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Symmetric functions of binary products of bivariate
complex Lucas polynomials and some special numbers and
polynomials
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Abstract In this paper, we introduce an operator in order to derive some new symmetric
properties of bivariate complex Lucas polynomials, then we give some new generating func-
tions of the products of bivariate complex Lucas polynomials with Chebyshev polynomials
of the first, second, third and fourth kinds, k-Fibonacci numbers, k-Lucas numbers, k-Pell
numbers, k-Pell Lucas numbers, k-Jacobsthal numbers and k-Jacobsthal Lucas numbers.
By making use of the operator defined in this paper, we give some new generating func-
tions of the products of bivariate complex Lucas polynomials with Fibonacci polynomials,
Pell polynomials and Jacobsthal polynomials.
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1 Introduction

Falcon and Plaza in [15] introduced the k-Fibonacci numbers {Fj ,}
which is defined by

neN

Frn=FkFypn1+ Fppofork>1andn>2,

with the initial values Fy o = 1, Fi1 = k. After that, Falcén in [16] showed
some results of the k-Lucas numbers {Lj}, . which is defined as

Lk,n = kLk,n—l + Lk,n—2 for k> 1and n > 2,

with initial conditions Ly o = 2, Ly = k. The Binet’s formulas for k-
Fibonacci and k-Lucas numbers are given by

anrl o anrl
Fin= L "2 and Ly, =" + x5y,
Tl — T2
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. k2 2
respectively, where x1 = w and zo = %

acteristic equation 22 — kx — 1 = 0. We note that

T1+axo =k, 1 1o =—1and 1 — x93 = V k2 + 4.

M. Asci and E. Gurel defined and studied the bivariate complex Fibonacci
and bivariate complex Lucas polynomials in [3]. They gave generating func-
tion, Binet’s formula, explicit formula and partial derivation of these poly-
nomials.

The bivariate complex Lucas polynomials { Ly, (z,¥)},cy is defined by

are roots of the char-

Lypyi(z,y) =ixLln(z,y) + yLn1(x,y), forn > 1
L0($ay):2a Ll(xay) =ix '

The first few terms of bivariate complex Lucas polynomials are listed in
the Table below:

n 0 1 2 3 4 5
Lo(z,y) | 2 | iz | —2%4+2y | —2%i+3zyi | 2" —4a%y+2y7 | 25— 52%yi+5ay”i

Table 1. The bivariate complex Lucas polynomials for 0 < n < 5.
The explicit formula of bivariate complex Lucas polynomials is given by

Ln<x,y>=% (") 0y (e 3,

jzon—j J

For any integer n > 2, the Chebyshev polynomials of the first, second,
third and fourth kinds T, (), U, (z), Vp(x) and W, (x) are respectively
defined as follows

To(x) = 22T —1(x) — Th—a(x),

with initial conditions Tg(z) = 1 and T3 (x) = z, and
Un(z) = 22Up—1(x) — Up—2(2),

with initial conditions Uy(z) = 1 and U;(z) = 2z. For more information,
please see the paper [4].

Vo(z) = 22V, _1(x) — Vmo(2),
with the initial values Vy(x) =1 and Vi (z) = 2z — 1, and
Wi(z) = 2eWy_1(x) — Wy—_a(2),

with the initial values Wy(z) =1 and Wi (x) = 2z + 1, (see [14]).
Catarino in [11] studied the k-Pell sequence { P}, .y Which is defined

by
Pkm = 2Pk,n71 + kPk’n,Q, for k>1and n> 2,
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Symmetric functions of binary products of bivariate complex 3

with the initial terms P, = 0, P, = 1. After that Catarino and Vasco
in [12] found some results of the k-Pell Lucas numbers {Q },,. y Which is
defined as

Qk,n = 2Qk,n—l =+ ka,n—Qa for k> 1 and n > 2,

with the initial terms Qo = 2, Q1 = 2.
In this part, we define k-Jacobsthal and k-Jacobsthal Lucas numbers,
Fibonacci, Pell and Jacobsthal polynomials.

Definition 1.1 [19] We define k-Jacobsthal numbers {Jy  }
lowing recurrence relation

Jk,n = k*]k,nfl + 2Jk,n727 fO’/’ n>2
Jeo =0, Jr1=1 '

nen by the fol-

Definition 1.2 [20] For n € N, the k-Jacobsthal Lucas numbers, denoted
by {jka”}neN is defined recursively by

jk,n = kjk_,n—l + 2jl_€,n—2a fOT n>2
Jk,0 = 23 Je1 = k '

Definition 1.3 [17] We define Pell polynomials { Py, (z)},cn by the follow-
ing recurrence relation

{Pn () =22P,—1 () + Pp—a(x), forn>2
P()(IIJ):O, Pl(.il,‘):l ’

Definition 1.4 [13] For n € N, the Fibonacci polynomials, denoted by
{Fn(x)},en is defined recursively by

{Fn () =aFy_1 () + Fh—2(x), forn>2
Fo(z)=1, Fi(z) == :

Definition 1.5 [18] We define Jacobsthal polynomials {J,(@)}nen by the fol-
lowing recurrence relation

{Jn(m) = Jp—1(x) + 22Jp—o(x), forn>2
Jo(l‘) =0, Jl(a:) =1 ’

2 Definitions and some properties

In this section, we introduce a symmetric function and give some properties
of this symmetric function. We also give some more useful definitions from
the literature which are used in the subsequent sections.

We shall handle functions on different sets of indeterminates (called al-
phabets, though we shall mostly use commutative indeterminates for the
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moment). A symmetric function of an alphabet A is a function of the let-
ters which is invariant under permutation of the letters of A. Taking an
extra indeterminate z, one has two fundamental series (see [10]).

1

Ao A) = Haea(l + 2a), 02(4) = 77—

The expansion of which gives the elementary symmetric functions A,(A)
and the complete functions S, (A4) :

+00 too
A) =" An(A)2", 0.(A) = Su(A)z"

Let us now start at the following definition.

Definition 2.1 [1] Let A and B be any two alphabets, then we give Sy (A —
B) by the following form:

HbEB 1—Zb =
_— (A-B)z A-B 2.1
e a(1 — za) ZS 7:( ) (2.1)

with the condition Sy(A— B) =0 for n < 0.
Remark 2.1 Taking A = {0} in (2.1) gives

Iyep(1 — zb) Z S A.(—B). (2.2)

Further, in the case A = {0} or B = {0}, we have

f Sp(A— B)2" =0,(A) x A\,(—B). (2.3)
n=0
Thus, (see [1]) :
k=0

Definition 2.2 [21] Let g be any function on R", then we consider the
divided difference operator as the following form

(g) — g(ajla"' 7xi7xi+1a“'xn) 790-(1.17"' ,.fL'i,fL'iJ,_l,"'xn)
T — Tj41

0

TiTi41 9’

where g% is given by

a J—
g (2317"' 79€i,$i+17"'$n) f9(901,“‘$i—1,$i+1,1‘i,$¢+2"'xn)-
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Symmetric functions of binary products of bivariate complex 5

Definition 2.3 Let n be positive integer and A = {a1,a2} are set of given
variables, then, the n-th symmetric function Sy(a1 + az2) is defined by

n+1 n+1
— M —a
Sn(A) = Sn(al + CLQ) = a1 — a»
with
So(A) = So(al + ag) = 1,
S1(A) = Si(a1 + a2) = a1 + ag,
SQ(A) = Sg(al + ag) = a% + ajas + a%,

Definition 2.4 [7] Given an alphabet A = {a1, a2}, the symmetrizing op-

erator 6% s defined by

aipa

a]ff(al) - alﬁf(%)

a; — az

, k€ Np. (2.4)

6§1a2f(a1) =

If f (a1) = a¥, the operator (2.4) gives us

k+n k+n
5k (an) — a; — a9
aija 1 al _ (J/Q

= SkJrn—l(al + a2)~

3 Generating functions of the products of bivariate complex
Lucas polynomials with some well-known numbers and
polynomials

The following propositions are key tools of the proof of our main result.
They have been proved in [6] and [7].

Proposition 3.1 Given two alphabets E = {e1,ea} and A = {a1, a2}, then

= n 1-— a1a2€1€222
D Su(A)Sn(E)z" = ——— — .31
n=0 < Zo SAA)@?Z”) ( 20 S’n(A)egz">
Based on the relationship (3.1) we get
= N 2z — ajageie2’
> Sn-1(A)S, 1 (B)2" = (3.2)
n=0

(£ sucaregen) (£ sul-aegen)
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Proposition 3.2 Given two alphabets E = {e1,es} and A = {a1, a2}, then

(e1 +e2)z — erea(a; + ag)z?

isn_l(A)Sn(E)z”: <T§Sn(_A)e?2n> (Tisn(_A)egzn). (3.3)

In this part, we now derive the new generating functions of the products
of bivariate complex Lucas polynomials with k-Fibonacci numbers, k-Lucas
numbers and k-Pell numbers, k-Pell Lucas numbers and k-Jacobsthal num-
bers, k-Jacobsthal Lucas numbers and Fibonacci polynomials, Pell poly-
nomials and Jacobsthal polynomials. For the case A = {a1,—as}, E =
{e1, —ez} with replacing as by (—az) and ez by (—e2) in (3.1), (3.2) and
(3.3), we have

. 1 — arazerenz?
T (1—are12)(1 +azer2)(1+ are22)(1 — azesz)’
(3.4)

+oo
> 8 (a1 + [—az]) Sn (e1 + [—e2)) 2"

_ z — a1a2616223
(1—a1e12)(1+aze12)(1 + are2z)(1—aze2z)’

+oo
> Sn-1 (a14[—as]) Sn-1 (e1+[—e2]) 2"

n=0

(3-5)
+oo 2
_ _ n (e1 —e2)z + erez(ar — az)z
;Sn_l(al +[-a2l)Sn(er + [-ea])2” = (1 —are12)(1 + aze12)(1 + areaz)(1 — azeaz)’
(3-6)
respectively.
This case consists of six related parts. Firstly, the substitutions
{alagzz’x and {elegzk ’
ayaz =Yy e1es =1
in (3.4), (3.5) and (3.6), we obtain
=2 1—y2?
nZ::OSn (al + [_CLQ]) Sn (61 + [_62}) z = 1 — ikzz — (y (k2 + 2) _ 1.2)22 _ ikxyz?’ I y2Z47
(3.7)
= n z = yzg
; Sn (art[=az]) Snoa (ert[—ea]) 27 = 1—ikzz—(y (k2 42)—x2)22 —ikzyz®+y22*’
(3-8)
+oo ir2?
n_ kz 4+ ixz
T’Z:Osnfl (a1+[=az]) Sn (ert[—ea]) 2" = 1—ikzz—(y (k2+2)—x2)22 —ikzyz3 +y224’
(3.9)

respectively, we have the following theorems.

Theorem 3.3 For n € N, the new generating function of the product of
bivariate complexr Lucas polynomials with k-Fibonacci numbers is given by

+00 ; 2 2
2 —ikxz + (x° —2y) 2z

E Ln(xyy)Fk,nzn: 1 ik 2 ( 2\ -2 ) 3 2.4°

— —ikxz — (y (k2 +2) — 22)22 — ikxyz3 + 4?2

(3.10)
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Proof. Recall that, we have Fy,,, = Sy(e1 + [—e2]) (see [5]). We see that

“+00 —+00
Y Lu(w,y)Finz" = Y (2Su(ar+{—az])=iwSn—1 (ar+{~az])) Sp(ert{—ea])2"

n=0 n=0

+0oo
=2 Sp(ar + [—az])Sn(er + [—ea])2"

+o00
— iz > Sp_1(a1 + [—az])Sn(er + [—ea])2".

n=0

Using the relationships (3.7) and (3.9), we obtain

+o00 2
2(1—yz
g Ly (%, y) Fin2" = . 2 ( 2 )2 ; 3 2,4
1—ikzz — (y (k? + 2) — 22)22 — ikayz3 + y22

n=0

i (k:z + isz)
1 —dkxz — (y (B2 +2) — 22)22 — ikayz® + y224
2 —ikxz + (22 — 2y) 22
T 1 ikaz — (y (K2 +2) — 22)22 — ikayd + g2t

This completes the proof.

Theorem 3.4 For n € N, the new generating function of the product of

bivariate complex Lucas polynomials with k-Lucas numbers is given by

S L) Ly = Bkt (22— 2y (14 2)) 2 = ihaye!
2 n YIS = T iy — (y (K2 + 2) — 2)22 — dkay® + 4224

(3.11)
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Proof. By [5], we have Ly, = 25,(e1 + [—ea]) — kSp—1(e1 + [—e2]). Then,
we can see that

+oo “+oo
Z Ln(x, y)kanZn = Z (2Sn(a1 + [*az]) — ixSn_1(a1 + [*az]))
n=0 n=0
x (28, (e1 + [—ez2]) — kSn—1(e1 + [—e2]))2"
+oo
=4 Z Sn(a1 + [—az])Sn(er + [—ea])2"
— 2k Z Sn(al + [—ag])Sn_l(el + [—62])2’”
n=0
+o00
— 2iz Z Sn—1(a1 + [—az])Sn(e1 + [—e2])2"
oo
+ikz Y Sno1(a1 + [—as])Sn-1(e1 + [—e2]) 2"
n=0
Using the relationships (3.7), (3.8) and (3.9), we obtain

4(1-y2?)

1 —ikxz — (y (k2 + 2) — 22)22 — ikayz3 + y224
2k (izz + kyz?)

1 —ikxz — (y (k2 + 2) — 22)22 — ikayz3 + y224
2ix (k‘z 4+ isz)

1 —ikwz — (y (k2 4+ 2) — 22)22 — ikayz3 + y22*

ikz (z — yz3)
1 —ikzz — (y (k2 +2) — 22)22 — ikayz3 + y224
4 — ikaz + (222 — 2y (K + 2)) 2% — ikay2®
1 —ikzz — (y (k2 +2) — 22)22 — ikayz3 + y22%

“+0oo
Z Lyp(x,y)Lnz" =
n=0

This completes the proof.
O

— Put k£ =1 in the relationships (3.10) and (3.11), we obtain the following
corollaries.

Corollary 3.5 For n € N, the new generating function of the product of
bivariate complex Lucas polynomials with Fibonacci numbers is given by

+00 : 2 2

2 -z 4+ (27 —2y) 2
E Ln(z,y)Fp2" = ‘ 2( 2 y) 31 2.4
= 1—izz — (3y — 22)22 — ixyz3 + y22
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Symmetric functions of binary products of bivariate complex 9

Corollary 3.6 For n € N, the new generating function of the product of
bivariate complex Lucas polynomials with Lucas numbers is given by

+00 : 2 2 ; 3

4 —3ixz + 2 (z* — 3y) 2° —ixyz
g Ln(xvy)ann: ‘ ( B Qy). 3 i 2.4
o 1—izz — (3y — 22)22 — ixyz3 + y?2

Secondly, the substitutions
{al—ag—zx and {61—62_2’
ajas =y e1es =k

in (3.4), (3.5) and (3.6), we give

= n 1—kyz?
wZ:OSn(al + [—az2])Sn(er + [—e2])2" = 1—2izz— 2y (k42) —kx2)22 —2ikry23 +k2y224’
(3.12)
5" Scslar--aal)Sucs(er + [ea))s” = -
~ no 2o 2 T I D 2inz— (2y (k+2) —ka?) 22 — 2ikayz3 + k2y2z
(3.13)
= n 2z + ikxz?
;}Sn—l(al + [~a2])Sn(er + [—e2])2" = 1—2iz2—(2y (k+2) —kx2)22 —2ikayz3 +k2y2 24’
(3.14)

respectively, we have the following results.

Theorem 3.7 For n € N, the new generating function of the product of
bivariate complex Lucas polynomials with k-Pell numbers is given by

ivz + 4dyz? + ikzy®
1—2izz — 2y (k + 2) — kx?)22 — 2ikxyz® + k2y224
(3.15)

+oo
Z Ln(x> y)Pk,nzn -

n=0

Proof. By referred to [5], we have

Pr = Sn—1(e1 + [—ez]).
We see that

+oo +oo
ZLn(m, y)Pkmz”:Z(?Sn(al—i— [—az])—ixSp—_1(a1+[—az])) Sn—1(e1t+[—e2])z"

n=0 n=0

+o00
=2 Z Sp(a1 + [—az])Sn—1(e1 + [—e2])2"
—ix Z Sn_l(al + [—0,2])5”_1(61 + [—62])Zn.
n=0
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then, we get the following equality:

+§ Lo (.y) Pon s = 2 (izz + 2yz?)
s R Y (2y (k + 2) — kx?)22 — 2ikzyz3 + k2y224

iz (z — kyz?)
1= 2ixz — 2y (k + 2) — kx?)22 — 2ikzyz® + k2y224
irz 4 dyz? + ikzyz®
T 1 2izz — (2y (k + 2) — k22)22 — 2ikayz® + K2yt

This completes the proof.

Theorem 3.8 For n € N, the new generating function of the product of
bivariate complex Lucas polynomials with k-Pell Lucas numbers is given by

i‘” Lo, ) Q™ = 4 — 6izz + (2ka? — 4y (k +2)) 2% — 2ikay2®
s A e (2y (k + 2) — kx?)22 — 2ikzyz3 + k2y224"
(3.16)

Proof. Recall that, we have [5].

Qi = 2Sn(e1 + [—ea]) — 28n-1(e1 + [—e2]),
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by using the relationships (3.12), (3.13) and (3.14), we get

“+o00

+oo
> Ln(2,y)Qunz™ =Y (2Sn(ar + [—az]) — ixSy_1(ar + [—az)))

n=0 n=0

X (2Sn(61 + [—62]) — 2571,1(61 + [—62]))2’”
+o00
=4 Z Sn(ay + [—az])Sn(er + [—e2])2"

e
— 4> Sp(ar + [—az])Sn-1(e1 + [—e2])2"

n=0
+oo
— 2ix Y Sp1(ar + [—az])Sa(er + [—ea])2"

n=0
“+o00

—|— 221‘ Z Sn_l(al —|— [—ag})Sn_l(el —|- [—62])2”

n=0
4 (1 — kyzQ)
1—2izz — 2y (k +2) — ka?)2? — 2ikayz3 + k2y?24
4 (z:r;z + 2yz2)
1—2izz — (2y (k + 2) — ka?)22 — 2ikxyz3 + k2y22*
2ix (22 + ikaz2?)
1 —2ixz — (2y (k + 2) — ka?)z? — 2ikayz3 + k2y224
2ix (Z — kyzS)
1—2izz — 2y (k +2) — ka?)22 — 2ikayz3 + k2y?24
4 — 6izz + (2ka® — 4y (k + 2)) 2% — 2ikzy2®
1—2izz — (2y (k4 2) — kx?)22? — 2ikayz® + k2y224

This completes the proof.
O

— Put k =1 in the relationships (3.15) and (3.16), we deduce the following
corollaries.

Corollary 3.9 For n € N, the new generating function of the product of
bivariate complexr Lucas polynomials with Pell numbers is given by

400 . 2 . 3

4
ZLn(xﬂ)Pnz”: < e y; ;I—zxyz 34 2,4
o 1 —2ixz — (6y — 22)22 — 2ixyz3 + Y2z
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Corollary 3.10 For n € N, the new generating function of the product of
bivariate complex Lucas polynomials with Pell Lucas numbers is given by

4 —6ixz+2 (a:2 - 6y) 2% — 2ixyz®
— 2wz — (6y — 22)22 — 2ixy23 + y224

“+o0
Z Ln(aj, y)ann = 1
n=0

Thirdly, the substitutions

a; — as = 1x e1 —ex =k
! 27 and ! 27 9 >
aijaz =Yy €1y =

in (3.4), (3.5) and (3.6), we give

+o0 2
n 1—2yz
Sn —az2])Sn — = - - - )
T;) (a1 +[—az])Sn(er +[—e2])z 1 —idkaxz — ((k? +4) y — 222)22 — 2ikayzd + 4y?24
(3.17)
400 3
n z—2yz
Sn— —az2])Sn— — = - )
nZ:o 1(a1 + [~a2]) e +[~ea])2 1—ikzz—((k2+4) y—2x2)2% —2ikayz3+4y22*
(3.18)
+oo iz 22
n_ kz + 2ixz
;Osn_l(al +[—az])Su(er + [—e2])z T 1—ikzz— ((K2+4) y—2a2)22 —2ikayz® +4y2zt
(3.19)

respectively, thus we get the following theorems.

Theorem 3.11 For n € N, the new generating function of the product of
bivariate complex Lucas polynomials with k-Jacobsthal numbers is given by

= n ixz 4 2kyz? + 2izyz>

ZLn(xay)Jk,nZ = 1— ik 2 2) .2 ; 3 2,4°

o —ikaxz — (k2 4+ 4)y — 222)22 — 2ikayz3 4+ 4y°z
(3.20)

Proof. By [5], we have Ji , = Sy_1(e1 + [—e2]). Then, we can see that

+oo +o0
ZLn(l‘, y)kaz":Z@SH(al—i— [—az])—ixSp_1(a1+[—a2]))Sn—1(e1+[—e2])2"

n=0 n=0

+oo
=2 " Su(ar + [~az])Sn_1(er + [—ea])2"
—ix Z Sn—1(ar + [—az])Sn—1(e1 + [—e2])2",
n=0
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Symmetric functions of binary products of bivariate complex 13

then, we get the following equality:

2 (zmz + kyzQ)
1 —ikxz — (k2 +4)y — 222)22 — 2ikzyz3 + 4y22*
1 (z — 2yz3)
1 —ikxz — (k% +4)y — 222)22 — 2ikzyz3 + 4y22*
ixz + 2kyz? + 2ixyz>
1—ikrz — (k2 +4)y — 222)22 — 2ikwyz3 + 4y22*"

+oo
Z Ln(ma y)Jk,nZn -
n=0

This completes the proof.

Theorem 3.12 For n € N, the new generating function of the product
of bivariate complex Lucas polynomials with k-Jacobsthal Lucas numbers is
given by

4 — Bikwz + (42? — 2y (k* + 4)) 2% — 2ikay2®
1—ikzz — (k2 +4)y — 222)22 — 2ikwyz3 + 4y?2*
(3.21)

+0oo
Z Ln (.7), y)]k,nzn -
n=0

Proof. We know that

Jkn = 2Sp(e1 + [—e2]) — kSp_1(e1 + [—e2]), (see [9]).
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We see that

400 —+o0

Z Ln(2,y)jknz" = Z (25n(a1 + [—az]) — iwSh—1(a1 + [—a2]))
n=0 n=0

X (2Sn(61 + [—62}) — kSn_1(€1 + [—62}))2”

+oo
=4 Z Sp(ar + [—az])Sp(e1 + [—ez2]) 2"

n=0
+oo
— 2k Z Sn(al + [—aQ])Sn_l(el + [—62])2’”
n=0
+oo
—2iz Y Spo1(ar + [—az])Sn(er + [—e2])2"
n=0
+oo
+ ikx Z Sn—1(a1 + [—az])Sn—1(e1 + [—e2])2"
n=0
B 4 (1 —2yz?)
1 —ikxz — (K2 4+ 4)y — 222)22 — 2ikwy23 + 4y224
2k (izz + kyz?)

1 —ikxz — (k2 4+ 4)y — 202)22 — 2ikzyz3 + 4y22*4
2ix (k:z + 2ix22)
1 —ikxz — (k2 +4)y — 222)22 — 2ikzyz3 + 4y22*
tkx (z - 2yz3)
R —— (k2 +4)y — 222)22 — 2ikzyz3 + 4y?2*’

after a simple calculation, we have

4 — 3ikzz + (4a? — 2y (k* + 4)) 2% — 2ikay2®
1 —ikzz — (k2 +4)y — 222)22 — 2ikwyz3 + 4y22*"

+oo
Y Lu(@ y)junz" =
n=0
This completes the proof.
O

— Put & = 1 in the relationships (3.20) and (3.21), we have the following
corollaries.

Corollary 3.13 For n € N, the new generating function of the product of
bivariate complex Lucas polynomials with Jacobsthal numbers is given by

400 . 2 . 3

2 2
ZLn(x,y)an”: ~ il ygz ;_ o 3 2,4°
= 1 —izz — (by — 222)22 — 2ixyz3 + 4y?z
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Symmetric functions of binary products of bivariate complex 15

Corollary 3.14 For n € N, the new generating function of the product of
bivariate complexr Lucas polynomials with Jacobsthal Lucas numbers is given

by

400 . 2 2 ; 3

. 4 —3izz + 2 (22° — dy) 2° — 2izyz
g Ln(may)]nzn = 1 - ( N2 ) ; 3 2.4
= —ixz — (by — 222)22 — 2ixyz3 + 4y?2

Fourthly, the substitutions
{al—ag—ix and {el—eg—t’
aja =y ereg =1

in (3.4) and (3.6), we obtain

+o0 2
7;)5" (a1 +[=a2]) Sn (o1 + [—ea]) 27 = 1 —dztz — (t2y + 2y — 22)22 — jxytzd + y224’
(3.22)
+oo . 2
n_ tz +ixz
;} Sn-1 (a1 + [—az]) S (1 + [—e2]) 2" = 1 —iztz — (12y + 2y — x2)22 — izytzd + y2z4’
(3.23)

respectively, we obtain the following theorem.

Theorem 3.15 For n € N, the new generating function of the product of
bivariate complex Lucas polynomials with Fibonacci polynomials is given by

B 2 —ixtz + (2% — 2y) 22
1 —idxtz — (2y + 2y — 22)22 —dxytzd 4+ y22t
(3.24)

“+o00
Z Ly (z,y)F, (t) 2"
n=0

Proof. Recall that, we have [22].

Fo (t) = Snler + [—e2]),
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by using the relationships (3.22) and (3.23), we get

+oo +oo
> L(z,y)Fy (t) 2"=Y _(2Sn(ar+[—az])—izSp_1(ar+[—az])) Sner+[—ea])2"
n=0 n=0

+oo
=9 Z Splar + [—a2])Sn(e1 + [—e2])2"
n=0

+0oo
—ix Z Sn—1(a1 + [—az2])Sn(e1 + [—e2])2"

n=0
2 (1 — yzZ)
1 —ixtz — (t2y + 2y — x2)22 — jaytzd + 224
(51 (tz + isz)
1 —datz — (Py 4 2y — 22)22 — izytz® + 224
2 —iztz + (2% — 2y) 22
1tz — (2y + 2y — 2%)22 — daytzd + 22t

This completes the proof.

O
Fifthly, the substitutions
{al—ag—zm and {61—62—2t ’
ajas =y e1ea =1
in (3.5) and (3.6), we have

fs (a1+[—a2])Sn_1(e1+[—e2])2"= 2=y’
s ro 2lon—1lE 2 1 — 2iwtz — (4yt? — 22 + 2y)22 — 2izytz3 + y224’
(3.25)

+oo i 2

n_ 2tz +ixz
; Sn-1(a1+ [—az])Sn(er + [—ea]) "1 — 2ixtz — (4yt? — 22 + 2y)22 — ixytzd + y224’
(3.26)

respectively, thus we get the following theorem.

Theorem 3.16 For n € N, the new generating function of the product of
bivariate complex Lucas polynomials with Pell polynomials is given by

+o0 . 2 . 3

ixz + dytz® + ixyz
E Ln(xvy)P’ﬂ (t) Zn = 1 % 2 Qy 2y . 3 2.4
— — 2iwtz — (dyt? — 22 4 2y)22 — 2iaytz3 + y2z

(3.27)

202



Symmetric functions of binary products of bivariate complex 17
Proof. We know that
P, (t) = Sp—1(e1 + [—e2]), (see [22]).
We see that
+oo +oo
ZLn(x, y)Pn (t) z”:Z(QSn(aﬁ— [—CLQ]) —ixSn_1(a1+[—a2]))Sn_1(el+[—eg])z"
n=0 n=0
—+00
=2 Z Sn(al + [—ag])Sn_l(el + [—62])2”
n=0
“+o0o
—iz Y Sn-1(a1 + [~as])Sn_1(e1 + [—e2])2"
n=0
- 2 (izz + 2ytz?)
1 — 2iwtz — (dyt? — 22 + 2y)22 — 2ixytzd + y224
1T (z — yz3)
1 — 2ixtz — (4yt? — 22 + 2y)22 — 2izytzd + y?z4’
after a simple calculation, we have
+o0 . 2 . 3
ixz + dytz® + ixyz
S Lalwy) Pa(t) 2" = Tt vy S S
— — 2wtz — (dyt? — 22 4 2y)22 — 2iaytz3 + y2z
This completes the proof.
d

Sixthly, the substitutions
{al—agzzx and {61—62:17
ayjaz =Yy e1eg = 2t

in (3.5) and (3.6), we give

+oo 3
n z — 2ytz
Sn— —az])Sn— — =— - : )
nz:% a1+ [a2]) tert [—eal)z 1—izz— (y—2ta?+4yt)z2 — 2izytz® +4y>t2 24
(3.28)
+oo itz
, z + 2ixtz
Sn_ - Sn - "= N f )
7;) Hart[=aa])Sn(ert[es])z 1 —izz — (y — 2ta? 4 4yt)22? — 2ixytz® + 4y?t22*

(3.29)

respectively, we have the following theorem.

Theorem 3.17 For n € N, the new generating function of the product of
bivariate complex Lucas polynomials with Jacobsthal polynomials is given by

ixz + 2uz? + 2ixytz®

—+00
Ln ) Jnt "= .
3 Lu(oa) (0" = =

(y — 2ta? + dyt) 22 — 2izytz3 + 4y2t224°

(3.30)
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Proof. By [22], we have J, (t) = S,—1(e1 + [—e2]). Then, we can see that

+oo “+oo
> Lulw,y)dn (1) 2"=) (28a(ar+{=as]) —izSn_1(a1+]{=as])) Sn-1 (ert{—e2])"
n=0 n=0
+oo
=2 Z Sn(al + [—ag])Sn_l(el + [—62})Zn
—iz Y Sn-1(ar + [—az])Sn-1(e1 + [—e2])2",

n=0

then, we get the following equality:

+00 , 2

2 (ixz +yz
E Ly (z,y)Jn (t) 2" = 1—4 2( 2 ) ; 3 22,4
— —ixz — (y — 2tx? + dyt) 22 — 2izytz> + 4y%t%2

1 (z — 2ytz3)
1 —izz — (y — 2ta? + dyt)2? — 2ixytz3 + 4y?t224
ixz + 2yz? + 2ixytz>
1 —ixz — (y — 2ta? 4 4yt)2? — 2izytz3 + 4y%t224"

This completes the proof.

4 A new class of ordinary generating functions of binary
products of bivariate complex Lucas polynomials with
Chebyshev polynomials

In this section, we now derive the new generating functions of the products
of bivariate complex Lucas polynomials with Chebyshev polynomials of the
first, second, third and fourth kinds.

For the case A = {a1, —a2}, E = {2e1, —2e3} with replacing as by (—as),
e1 by 2e; and ez by (—2e2) in (3.1), (3.2) and (3.3), we have

n__ 1-— 4&1(126162,7;2
T (1-2a1e12)(1+2aze12)(1+2a1e22) (1 —2aze22)’
(41)

+oo
> S (a1 +[~az]) Sn (2e1 + [~2¢2]) 2

_ z — darazerenz’
T (1-2a1e12)(1+2aze12)(1+2a1e22) (1 —2aze22)’
(12)

“+oo
> Sn-1 (ar+[—az]) Sn_1 (2e1+[—2e2]) 2"

n=0

2(e1 — e2)z + 4erea(ar — az)z?
(1—2a1e12)(142a2e12)(1+2a1e22) (1 —2aze22)’
(4.3)

+oo
> Sn-1 (a1+[—as]) Sn (2e1+[2e2]) 2"=

n=0
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respectively, the substitutions
{al—agzm and{el_ezzt,
a6y =Yy deies = —1

in (4.1), (4.2) and (4.3), we obtain

fs (a1 + [~a2])Sn (21 + [~2e2])2"= 14 yz*
n=0 m A 25T 2 ity — (2% + 4yt? — 2y)22 + 2iwyt2® +y22t
(4.4)
+o0 5
n z+yz
n— - n— 2 -2 = - i ,
7;)5 1(a1 + [—a2])Sn—1(2e1 + [—2e2])z 1—2iztz — (22 + Ayt® —29) 22 1 2izyts + 422
(4.5)
+oo o
2tz —ixz
Sn— —a2])Sn (2 —2e3])2"= : ' 7
nz:% 1((11 +[ GZ]) ( e1 +[ 62})3 1—21.rtzf($2+4yt2*Qy)22+2’blytz3+y2z4

(4.6)
respectively, we get the following theorems.

Theorem 4.1 For n € N, the new generating function of the product of
bivariate complex Lucas polynomials with Chebyshev polynomials of the first
kind is given by

f Lo ()T (8)2" = 2 — 3iztz + (2y — 4%y — 2?) 22 + izyt2®
— n Y T its — (22 + 4yt? — 2y)22 + 2izytz3 + y224°

(4.7)
Proof. Recall that, we have [8]
Tn(t) = Sn(261 + [—262]) — tSn_1(261 + [—262]).
Then, we can see that
+00 too
D Loz, y)Tu(t)2" =Y (25n(a1 + [—a2)) — ixS,—1(a1 + [—az)))
X (Sp(2e1 + [—2e2]) — tSp—1(2e1 + [—2e2])) 2"
+oo
=2 Z Sp(a1 + [—a2])Sn(2e1 + [—2e2])2"
+o0
— 2t Z Sn(al + [—ag])sn,1(261 + [—262])2”
e
— iz Z Sn—1(a1 + [—az2])Sn(2e1 + [—2e2])2"
n=0
“+oo
+ thz Sn_l(al + [—ag])Sn_l(Qel + [—262])2".
n=0
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By using the relationships (4.4), (4.5) and (4.6), we get
2 (14 y2?)

1 — 2ixtz — (a2 + 4yt? — 2y)22 + 2ixytz3 + y224
2t (izz + 2yt2?)

11— 2ixtz — (22 + 4yt? — 2y)22 + 2ixzytz3 + y22*4

1 (th — ixz2)

1 — 2iztz — (2 + 4yt? — 2y)22 + 2ixytzd + y22*
it (z + yz3)

1 — 2iztz — (2 + 4yt? — 2y)22 + 2ixytzd + y22*

2 — Biztz + (2y — 4%y — 2?) 22 + izytz?
1 — 2iztz — (22 + 4yt — 2y)22 + 2izytzd + y224

+oo
> Ln(a,y)Tu(t)2" =

+

This completes the proof.
d

Theorem 4.2 Forn € N, the new generating function of the product of bi-

variate complex Lucas polynomials with Chebyshev polynomials of the second

kind is given by

B 2 — 2ixtz + (2y — xQ) 22

1= 2ixtz — (22 4 dyt? — 2y)22 + 2ixytzd + Y22t
(4.8)

Proof. By [8], we have U, (t) = S,,(2e1 + [—2e3]). Then, we can see that

“+o00
Z Ln(iﬂ, y)Un(t)Zn
n=0

+oo +oo
Y Lalz,y)Un(t)z" = Y (28n(art{—as]) =iz Sy—1(art{~az]))Sn(2e1H{~2¢2])2"
n=0

n=0
+oo

=2 Z Sp(ay + [—az])Sn(2e1 + [—2e3])2"

n=0
“+oo
—ix Z Sp—1(a1 + [—a2])Sn(2e1 + [—2e2])2"

n=0
2 (1+yz?)
T 1 2ixtz - (22 + 4yt? — 2y) 22 + 2izytz3 + y224
iz (2tz — izz?)
1 — 2ixtz — (22 + dyt? — 2y)22 + ixytz® + 422t

after a simple calculation, we have

B 2 — 2ixtz + (2y — 2?) 2*
1= 2ixtz — (22 4 dyt? — 2y)22 + 2ixytzd 4+ Y22t

“+oo
Z Ly (z,y)Upn(t)2"
n=0
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This completes the proof.
O

Theorem 4.3 For n € N, the new generating function of the product of

bivariate complex Lucas polynomials with Chebyshev polynomials of the third

kind is given by

C 2—iw (2t + 1) 2+ (2y — 4yt — 2?) 27 + iwy2®

1 — 2wtz — (22 + 4yt? — 2y)22 + 2iaytzd + y224
(4.9)

Proof. By [2], we have V,,(t) = Sp(2e1 +[—2e3]) — Sn—1(2€1 + [—2e2]). Then,
we can see that

+o00
> Ln(a,y)Valt)2"
n=0

+o0 too
S Luley)Va(H)" = 3 (280 (as + [—as]) — i@ (a1 + [~az]))
n=0 n=0

X (Sn(261 + [*262]) — Sn_1(2€1 + [*262]))2”

+oo
=2 Sp(ar + [—a2])Sn(2e1 + [~2e2])2"
n=0

+oo
-2 Z S’n(al + [—ag])Sn_1(261 + [*262})2”

n=0
+o00
— iz Z Sn—1(a1 + [—a2])Sn(2e1 + [—2e3]) 2"

n=0
“+0o0o
+ iz Z Sn,1((11 + [—GQ])SH,1(261 + [—262])Zn.

n=0
According to relationships (4.4), (4.5) and (4.6) this gives the following
equality:
2 (1+y2?)
1 — 2ixtz — (22 + 4yt? — 2y)22 + 2ixytz® + y22*

“+o00
Z Ly (z,y)Va(t)2" =

2 (izz + 2ytz?)

1 — 2iwtz — (22 + 4yt? — 2y)22 + 2izytzd + y224
1 (2tz — isz)

1 — 2ixtz — (22 + 4yt2 — 2y)22 + izytzd + y224

ix (2 + yz3)
* 1 — 2ixtz — (2 + dyt? — 2y)22 + 2ixytz3 + y22*
2 —iz (2t + 1) 2 + (2y — 4yt — 2?) 2° +ixy2®
1 — 2iztz — (22 + 4yt? — 2y)22 + 2ixytzd + y22*

207



22 N. Saba, S. Boughaba, A. Boussayoud

This completes the proof.

Theorem 4.4 Forn € N, the new generating function of the product of bi-
variate complex Lucas polynomials with Chebyshev polynomials of the fourth
kind is given by

+oo , 2\ ,2 _ ;.3
24 iz (1 —2t)z 4 (2y + 4yt — 2*) 2% — izyz
§ Ln(:p,y)[[n(t)zn = : 2 (2 2 ) 3 2,4°
— 1 — 2ixtz — (2 + 4yt? — 2y)22 + 2ixytz3 + Y22
(4.10)

Proof. By referred to [2], we have
Wn(t) = Sn(2€1 + [—262]) + Sn71(261 + [—262]).

We see that

“+0o0 +oo
> Lz, y)Wa(t)2" =Y (2Su(a1 + [—as]) — izSn—1(a1 + [—a2)))

n=0 n=0

X (Sn(2e1 + [~2e3]) + Sn_1(2e1 + [~2e5]))2"

“+0o0
=2 Z Snla1 + [—as2])Sn(2e1 + [—2e2]) 2"

+o0

+ 2 Z Sn(al + [—ag])sn,1(261 + [—262])2”
+oo

— iz »_ Sp_1(a1 + [~az])Sn(2e1 + [~2e0])2"
n=0
“+oo

—x Z Sn_l(al + [—ag])Sn_l(Qel + [—262])Zn.

n=0
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According to relationships (4.4), (4.5) and (4.6) this gives the following
equality:

2 (1+y2?)
1 — 2ixtz — (22 + 4yt2 — 2y)22 + izytzd + y224

+oo
Z Ln(xy y)Wn(t)Zn =
n=0

2 (zxz + 2ytz2)
1 — 2ixtz — (2 + 4yt? — 2y)22 + 2ixytzd + y22*
iv (2tz — ixz?)
1 — 2ixtz — (22 + 4yt? — 2y)22 + 2ixytz® + y22*
1T (z + yz3)
1 — 2iatz — (22 + Ayt — 29)22 + iwytzd + 224
2+iz (1 —2t) 2z + (2y + 4yt — 2?) 2% — ixy2?
T 1= 2ixtz — (22 + dyt2 — 2y)22 + 2ixzytz3 + y224°

This completes the proof.

5 Conclusion

In this paper, by making use of Eqgs. (3.1) and (3.3), we have derived some
new generating functions of the products of bivariate complex Lucas polyno-
mials with k-Fibonacci numbers, k-Lucas numbers, k-Jacobsthal numbers,
k-Jacobsthal Lucas numbers, k-Pell numbers and k-Pell Lucas numbers, and
the products of bivariate complex Lucas polynomials with Fibonacci poly-
nomials, Jacobsthal polynomials, Pell polynomials and Chebyshev polyno-
mials of the first, second, third and fourth kinds. The derived theorems and
corollaries are based on symmetric functions and products of these numbers
and polynomials.
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