a reverse quasi-steady state assumption (rQSSA)
can be made ([13] and below). In the case of a very large enzyme concen-
tration when compared with the substrate concentration (Fy > Sy and

Ey > %), the substrate remains fairly constant in time and one may as-

sume that % ~ 0. By using this assumption in the system (2.5) and (2.6),
we arrive at
K;C k_1
S = K = —
E,-C’ ( T h )
ac
— = —koC.
dt 20

In both approaches, the dynamics of the system (2.1) - (2.4) is composed of
two phases: the fast transient, in which the substrate rapidly binds to the
enzymes and the quasi-steady-state phase, in which enzyme becomes satu-
rated with substrate and the reaction rate becomes maximum and constant.

3 Mathematical models for enzyme-catalysed reactions in vivo

Although much effort has been made to elucidate the conditions for apply-
ing the sQSSA or the rQSSA to derive Michaelis-Menten formalism, almost
all previous work has concentrated on the reactions with no substrate in-
put. As an enzymatic reaction is only a small part of a larger pathway of
reactions, we must also consider the set of equations (2.1) - (2.4) in a in
vivo environment. Typically, enzymatic reactions take product molecules
from the previous reaction step in a pathway and supply substrate to the
next step. In [14], [15] and [16], the authors added a substrate input to the
biochemical reaction of the general form

I(t) = Ip(1 + esin(wt)), t>0, (3.1)

331



10 Ana-Maria Mogneagu, Iulian Stoleriu

and investigated the effects of this substrate input on the derivation and
validity of classical quasi-steady state assumptions. The form of this input
is motivated by the fact that, in the case of a periodic input, the amplitude
of input to an enzymatic reaction is generally controlled by the maximum
enzyme activities of preceding enzyme reactions. Therefore, the amplitude
of such inputs is usually limited to a certain range. The questions raised in
these papers were:

— What are the conditions for the validity of the sSQSSA (resp., the rQSSA)?

— Given that sQSSA (or rQSSA) holds in the case of an isolated biochemical
reaction, that is Iy = 0, what is the effect of input on the QSSA?

— Given arbitrary kinetic rates and initial conditions, can an input Iy be
found that moves the system into the QSS?

The time evolution of the concentrations of the reactants in Figure 3 can
be described by the following system of ordinary differential equations:

dE

— = —hES + k1O + kaC, (3.2a)
% = I(t) — kyES + k_1C, (3.2b)
% =k ES —k_1C — k2C, (3-2¢)

together with the decoupled equation,

dP
— kO 2
= kaC (3.2d)

The typical initial data are:
E(0) = Ey, S(0)=5Sp, C(0)=0 and P(0)=0. (3.3)

The case of constant substrate input (that is, when € = 0, thus I(t) =
Iy), was intensively studied in [14] and [15]. By using the global invariant
manifold theory, it was found that, if the quasi-steady state assumption
holds for a system without input (that is, with Iy = 0), then it continues to
hold for all positive inputs. Moreover, it was found that the QSSA gets even
better, in the sense that the necessary condition for validity is relaxed by
increasing Iy, and thus the QSSA is valid for a wider range of parameters
and initial data. Furthermore, the errors in product production rate decrease
with increasing Iy. These results are contained in the following theorem:

Theorem 3.1 1. Suppose that the initial data and kinetic parameters are
chosen such that the following conditions hold for Iy = 0.

e (Hy): S(t) is approximately constant during the transient period,
o (Hy): the transient time scale ty is much less than the time scale ty for
the quasi-steady-state period.
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Then they hold all Iy > 0.

2. For any initial data and any choice of values of the kinetic parameters,
there exists an Iy > 0 (dependent on the initial data and kinetic parameters),
such that (Hy) and (H3) hold for all I > Ij.

It was also noted that, even in the case where the introduction of (a
possible sufficiently large) input maintains or widens the applicability of a
QSSA, the time scales associated with the transient and QSS periods, the
form of the quasi-steady state solution itself, and the associated reaction
rate equation are all dependent on the value of the input. Therefore the
formalism established in the absence of input does not, in general, provide
accurate information regarding systems with input.

In [16], the authors investigated the effects of small perturbations on the
dynamics of the system (3.5), on the timescales for each phase in the dy-
namics, and on the validity conditions for the quasi-steady state. In order
to be able to perform comparison with the previous cases, the initial data
for the system (3.2) was chosen as

E(0) = Ey, S(0)=5Sy+S3, C(0)=C and P(0) =0, (3.4)

: & _ Kulo A I _ kotk : .
with S = Ny and C' = &, where Ky = =7 Note that, in this case,

the enzyme conservation law is
E(t) + C(t) = const. = Eg + C.
Using this, and following similar arguments to those outlined above, it is

straightforward to show that if we consider the initial data given in (3.4),
then the system of differential equations (3.2) can be rewritten as

B = 1)~ h(Bo+ ¢~ 0)S + k10, (3.5)
%f — k(B + C — C)S — kKC, (3.5b)

together with the uncoupled equation for P(t), that is equation (3.2d).
For e sufficiently small, the dynamics of the system can be divided into three
phases. Firstly, a rapid transient takes place, which occurs on the timescale

1
t ~ = . (36)
/{:1(50 + S+ KM)

During the transient phase, the substrate concentration S remains approx-
imately unaltered but one can observe a rapid increase in complex concen-
tration C. Notice that this time scale is unaltered by the introduction of
the perturbation.
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In the second stage, the enzyme becomes saturated with input and a
quasi-steady-state occurs. Making the sQSSA with respect to system (3.5),
the following differential-algebraic system was derived:

ds ko EoS Ey+O)S

= = I() - 2707 o= M (3.7)
dt S+ Ky S+ Ky

In the second stage, the solution of the full system remains very close to
the quasi-steady-state manifold, that is very close to the solution of the
approximate system (3.7). The quasi-steady-state occurs on the timescale

_So+ S+ Ky

ty ~ k‘gEo + 0(6)7 (38)

By setting € = 0 in ¢2, one can rediscover the quasi-steady-state timescale
for the system with constant input Ij.

Finally, in the third stage, the solution to the full system settles to a
seemingly periodic behaviour with period %T, i.e. the same period as the
input oscillation. By using the Brouwer Fixed Point Theorem, it was proven
that

Theorem 3.2 For any value of €, 0 < € < 1, system (8.5) has at least one
positive 2U”fpem'oclic solution. Moreover, for e sufficiently small, 2Uﬁfpem'odic
solution 1s unique and varies continuously with e.

We see that the period of the periodic solution equals the period of the in-
put oscillations. Numerical approximation of the Floquet multipliers shows
that the periodic solution is linearly stable. As the frequency w is increased,
the limit cycle reduces in size.

It was also concluded in [16] that that the standard quasi-steady-state
approximation remains valid to the full dynamics for a wide range of input
amplitudes and frequencies. The most accurate QSSA is found when the in-
put performs high frequency, small amplitude oscillations around a positive
mean value. This accuracy remains high even in the case of large perturba-
tions, provided the frequency of oscillation is sufficiently high. The periodic
solution becomes a stronger attractor with increasing e, which perhaps is to
be expected, as the forcing term becomes more dominant in the dynamics.
This fact will be also shown graphically in the numerical experiments using
ANN’s in the next section.

4 The artificial neural network setting
In this section, our purpose is to approximate the solution of system (3.5) on
a finite time interval [0, 7] via a numerical method that combines artificial

neural networks (ANN) and optimization techniques. Similar approaches
have been used in [6] and [8] but for different mathematical problems. The
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universal approximation theorem (see [5]) states that a multilayer percep-
tron network with one hidden layer can approximate any continuous func-
tion to arbitrary accuracy. For this reason, we shall build in the following
a network architecture that can approximate both concentrations S and C.
For more details on machine learning and the architecture of neural net-
works, one can consult, for example, [10].

If we consider a discretization of time interval [0, T'] into a set of arbitrary
points {t;}, i = 1,...,n, the system (3.5) will be approximated by

ﬁ(ti) = Io(1 + esin(wt;)) — k1 (Eo + C — C(:))S(t;) + k_1C(t:),
ddé (4.1)
—r (t) = Fy (Fo + C—Ct:))S(t;) — kiKyC(t), i=1,...,n.

subject to the constraints imposed by the initial conditions S(0) = Sy + S

and C(0) = C.

As specified in the beginning of this section, we intend to use multilayer
perceptron networks with one hidden layer to approximate the solution of
(4.1). In Figure 4, we have represented a neural network with three layers:
one input layer, one hidden layer, and one linear output layer. We have

input hidden output
layer layer layer

Fig. 4 The architecture of the three-layer ANN

taken t € [0, 7] as the input layer. We consider that the hidden layer has H
sigmoid units, and the neural network adjustable parameters are the input
and output weights w; and v;, and the biases u; of each hidden unit j,
j=1,...,H. Here, w; denotes the weight from the input unit to the hidden
unit j, and v; denotes the weight from the hidden unit j to the output.
Usually, the numbers of nodes H in the hidden layer are taken by trial and
error method. The output of the network is

N(t,w,u,v) = vjo(w;t + uj), (4.2)
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where w = (wy,wa, ..., wy), u= (u,u,...,ug), v=(v1,v2,...,vq), and
o(x) = H% is the sigmoid activation function.

We are now building the trial solution for the method. We consider that
each component of a trial solution (S*,C*) of the system (4.1) is repre-
sented by a sum of two terms: the first one includes the corresponding
initial condition, and the other one includes a feed-forward neural network
with the architecture already specified. The second term implies the neural
network adjustable parameters that will be determined using some opti-
mization techniques. Unlike the second term, the first one does not contain
any adjustable training parameters. Thus, we consider a neural network for
each component of a trial solution (S*,C*) of (4.1) :

S*(t, wrut, vt) = So + S+ tNy(t,wh,ut,vt),

. (4.3)
C*(t,w?, u?,v?) = C + tNy(t, w?, u?,v?),
where, as in (4.2),
Ny (t,wh,ut, vt Zvawt—i—u) (4.4)
Na(t,w?, u?, v?) Zva 2t+u)
with w! = (wi,wi,...,wh), u' = (u%,u%,...,uH), ol = (vi,vd,..., k),

the adjustable parameters of the neural network corresponding to S, and
w? = (wi w3, ... w}), vt = (ul,ud,... uy), v = (v} 03,... ,UH) the
adjustable parameters of the neural network corresponding to C. Let us
notice that the trial solution satisfies the initial conditions for the system
(4.1).

For the easiness of writing, we denote by fg« the right hand side of the
first equation of the approximated system (4.1), and by fc- the right hand
side of the second equation with respect to the trial solution (S*,C*). The
problem of finding the solution for (4.1), namely the approximated solution
of the system (3.5) over the discretization set of points {t;}, i = 1,...,n,
is equivalent to determine the solution (S*, C*) that satisfies the following
unconstrained optimization problem

Minimize E(01,602), (4.5)

01,02

where 0 = (w', ut,vl), O = (w?, u?,v?), and

E(61,65) :Z (dj;* (ti, 01) — fs- (t¢,91,92)> + (4.6)

=1

M:

dc* ?
> (G 00— fe-(1,0)
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ANN approach for enzyme-catalysed reactions 15

The minimization of the cost function (4.6) represents in fact a way to
training the neural network. The reason is as follows: the approximation
error corresponding to each input ¢; has to become zero. The cost function
(4.6) is also called the error function, and the training algorithm is called
back-propagation. Firstly, the set of hyper-parameters (61, 62) of the neural
networks are initialized with uniformly generated random numbers in the
interval [0, 1]. Then, we calculate the corresponding cost functional and its
gradient. Our aim is to efficiently minimize the error function, and obtain
optimal values for 6; and 65. With the updated parameters, we resume the
learning process until the specified number of epochs is reached. The final
optimal values for 6; and 6, are used to predict the solution of (4.1) for any
arbitrary set of test points from [0, T7].

In order to evaluate the total error, we need to compute the following
derivatives, taking into account relations (4.3) and (4.4). We shall have:

s dN, LI, u

W(t,91):N1(t,91)+tﬁ(t,91):z jo(wit+uf)+t Zv wjo’ (wjt+us),
7=1 7j=1
H H

ac* dN:-

W(t’92):N2(t’92)+td7t2(t’92)zz o(wit+uf)+t ZUQU)QO'I wit+u3),
Jj=1 j=1

for an arbitrary ¢ € [0,T]. Thus, the cost functional (4.6) becomes

2

10! (witi + uj)—fs-(ti, 01, 02)| +

E(64,05) Z Zvawt +u

=1 \y=1

uMn:

Z Zv o(wit; +u +t2v2 o' (w3t +uf)— fo- (ti, 01,602)| .-

=1 \j=1

The error computation not only involves the outputs, but also the deriva-
tives of the network output with respect to its inputs. Therefore, in order
to apply an appropriate minimization algorithm to the problem (4.5), we
need to evaluate the gradient of the error. Firstly, lest us denote by

*

S
H(thel) - fS* (ti791a92)7

ac
dt

Ai(ti, 0h,02) =

Bi(t;,01,02) = ——(ti,02) — fc-(ti,01,02).
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16 Ana-Maria Mogneagu, Iulian Stoleriu

In the following, we evaluate the derivatives of the error with respect to all
of its inputs.

8 n
8w] (01,0,) = Z (ti,01,02) [tiv] (207 (wjt; +uj) + witio” (wit; + uj))
8f - A f o
8 (tl791702>] ZBi(ti391792)87ui(ti391792)
i=1 J

OF 5 (01,02)= Z (ti,01,602) [tivs (20" (wit; +u3) + witio” (witi+u3))

ow?
] i=1
~Ofer Ofs-
8 (t’w91792 _2;14 tl701792)8 2 (t1701762)
OF - L )
a—u}(el,eg) :22Ai(ti,01,92) [vf (o' (wits +uj) + wjtio” (wit; + uj))
=1
0 0
8fsl (t’nelaeQ 722B tl791702) 8f0 (tl791702)
=1 .7
8 2 2
o 2(91,92 _223 (t;,01,0) [v7 (o' (witi + u3) + witio” (wit; + u3))
=1
19} 0
o t01,00) _2;,4 (t101,02) 1,0
oF
5 1(91,92 _QZA (ti, 01, 02)(c + wjtio’ (w)t; +uj)
i=1
_ Ofs- dfc-
a 1 (tl791792 _21213 tlaelaHZ) 87}]1 (tivelaGZ)

8 n
01,05) = Z (ti, 01, 02) (0(wit; + u?) + witio! (wit; + u3)

ov 2( —
3fc 8fS

6 2 (t2761762 _2ZA tl701702) 8 2

=1

(t“ 017 62)

In the above formulae, we have used the following derivatives:
Ofs+
ow 1
5’f o
ow 1

t2,91,92 = *k‘l EO + é - C* t,-,@z tZUlUI ’U}ltl +U1
L] J J

(tl,91,92) = kl(Eo—f—C C*(tl,eg))t 1) o (w t; +u )
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ANN approach for enzyme-catalysed reactions 17

0 fg- R
afsl (tz, 91, 92) = —]{51 (E(] + C - C*(ti, 92))1%1)}0”(’(0}% + ujl)
Ofc- A ¥ 10,01 1
W(Q,el,ez) = kl(Eo +C-C (ti,eg))tﬂ)jg (wjti + uj)
J
afs* o A * 1 1
9 1 (tz,91,92) —k‘l(E() +C-C (ti,eg))tid(’wjti + u]-)
5fc .
v 1 (tl,91,92) = k)l(E0+C C (tl,ez))t O'(U} t +U )
8fS* * 2.2 1 2 2
B 2 (ti, 01,02) = (k1S™(ti, 01) + k—1)t;vjo (wit; +uj)
8fC * 2,2 1/ 2 2
8 2 (t2)91792) (k]_S (tl,a]_) +k-1)tivj0 (wjtl+u]>
Ofs- « 2 s 2 2
5y 2 (ti, 01,02) = (k1.S™(ti,01) + k—1)t;vj o’ (wit; + uj)
afc * 2 10,2 2
ou 2 (t,,91,92) (le (ti,91) +k‘71)tﬂ}j0 (wjti-i-uj)
Ofgx
8f52 (t;,01,02) = (k1S™(t;,61) + k:_1)tio(w]2»ti + UJQ)
8fC * 2 2
o 2 (ti,01,02) = —(k1S (ti,91)+k,1)tia(wjti+uj)

In our numerical simulation, we have used the Levenberg-Marquardt algo-
rithm (LMA) to minimize the error function, by taking into account the
computed gradient. This algorithm combines two important optimization
techniques: the Gauss-Newton algorithm and the gradient descent method.
The conceptual algorithm is as follows:
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18 Ana-Maria Mogneagu, Iulian Stoleriu

STEP 0:

— set the initial conditions, the model parameters, and the number of epochs;

— generate a set of random training points ¢; € [0, T], i = 1,..,n, and two
sets of adjustable parameters, 6; and 65, uniform randomly chosen, for
both neural networks Ny and No;

STEP 1:

— for each epoch:
— using the current values of hyper-parameters #; and 03, compute the
outputs N; and Nj, the trial solution

(S*,C*) = (S8*(t;,01),C*(t;, 02))

of system (4.1), the error function by (4.6) and the corresponding gra-
dient;

— apply LMA and find a local minimum for (4.6);

— update 0, and 05;

Step 2:

— for any set of test points and using the optimal values of the parameters
01 and 05 obtained from STEP 2, approximate the solution of system (4.1)
by (4.3).

When the time interval [0,T] is too large, e.g. T > 1, the accumulation
of errors leads to a weaker accuracy of the approximated solution (see [17]).
In order to improve the accuracy on the whole time domain, we propose a
domain decomposition technique as follows: the time interval [0, T is decom-

N
posed into N sub-intervals, such that [0,T] = U [ty thr1], With t = w
k=1
and tpy 1 = %, k=1,...,N.
Then, the problem is solved for each time subinterval [tg, tgi1], k& =
1,..., N, using the already described method. For each sub-interval, the
initial condition is set to be the approximate solution at the final point in
the previous sub-domain. This domain decomposition technique leads to a
consistent improved accuracy.

5 Numerical experiments

In this section, we perform numerical experiments using the proposed nu-
merical scheme. In all experiments we have taken n = 10 randomly chosen
training points inside each subinterval [tx, tx41], Kk =1,...,N,and H =4
neurons on the hidden layer. All simulations are performed using MATLAB
software ([7]). The number of split subintervals N varies from experiment
to experiment, as needed.
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ANN approach for enzyme-catalysed reactions 19

5.1 Experiment 1

In this experiment we wanted to compare the proposed ANN scheme with
the classic Runge-Kutta scheme. After the split of the whole time interval
into 9 equal subintervals, we have computed for each subinterval the approx-
imate solutions obtained via both methods. At the end of the algorithm, we
glued the corresponding solutions at the extremities of these subintervals,
such that the solution on each subinterval evaluated at the end-point be-
comes the initial value for the solution in the next interval. At the end,
the two solutions (ANN and R-K) are plotted together in the same picture
(see Figure 5). Here we have considered: Fy = 2, Sy = 2, ky = 3, ke = 1,
ka=1I=1l,w=%, N=T=9¢=0.1

—— ANN solution
- = R-Ksolution
() estimated t, (ANN)
o estimated t, (ANN)
Y estimated t, (R-K)
[ estimatedt, (R-K)
centre manifold

N
T

N
o

C (complex concentration)

I 1 1
0 0.5 1 1.5 2 S, 25

S (substrate concentration)

Fig. 5 Dynamics of the system approximated by the ANN method (blue curve) and the
Runge-Kutta method (red curve). Here we have used the following parameters: Fo = 2,
30:2,161 :3, k2:1, k71:1, I():l,w:%,T:g,E:D.l

As one can observe from the figure, the two solutions are very close to
each other. Basically, they overlap on each other on the entire length of the
interval [0, T'|. As also stated before, the ANN solution is analytical, written
in a closed form, and can be used to predict values for the solution functions
even outside the interval used in simulation, but not too far.

For this choice of initial data and parameters for the system (3.5), the
steady state assumption is not valid. As the end-point of the simulation
interval (T') is not too large, the solution has not reached the third phase of
the dynamics, that is the periodic solution phase. However, we have com-
puted numerically the estimated timescales for the first two stages, namely
t1 and to, via both numerical methods. One can see that we obtain the same
values for the estimated timescales, regardless the numerical method used.
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20 Ana-Maria Mogneagu, Iulian Stoleriu

5.2 Experiment 2

In the second experiment we have simulated the dynamics of the system
(3.5) over the interval [0, 75] using the ANN method. The parameters used
in this simulation are: Eg = 2, So = 10, k1 =3, ko =1, k_1 =1, Iy = 1,
w=0.1me=1and N =T = 75. As we have expected and also represented
in Figure 6, all three stages of the dynamics are reached by the solution.
Here, we have also estimated the timescales for the transient and the quasi-
steady-state. The limit cycle has a period of 207, the same as the initial
input oscillations.

——ANN solution
--------- centre manifold
o estimated t‘1

| = estimatedt,

[N}
T

(2]

C (complex concentration)
= o
T

0.5

0 I I I L I I
0 2 4 6 8 10 s 12

S (substrate concentration)

Fig. 6 Dynamics of the system approximated by the ANN method. Here we have used
the following parameters: Fg = 2, So =10, k1 =3, ko =1, k-1 =1, [p =1, w = 0.1,
T="75e=1

5.3 Experiment 3

In this experiment we have approximated four different shapes of limit cycles
that are obtained by simulating the solutions of the system (3.5) via the
ANN method, and then plotted them in Figure 7. As one can observe,
these limit cycles come in various shapes and sizes, depending on the set of
parameters and the initial data. Inside each limit cycle we have represented
the corresponding steady state (S, C).
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Fig. 7 The limit cycles and the steady state of the system approximated by the ANN
method for various values of € and w. In all pictures, Ip =1, k1 = k2 = k_1 = 1.

5.4 Experiment 4

In this experiment we use the graphical representation of the hyper-pa-
rameters 01 = (w!, u!, v!') and 6y = (w?, wu?, v?) for both ANN’s, to
show their convergence to the corresponding optimal values. As mentioned
in the introduction, there is no analytical method to prove theoretically
the convergence of the hyper-parameters, as the entire optimization process
takes place inside the black box of the neural network.

We have considered here N = T = 1, a number of 10 randomly chosen
training points inside the interval [0, 1], and 4 neurons on the hidden layer.
Figure 8 shows the convergence of the computed values for the weight pa-
rameters wj, uy and v} (h=1,...,4) in just a few epochs. A similar figure
is obtained for the weight parameters w7, v and vi (h=1,...,4), which
has not been included here. The dynamics of the approximated solutions
(obtained with both, the ANN method (blue curve) and the Runge-Kutta
method (red curve)) are drawn in Figure 9. As one can see, these two solu-
tions a very close to each other. For this choice of T', the solutions have just
reached the quasi-steady-state.

6 Conclusion

In this paper we have reviewed the most important models for the classic
biochemical reaction presented in Figures 1 and 3. In Figure 1 the bio-
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Fig. 8 Convergence of computed values for the hyper-parameters as the number of epochs
increases. Here, we have used the following parameters: Fo = 2, So = 10, k1 =1, ko = 1,
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chemical reaction is considered in wvitro, while in Figure 3 the biochemical
reaction is considered to be in vivo, that is as a part of a large biochemical
pathway. The mathematical models presented here are systems of differen-
tial equations derived via either the mass action law, the Michaelis-Menten
formalism, or the Briggs-Haldane approach. We have commented here on
the validity of the assumptions corresponding to each of the models. As
these equations are nonlinear and difficult to solve analytically, numerical
methods are necessary to describe the dynamics of the solutions. There are
various numerical methods that one can chose, such as the classic Runge-
Kutta methods, predictor-corrector methods, finite element methods and
many others. The accuracy of the solution in all these conventional meth-
ods depends on the dimension of the grid. In all these methods, one must
take a coarser grid in order to speed up the computer simulation. Also,
the numerical solutions obtained by those schemes are typically stored in a
discretized form, that is, in an array of floating point numbers.

We proposed here a method based on the artificial neural networks, which
is independent of a grid choice for the time domain. This method could be
very useful especially when the domain dimension is larger than 1. The
method combines artificial neural networks (ANN) and optimization tech-
niques. The numerical solution is obtained fast and with less computational
effort and limitations. Using the ANN method, the solution is stored as a
set of hyper-parameters, which requires much less memory than storing the
solution as a discretized array.

Our numerical simulations show that proposed model solution acts as a
good interpolation technique as well as a good extrapolation method for test
points that are situated close enough to the time interval used in training.
This is due to the fact that the analytically differentiable form of the ap-
proximate solution could be used in predicting the behaviour of the system
in any set of test points.

We are currently working to extend the ANN approach to model enzyme-
catalysed reactions with diffusion, as the biochemical reactions take place
in a three dimensional space. We also intend to incorporate some random
factors into the model, for a better grasp of the reality.
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