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d-maps with direct fibrations and Dold fibrations, previously introduced by the author,
are established (Theorems 4.4 and 6.1). Some significant examples are given.
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1 Introduction

Directed Algebraic Topology is a recent subject which arose from the study
of some phenomena in the analysis of concurrency, traffic networks, space-
time models etc. ([4], [6], [7], [8]). It was systematically developed by Marco
Grandis ([10], [11], [12]). The directed spaces have privileged directions and
directed paths therein do not need to be reversible. M. Grandis introduced
and studied its 'non-reversible’ homotopical tools corresponding to ordinary
homotopies, fundamental group and fundamental n-groupoids: directed ho-
motopies, fundamental monoids and fundamental n-categories. Also some
directed homotopy constructions were considered: pushouts and pullbacks,
mapping cones and homotopy fibres, suspensions and loops, cofibre and fibre
sequences. As for directed fibrations, M. Grandis refers to these (more pre-
cisely to the so-called lower and upper d-fibrations) only in relation with the
directed h-pullbacks. But then this theme was approached by L. Fajstrup
[5], E. Goubault et al. [9], and 1. Pop [14-16].

The basics of Directed Algebraic Topology which we will use are taken
from the 2003 paper of Grandis [10]:
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2 I Pop

A directed space, or a d-space, is a topological space X equipped with a
set dX of continuous maps a : I = [0,1] — X, called directed paths, or
d-paths, satisfying the following three axioms:

(i) (constant paths) every constant map I — X is a directed path,

(ii) (reparametrisation) dX is closed under composition with (weakly)
increasing maps I — I,

(iii) (concatenation) dX is closed under concatenation (the product of
consecutive paths, which will be denoted by * or by +).

We use the notations X or 1+ X if X is the underlying topological space; if
X (or 1X) is given, then the set of directed paths is denoted by dX (resp.
d 1 X) and the underlying space by | X|) (resp. | T X|).

The standard d-interval with the directed paths given by increasing (weakly)
maps I — T is denoted by 11 =10, 1].

A directed map, or d-map f: X — Y, is a continuous mapping between
d-spaces which preserves the directed paths: if a € dX then foa € dY.
The category of directed spaces and directed maps is denoted by dTop (or
1tTop). A directed path a € dX defines a directed map a 11 — X which
is also a path of X.

For two points z,2’ € X we write x < 7’ if there exists a directed path
from z to x’. The equivalence relation ~ spanned by = yields the partition of
a d-space X in its directed path components and a functor 1 Iy : dTop —>
Set, 11Iy(X) = | X|/ ~. A non-empty d-space X is directed path connected
if $11y(X) contains only one element.

The directed cylinder of a d-space X is the d-space 1 (X x I), denoted
by Xx 11 or 1 IX, for which a path I — |X]| x I is directed if and
only if its components I — |X|, I — T are directed. The directed maps
0%: X — Xx 11, a =0,1, defined by 0%(z) = (x, «), are called the faces
of the cylinder.

If f,g: X — Y are directed maps, a directed homotopy ¢ from f to g,
denoted by ¢ : f —> g, or ¢ : f 2 g,is ad-map ¢ : Xx TI — Y such
that 3° 0o o = f and 9' o ¢ = g. The equivalence relation defined by the
d-homotopy preorder =< is denoted by f ~y g or simply f ~ g. This means
that there exists a finite sequence f < f1 = fo =X f3 = ...g.

2 Directed fibrations

In this section we resume sections 2 and 3 from [14] including definitions
and results that are necessary or interesting for this paper.

Definition 2.1 Let p : E — B,f : X — B be directed maps. A d-map

f': X — E is called a directed lift of JTwith respect to p if po f' = f.
Definition 2.2 A directed map p : E — B is said to have the directed

homotopy lifting property with respect to a d-space X if, given d-maps f' :
X > Eandp: Xx 11— B, and o € {0,1}, such that o 0 9 = po [,
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Directed approzimate fibrations 3

there is a directed lift of @, ©' : Xx 11 — E, with respect to p, po ¢’ = ¢,
such that @' o0 0% = f.

E P B (2.1)
A |

©
X Xx 11T

A directed map p: E — B is called directed (Hurewicz) fibration if p has the
directed homotopy lifting property with respect to all directed spaces (dHLP).
This property is also called the directed covering homotopy property (dCHP).

PROPERTIES OF DIRECTED FIBRATIONS

P1.If p: E — B has the directed homotopy lifting property with respect
to X and fy, f1 : X — B are directed homotopic, fy >~y f1, then fy has a
directed lift with respect to p iff f; has this property.

P2. Let p : E — B be a directed fibration and a € dB with a(a) =
pleq), eq € |E], and a € {0,1}. Then there exists a directed path a, € dE
which is a lift of a, p o aq = a, with the a-endpoint e, an(a) = eq.

EXAMPLES OF DIRECTED FIBRATIONS

El. Let F' and B be arbitrary directed spaces and let p: B x F© — B be
the projection. Then p is a directed fibration.

E2. Let p : E — |B| be a Hurewicz fibration. For the space E consider
the maximal d-structure compatible with dB and p, i.e., d(t E) = {a €
El/poa € dB}. Then p:1 E — B is a directed fibration.

E3. If p: E — B is a directed fibration, then the opposite map p : E? —
B°P is also a directed fibration.

For an intrinsic characterization of the dHLP we need some notations.

Given a d-map p : £ — B and a € {0,1}, we consider the following
d-subspace of the product (in dTop) E x B

B, ={(e,w) € Ex BMw(a) = p(e)} (2.2)

(The d-structure of B™ is given by the exponential law, dTop(1 I, dTop(t
I, B)) ~ dTop(t Ix 11, B).[10))

Definition 2.3 A directed lifting pair for a directed map p : E — B is a
pair of d-maps

Ao :B, = EMa=01, (2.3)

satisfying the following conditions:
Aale,w)(a) =e, (2.4)
po (e, w) =w, (2.5)

for each (e,w) € B,,.
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4 I Pop

Theorem 2.4 (i) A directed map p : E — B is a directed fibration if and
only if there exists a directed lifting pair for p.

(ii) If p : E — B is a directed fibration, the d-spaces B, and B, are
d-homotopy equivalent.

3 Directed metric spaces. Directed ANR

In this paper we use directed spaces and maps defined by so called d- metric
spaces, which is why we recall the definition and some of their properties
after the book [12].

A §-metric space is a set X equipped with a d-metric § : X x X — [0, 0],
satisfying the axioms

0(z,x) =0, d(z,y)+d(y,2) > d(x, 2). (3.1)

Examples:

1) The standard 6-line 0R has the §-metric é(z,y) =y — z if ¢ < y, and
d(x,y) = 0o, otherwise.

2) The standard o0-interval 61 = §[0, 1] has the subspace structure of -line.

3) A product [], X; of §-metric spaces has a d-metric given by 0(x,y) =
sup  6i(x;,y:), for x = (z;),y = (y;). In particular JR™ is a d-space with
6(X7y) = SUpi(yi - xi)vx = ($17--~,$n),y = (ylv"'ayn)7 if x; < y’uvz =
1,...n, and 0(x,y) = oo, otherwise. As a d-subspace of ¢R™ we have §I".

4) The tensor product X ®Y of two §-spaces is the cartesian product with
the d-metric given by 6((z,y), (',y')) = d(x,2’) + d(y,v’). In particular,
between the standard models are also the JR®" and §I%™.

5) n-dimensional (n > 0), 6-sphere is the quotient 6S™ = (61®™)/(01").

6) The opposite 6-metric space R(X) = X° has the opposite d-metric,
8°P(z,y) = 6(y,x). A d-metric is symmetric if § = §°P.
A J-metric space X=(X, §) has an associated bitopological space (X, 77!, 77).
At the point z¢ € X, the past topology 7~ (resp. the future topology T7)
has a canonical system of fundamental neighborhoods consisting of the past
discs D~ (resp. future discs D) centred in xg

D™ (zg,e) = {z € X|6(z,z09) < €}, DT (xp,e) = {& € X|d(zp,z) <
e}, (e >0).

If X is a d- metric space, then its symmetrised metric space (X, §) =
(X,!9) has the ¢ -metric ! defined by

16(z, 2" ) =infx (8(zj—1, 2 )N6(zj,25-1)) » (x= (20, -.0r Tp), To =T, Tp=1).
J
(3.2)
The topology defined by the metric !§ is called the symmetric topology of
the J-metric space X.
If X is a - metric space, for a map of sets a : I = [0,1] — X and t
a finitely strictly increasing sequence (0 = to < t; < ... < t, = 1), define
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Directed approzimate fibrations 5

Le(a) =3 ; 0(a(tj-1),a(t;)), and then the length of a by L(a) = supsL¢(a).
If L(a) is finite, a is called L-feasible.

Now if X is a §-metric space, consider X equipped with the symmetric
topology, defined by symmetric §-metric !5, and with the d-structure for
which a (continuous) path a : I — X is distinguished if and only if it is
L-feasible. We will name the directed space obtained in this way a directed
metric space.

Let 1 Mtr the category of directed metric spaces and directed maps.

Definition 3.1 Let f,g: X — Y be d-maps between directed metric spaces
and A = {Ux|\ € A} a covering of Y. Then if for each x € | X| there exists
an index A € A such that f(z),g(x) € Ux, f and g are said to be A-near (or
A-close). Particularly, if for e > 0 and for each x € | X/|, §(f(x),g(x)) <e,
f and g are said to be e-near (or e-close).

A d-homotopy ¢ : Xx 1t I — Y, with X and Y directed metric spaces,
is called an A-d-homotopy (e-d-homotopy) if for arbitrary x € |X]|, there
exists an index X € A such that h({z} x [0,1]) C Uy (resp. p({z} x [0,1]) C
D~ (z,e) N D (z,¢)).

If the d-maps f,g: X — Y between directed metric spaces are d-homotopic
by a sequence of A-d-homotopies (e-d-homotopies), we say that f and g are
A- d-homotopic (e-d-homotopic).

Definition 3.2 A directed absolute neighborhood retract for the class 1 Mtr
(abbreviated dANR for the class T Mtr ) is a directed metric space Y such
that every directed homeomorphic image of Y as a closed directed subspace
1Y’ of a directed metric space Z in T Mitr is necessarily a directed neigh-
borhood retract of Z, i.e., T Y’ is a directed retract of an open d-subspace

TU of Z.

In order to prove an important proposition in the next section, we intro-
duce a notion that is an adaptation in the context of the directed algebraic
topology of the notion of topological linear space. This notion is inspired by
the paper [2].

Definition 3.3 A directed space with scalars > 0 is a directed space L en-
dowed with two directed map +: LxL — L, .:TR>ox L = L, with T R>g
the d-subspace of the directed real line T R of the nonnegative real numbers,
such that the addition is an operation of commutative group and the scalar
multiplication satisfies the usual axioms of a linear space.

Ezample 3.1 1)T R with the usual addition, and with the multiplication a.x
with a > 0, 2) A product of d-spaces with scalars > 0 ,particularly T R™ |
3) If X is a directed space then the d-space D(X) of the bounded directed
real functions on X is a d-space with scalars > 0.

Definition 3.4 A subset in a d-space with scalars > 0 L is said to be d-
convex if for every finite numbers of points xg, ....,xy, € L, we have apzg +
. + apxy, € L, for arbitrary non-negative real numbers «v, ..., ay, Satisfying
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6 I Pop

the relation ag + .... + a, = 1. For an arbitray set S in |L| the intersection
of all d-convex sets of L is the smallest d-convex set of L which contains S,
and it is called the d-convex hull of S in L.

Definition 3.5 A set S in a d-space with scalars > 0 L is said to be
bounded if for every neighborhood U of the zero element 0 in L there exists
a real number o > 0 such that S C aU := {a.z|z € U}.

The following proposition is analogous to a classical result (e.g., [13],
Theorem 2.1, Ch.IIT), and whose demonstration can be adapted for our
directed context.

Proposition 3.6 If L is a bounded directed space with scalars > 0 and
x : L = D(L) is the canonical imbedding , then x(L) is a closed subset of
the d-convex hall of x(L) in D(L) .

Proposition 3.7 IfY is a dANR and A = {Ux|\ € A} a given open cover-
ing of Y, then there exists an open covering B of Y, which is a refinement
of A, such that any two B-near directed maps f,g : X — Y defined on
arbitrary d-space X are A-homotopic.

Proof. By Proposition 3.6, we may consider Y as closed subset of a d-
convex set Z in the d-Banach space D(Y) and with the structure of d-
metric space. Since Y is a dANR, there exists and open neighborhood 1 W
of Y in Z together with a d-retraction r» :7 W O Y . From the given
covering A of Y , we construct B as follows. At first we use the fact that
r~1(A) = {r~1(Uy)|\ € A} is an open covering of 1 W. Since | T W| is an
open set of a d-convex set 1 Z in the locally d-convex space D(Y) , 77 1(A)
has an open refinement G = {W,|u € M} such that T W, is d-convex for
every u € M. For each € M, let V,, =W, N|Y|. Then B = {V,|u € M}
is an open refinement of the given covering A.

Now let f,g: X — Y be two B-near d-maps. Since 1 Z is d-convex, we
can define a d-homotopy k : X x 1 I =1 Z , by taking k(z,t) = (1—t)f(z)+
tg(z), for every x € X and every t €1 L

Next let us prove that k(z,t) € W for every x € X and every t €1 L
Since f and g are B-near, for an arbitrary point z € X there exists an index
p € M such that f(x) and g(x) are contained in V, C W,,. Since W, is
convex, it follows that k(x,t) € W, C W for every ¢t €1 I. In fact, we have
proved that k : Xx 1T —1 W is a directed G-homotopy .

Finally, we define a d-homotopy h : Xx 1 I — Y, by taking h(z,t) =
r(k(z,t)), for every z € X and every t €1 I. Now since k is G-homotopy
and G is a refinement of 7~1(A), it follows that h is an A-homotopy. On
the other hand, since r is a d-retraction, we have that f ~; g by a directed
A-homotopy.

O
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Directed approzimate fibrations 7

4 Directed approximate homotopy lifting property (dAHLP).
Directed approximate fibrations.

Definition 4.1 A directed map p : E — B between directed metric spaces
has the directed approximate homotopy liting property (dAHLP) with re-
spect to a d-space X, provided that, given € > 0, d-maps f' : X — E,
¢: Xx 11— B, and a € {0,1}, such that o0 d* =po ', there exists a di-
rected homotopy @' : Xx t 1 — E such that ¢'00%* = f', and §(poy’, p) < &,
that is 0(pe'(x,t), p(z,t)) < e, for all (x,t) € | X| x 1.

E p B (4.1)
f’T = > <e T@
©
X Xx 11

Remark 4.1 Definition 4.1 can be reformulated in the terms of coverings as
follows: A directed map p : E — B between directed metric spaces has the
directed approximate homotopy liting property with respect to a d-space X,
provided that, given a cover £ of B, d-maps f': X - E, ¢: Xx 11— B,
and « € {0,1}, such that ¢ 0 9 = po f’, there exists a directed homotopy
¢ Xx 11— E such that ¢’ 0 9% = f’, and po ¢’ and ¢, are E-near.

Theorem 4.2 A d-map p : E — B between directed metric spaces has the
dAHLP with respect to all directed topological spaces if and only if and only
if for every ¢ > 0 there is a pair of d-maps X5, : B, — E™ such that
X (e,w)(a) = e and §(po X (e,w),w) < e.

Such a pair (/\g)ae{ovl} will be called a directed approximate lifting pair
for the directed map p.

Proof. 1If p has the dAHLP with respect to all directed topological spaces ,
a€{0,1} and e > 0, let f/, : B, — E and F, : B,x T I — B be the maps
defined by f/(e,w) = e, and F,((e,w),t) = w(t). It is obvious that f/, is
continuous and a directed map as a projection. Regarding Fi,, this is con-
tinuous since if D is an open set in B, then F; (D) = {((e,w),t) € B,x 1
Ilw(t) € D}, which is an open subset of B, x T L. Thenifc:? I — B, x T 1is
a directed path, write c¢(t') = ((e(t'),w(t’)), t(t')), with some directed paths
eI —-Ew:TIl— Qaﬂ, and t :7 I =1 I. By the exponential d-structure
of B ([10],p.291), the map @ :7 Ix 1 I — B defined by & (¢, t") = w(t')(t")
is directed. This implies that (F, o ¢)(t') = w()(t(t)) = @', t(t')) is di-
rected. Hence F,, is directed. Then by the equality Fy,((e,w), ) = w(a) =
ple) = (po fl)(e,w), ie., Fyod* = po f., by the dAHLP, for ¢, there
exists F, : B,x 1T I — E such that F/((e,w),a)) = fl(e,w) = e, and
§(po F!,F,) < e. Hence we can define X5, : B, — E™ by X5 (e,w)(t) =
F!((e,w),t). By the same exponential structure, A is a directed map.
Then A (e,w)(a) = e, and §(pAS(e,w)(t),w(t)) = 0(pF.((e,w),t),w(t)) =
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S(p(Fl(e,w),t), Fa((e,w),t) < e, ie., d(po Ag(e,w),w) < e. Therefore, we
have obtained a directed approximate lifting pair for p.

Conversely, if for € > 0 the pair (A5)a=0,1 is given, let f': X — E, and
¢ : X xI — B be such that ¢ 0 9* = po f’. Consider the directed map
g: X — B, defined by g(z)(t) = @(x,t). This permits to define ¢’ : X x 1
I — E, by ¢(x,t) = No,(f'(2), g(x))(t). For this we have ¢’ 0 9% = f" and
d(poy,p) < e, such that p has the directed approximate homotopy lifting
property.

O
Corollary 4.3 If p: E — B has the dAHLP for all directed metric spaces,
then p has the dAHLP for all directed spaces, i.e., p is a directed approximate
fibration.

Proof. In this case , B, C E X B™M is a directed metric space, and the proof
of necessity in Theorem 4.2 shows that a directed approximate lifting pair
for p exists, which then on the basis of sufficiency involves the dAHLP for
all directed spaces.

O

Theorem 4.4 Let p: E — B be a directed surjection between dANR’s for
the class 1 Mtr. Suppose for each n > 0 there is a d-map p, : E — B such
that §(py,p) < n and p, has dHLP with respect to a d-metric space X. Then
p has the dAHLP with respect to X.

Proof. Using the hypothesis, we will verify the definition of the dAHLP
property in the variant of the Remark 4.1.

Suppose given a cover £ of B, d-maps f': X - E, ¢ : Xx 11— B, and
a € {0,1}, such that p0d* = po f’. Denote by F a twice star refinement of
&, and using Proposition 3.7, consider a cover D such that any two D-near
maps into B are F -homotopic. Now consider the d-map pp : £ — B given
by hypothesis, so that p and pp are D-near and therefor pp o f and po f’
are D-near. This implies that these d-maps are F-homotopic. In addition, if
a = 0 we can suppose there is given a F-d-homotopy « : Xx 1 [-1,0] —» B
such that x(xz,—1) = (ppf’)(x) and K(z,0) = (pf')(z), Vo € | X|. Now we
define

$: Xx1[-1,1] =B (4.2)
by
— H(SC,t), ift e [_170]5
¢@¢)—{¢m¢%ﬁtemﬁy (4.3)
Then since pp has dHLP with respect to X, there is a d-homotopy ¥ : X x 1
[-1,1] = E, with ¥(z,—1) = f'(z) and pp o ¥ = .

Now chose a d-map ¢ : X —7 (0, 1) such that p({z} x[0, ¢(z)]) is contained

in some member of F for each x € X. Now define ¢/ : Xx I — E by

W(z, 2L — 1), if0<t< L2
) a(z) 2
@) = § w2t — q(x)), if 12 <t < q(a), (4.4)
U(z,t), if g(x) <t < 1.
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Directed approzimate fibrations 9

Then ¢'(z,0) = ¥(z,—1) = f'(x), such that it is sufficient to prove that
poy and ¢ are E-near.

If t € [0, 4% )] then y = ﬂ —1 € [-1,0], so that py'(z,t) = p¥(x,y).
Compare pd’l(m y) to pp¥(z,y). These are D-near and therefore F-near. But
pp¥(z,y) = P(x,y) = p(x,y), which by choosing ¢ is F-close to ¢(z,0). So
py¢'(x,t) and p(z,t) are F-near. But since F twice star refines £, we have
that p¢'(z,t) is E-near to ¢(x,t). Suppose t € | (Qz),q( )]. Then py'(z,t) =
p¥(z,2t — g(x)) which is E-near to pp¥(z,2t — q(x)) = P(x,2t — g(x)) =
k(x,2t — q(z)) = p(x, 2t — q(x)) which is F-near to ¢(z,t). So p¢'(x,t) and
o(z,t) are F-near and therefore E-near. Finally, if ¢(x ) <t <1, pp(z,t) =
p¥(x,t) which is E-near to pp¥(z,t) = (P( ) oz, t

If o =1, we choose a F-d-homotopy «’ x 1[0, ] — B such that

K (z,0) = (pf)( ), and £'(z,1) = (ppf)(x ) V~T € |X[. By this we define
@ Xx1[-1,1] = B by

: z,t+ 1), ift € [1,0],
Pw,t) = {i’((x,t)—',— : it c {0, 1].] (4.5)

Then there is a d-homotopy ¥’ : Xx 1 [-1,1] — E satisfying ¥'(z,1) =
f'(z) and pp¥’' = &'.

Now chose a d-map ¢’ : X —1 (0,1) such that p({z} x [¢(x),1]) is
contained in some member of F for each x € X. Now define ¢’ : Xx 1 = FE
by

/ : q (z)

, ' (x, q(x) 1), 1f0/§t§ 5
Pl t) = (w2t — (@), if L8 <1< ¢(), (4.6)

¥ (x, ) if ¢'(x) <t <1

Then ¢'(x,1) = ¥'(x,1) = f'(x), and as above is verified that po ¢’ and ¢
are £-near.
O

Corollary 4.5 In the conditions of Theorem 4.4, if any d-map p, is a di-
rected fibration, then p is a directed approximate fibration.

A slight change in the proof of Theorem 4.4 also gives the following propo-
sition.

Proposition 4.6 Let p : E — B be a d-map between dANR’s. If p has
dAHLP with respect to a d-space X, then for every ¢ > 0 and o € {0,1}
there is 1 > 0 such that whenever f' : X — E and ¢ : Xx 11 — B are
d-maps such that 6(po f',p0d%) < m, there is a d-map ¢' : Xx 11— E
such that ¢’ 0 3% = " and §(po ¢, p) <e.

Ezample 4.1 This example is inspired by an example from [3]. In the di-
rected space R x dR consider the d-subspace dW, with W the “Warsaw
circle” in R?2, that is W = W; U C, where W; = (x sinl) - &£ <z <
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10 1. Pop

5=z # 0t U{(0,y)] =1 <y <1} and C is an arc in R? which meets
Wi only in its end points (5=,0) and (—5-,0). Also consider the directed
subspace dS' of R x §R and the product dT? = dS' x dS'. Then there is a
compactum A C T? such that A is homeomorphic to W and such that for

the point 2y € S' there is a d-homeomorphism
h:d(T? — A) — dS* x d(S' — {z¢}). (4.7)

This is because W being shape equivalent to the circle S! the spaces R2—W
and R? — S! are homeomorphic (see [1], Ch.VII, §7).
By using the d-map h we define the d-map

p:dS* x dS' — dS?t, (4.8)

given by
(@) = {Wh(x), if z € (St x S!) — A4,

xQ, if x € A. (4.9)

This d-map has the property that p~!(zg) = A and p~!(y) is an essential
copy of dS' in dT? for each y # x

Now, using Corollary 4.5, we can prove that p is a directed approximate
fibration. Let € > 0 be given and U be an open interval in S* such that ¢ €
U C N(xo,5). Then since + p~*(S* —U) and 1 p~!(U) are d-homemorphic
to dS! x I, the d-map p| T p~1(S' — U) can be extended to a d-map
pe : dST x dS' — dS! which is directed equivalent to 7. Thus, p. is a d-
fibration, and é(p,p:) < e. By Corollary 4.5, p is a directed approximate
fibration. On the other hand, p is not even a directed fibration. For suppose
that p has the dHLP with respect to dS*.Now suppose x¢o = (0,—1) , and
for an arbitrary point x € S' we choose a d-path w from z to zg in dS! .
Then consider the d-homotopy ¢ : dS'x 1 I — dS! given by ¢(z,t) = w(t)
,and let f':dS' —1 p~!(z) be a d-homeomorphism. By assumption ¢ lifts
to a d-homotopy ¢’ : dS'x 1+ I — dS! x dS!, such that ¢'(z,0) = f'(z)
and ¢'(z,1) € A for each z € S'. In other words, f’ is d-homotopic with
a d-map from 6S' to A which is d-null-homotopic. This is a contradiction
because f’ is a directed isomorphism.

5 Directed Dold fibrations

The directed Dold fibrations was defined and studied in [15]. We recall the
definition and main properties of these d-applications needed here.

Definition 5.1 A directed homotopy ¢ : XX T 1 — Y is called semis-

tationary if either o(z,t) = ¢(z,3),(V)z € X,t € [0, ] or p(z,t) =
o(z,3),(V)z € X,t € [5,1]. In the first case we say that ¢ is lower semis-
tationary and in the second case we say that ¢ is upper semistationary.
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Definition 5.2 A directed map p : E — B is called a directed Dold fibration
if p has the directed covering homotopy property with respect to each d-space
X and for all semistationary directed homotopies ¢ : Xx 11— B (dCSHP).

Given a d-map p : £ — B and a € {0,1}, we consider the following
d-subspaces of the directed product E x BT

1

Bj = {(e,w) € E x BMw(t) = p(e), (V)t € [0, oIb (5.1)
and )
B} = {(e,w) € E x BMw(t) = p(e), (V)t € PYRI (5.2)

(The d-structure of B™ is given by the exponential law, dTop (1 I, dTop(1
I, B)) ~ dTop(f Ix 1 1, B).[10].

Definition 5.3 A directed semistationary lifting pair for a directed map
p: E — B consists of a pair of d-maps

A B - EMa=0,1, (5.3)
satisfying the following conditions:
Al (e,w)(a) = e, (5.4)
po (e, w) =w, (5.5)
for each (e,w) € BS,.

Theorem 5.4 A directed map p: E — B is a directed Dold fibration if and
only if there exists a directed semistationary lifting pair for p.

6 Directed approximate fibrations and directed Dold fibrations

Theorem 6.1 Letp: E — B be a directed map between metric spaces, with
|B| a metric space. If p has the dCSHP for a d-space X, then p has also
dAHLP for X.

In the proof of this theorem we use the following lemma whose proof
follows the steps in the proof of Lemma 3.3 of the paper [17].

Lemma 6.2 Let (B,d) be a directed metric space and B™M the d-space of
d-paths in B. Then there exists a continuous map

§: BMx 1 (0,00) =1 (0, 00), (6.1)

directed with respect to the second argument, and such that : t1,t2€[0,1], [t1—
ta| < 6(w,e) implies d(w(t1),w(t2) < €.
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Proof of Theorem 6.1.
By Theorem 4.2 there exists for p a directed semistationary lifting pair

A BS, — E™Ma=0,1, (6.2)

We shall prove that this implies that for every € > 0, p admits a directed
approximate lifting pair A, : B, — E™ and then we apply Theorem 4.2.
a) First we consider the d-map

Sa - Ea - Bgm (63)

defined by sq(e,w) = (€/,wl,), with w/, given by

, w(0) =ple),if 0 <t < )
wo(t) = {wggz - f)(, ) if (1)/3 t§<t ;/% (6.4)

and respectively by

W (1) = {w(2t), if 0 < Stl/% (6.5)

We can consider the spaces B, and BJ, as metric d-subspaces of the d-space
E x B™ with the metric

d((e1,w), (€2, wa))=d(e1, e2) + d(w1, wo)=d(e1, €2) + sup{d(wi (t), w2(t)) je[o(é%
Then we can see that s is a (uniformly) continuous map.
Indeed, d(s(e1,wr),s(e2,ws2))=d((e1,w}), (e2,wh))=d(e1,e2) + sup{d(w}(t),
wh(t)) : t €10,1]} = d(e1, e2) + sup{(d(w1(t)), d(wa(t)) : t € [0,1])} = d((ey,
w1), (e2,ws)), that is, s is an isometry.

b) Now let we consider the d-map x : EM™x (1 I)"™— E™ defined by

x(0,u)(t) = 0(u(t), ¢ EM ue (DM ¢t e[0,1]. (6.7)

Consider E™x(1 I)™ with the product metric d((61,u1), (02, u2))=d(61, 2)+
d(uq,uz), and the d-space E™ with the metric of uniform convergence. Then
we can see that x is a (uniformly) continuous d-map.
Indeed, d(x(01,u1), x(02,u2))=sup{d(x(61,u1)(t), d(x(02,u2)(t):t€[0,1]} =
sup{d(61(u1(t)), d(02(usz(t)) : t € [0,1]} < sup{d(61(¢),02(t)) : t € [0,1]} =
d(91, 92) § d(91, 92) + d(ul, UQ) = d((91, Ul), (92, ’U,g))

¢) Now, by Lemma 6.2, we can construct the following d-map

§: B, =1 (0,1), (6.8)
/ _ 0w 3)
0 (e,w) = m, (6.9)

for the above fixed ¢ > 0.
This d-map has the following property:
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The conditions (e,w) € B, and t1,ts € [0, 1] with |t; —t2| < §'(e,w) imply
the inequality d(w(t1),w(t2)) < 5
d) We use the map &’ : B, —71 (0,1) to define the d-map

i By — (1D, (6.10)
by
_t if 0 <t<d(e,w)
26/(6700)’ 1 >~ >~ 9 )
A = ) A1
Y(e,w)(t) {W,iw'(@aw)ﬁ’fgl' (6.11)

The continuity of the map v follows by the continuity of the map ¢’ and by
using the“gluing lemma”. And it is a d-map since (e, w) is an increasing
function.

e) Finally we define the following d-maps

A B, — E™a=0,1, (6.12)
as the compositions
B, o B x B, ¥ BT w (+ )T X, BT (6.13)
for
sa(e,w) = (sale,w), (e,w)). (6.14)

Then, by a), b), ¢), d) we obtain that A is a continuous d-map.
Explicitly, the d-maps A\? are given as follows

)\a(e,w’)(%,(tew ), if 0 <t <d(ew),

Ao (e, w)(t) = {/\a(e,w&)(%) if §'(e,w) <t < 1.

(6.15)

f) For the d-maps A3, we have
S (e,w)(a) = Aa(e,wl)(a) = e. (6.16)
Then, if we denote, to simplify writing,

8 :=4d(e,w) (6.17)

), ifo<t<y,

/
a/\2
pA(e,w )t;?; §§>), t)if o <t<1.

t
2(5’) ;‘gg )) lf O/S t < 5/7 (618)
5)) w(t)),if &' <t <1
yw(t)), fo<t<d,
w( :g:),w( ), if & <t<1.
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By ¢) we have:

dw(t),w(a)) < §, if 0<t <, and if & <¢ <1 then
tl__%l/ —t] = 6/&?) < ¢ =d(e,w), and therefore (6.19)

d(w(%),w(t)) < E.

In such a way we obtained

d(pX;,(e,w)(t),w(t)) < =, for every t € [0, 1], (6.20)

€
2
and therefore
d(pX,(e,w),w) < e. (6.21)
Thus we have proved that p has directed approximate lifting pair. By
Theorem 4.2 it follows that p has dAAHLP with respect to X.

Corollary 6.3 A directed Dold fibration p : E — B between directed locally
metric ANR’s is a directed approzimate fibration.

Remark 6.1 In view of Corollary 6.3 one can ask the converse question, is

every directed approximate fibration a directed Dold fibration? The answer
is no, as the next example shows.

Example 6.1 Consider in R? the points O(0,0), A(2,0), B(0,2),C(1,2),
D(1,1), E(2,1) and the d-spaces E and B with |[E| = [BC|U [CD]U [DE],
@ = [OA] and with the d-structures given the vectors BC , @, DE and
OA respectively. Then the d-map d : E — B given by p(z,y) = (z,0) fails to
be a directed Dold fibration since, for example, the semistationary directed
path w T I — B, given by

_ (0,0, ifo<t<g,
wit) = {(4t ~2,0),if L <t <1. (6:22)

can not be directed lifted with the initial position (0,2) € E. But we can
define directed approximate lifts of this directed path. Indeed, for € > 0, we
define ' 1 — E by

(0,2), ﬁogtgé
iy ) (4t —2,2), ifl<t<2,
W (t) (1,—§t+2+g),if§ <i<iie (6.23)
(4t—2-£51), if24+5<t<L
Now
(0,0), ﬁogtsé
Ny ) (A=2,0),  if 5 <t <2,
D=1 (1.0, H§§t§§+§, (6.24)
(4t —2—£,0),if 2 + £ <t < 1.

344



Directed approzimate fibrations 15

and then is immediately that

d(w(t), (p) (1)) < % <e. (6.25)

Analogously it can be defined a directed approximate lift of an arbitrary
(semistationary) d-path. Moreover, if the same procedure is used to define
the lifts, then for an ¢ > 0, the d-applications A, can be obtained, such
that, by Theorem 4.2, p is a regular directed approximate fibration.
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