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On Gauss third-order Jacobsthal numbers and their

applications

Gamaliel Cerda-Morales

Abstract We define the Gauss third-order Jacobsthal numbers. Then we give a formula
for the Gauss third-order Jacobsthal numbers by using the third-order Jacobsthal num-
bers. The Gauss modified third-order Jacobsthal numbers are described and the relation
with modified third-order Jacobsthal numbers are explained. We show that there is a re-
lation between the Gauss third-order Jacobsthal numbers and the third-order Jacobsthal
numbers. Their Binet’s formulas are obtained. We also define the matrices of the Gauss
third-order Jacobsthal numbers and the Gauss modified third-order Jacobsthal numbers.
‘We examine properties of the matrices.
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1 Introduction

The investigation of Gaussian numbers is a research topic of great interest.
The set of these numbers is denoted by Z[i]. Gaussian numbers were inves-
tigated by Gauss in 1832. In 1963, Horadam [12], introduced the concept
of Gaussian Fibonacci numbers. And then Jordan [13] considered the two
different sequences of Gaussian numbers and extended some relationships
which are known about the common Fibonacci sequences.

In 2013, Asci and Gurel [1], introduced the concept of Gaussian Jacob-
sthal numbers. They also studied the complex Jacobsthal polynomials [2].
Polynomials that can be defined by Jacobsthal-like recursion relations are
called Jacobsthal Polynomials and they were studied in 1997 by Horadam
and in 2000 by Djordjevié (see, [9,11]). More mathematicians were involved
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in the study of Jacobsthal polynomials such as Djordjevi¢ and Srivastava
[10], among others. Cook and Bacon [8] presented a natural manner of ex-
tension of the Jacobsthal numbers into the third-order Jacobsthal numbers.
In addition to this, Cerda-Morales obtained some interesting identities for
the classical third-order Jacobsthal numbers. And, he gave a closed form
for modified third-order numbers. In 2017, Cerda-Morales gave the exten-
sion of Jacobsthal numbers into the quaternion algebra [3]. And, the author
generalized the methods are given by Cook and Bacon. They showed that
these formulas are similar to the Binet formulas for the classical Jacobsthal
numbers.

For example, the third-order Jacobsthal numbers, the modified third-order
numbers, the third-order Jacobsthal quaternions, the dual third-order Ja-
cobsthal quaternions and their properties have been studied in [3-6].

2 Gauss third-order Jacobsthal numbers, Gauss modified
third-order Jacobsthal numbers and their some properties

2.1 Gauss third-order Jacobsthal numbers

Now, we introduce Gauss third-order Jacobsthal numbers J GS)’) and present
some of their basic properties.

Definition 2.1 Gauss third-order Jacobsthal numbers JG%S) are defined by
JGP), =GP, + IGP) | + 20, n>1, (2.1)
with JG¥ =1, JG® =1+ and TGP =2 +1.
The first few terms are as follows:
JGP = JGY + IGY + 256
=2+i+1+i+2(1) =5+ 23,
JGE =369 + 6P + 2068
=5+2i+2+i+2(1414) =9+ 5,
JGE = 368 + IGPY + 256
=94+ 5i+5+2i+2(2410) =18+ 9i.
Theorem 2.2 For n > 4, we have
JG® =IO+,

where J,(lg) is the n-th third-order Jacobsthal number.
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On Gauss third-order Jacobsthal numbers 3

Proof. We can prove the theorem by the induction method on n. For n =4,
we have

JGPY =GP +IGP +2J6 =5+ 2i = JP + i,
Now, assume that the theorem holds for n < k, that is
JG® = g3 L ig®)
Then, for n = k + 1, we have

(3)
JG

=JGY +IaP | 12067,

= a0 il IO in®y 2 (4 g,
=3+ IO+ 20, i (50, + 5Py + 200,
=IO +ig?.

Thus, the result follows.
d

We defined Binet’s formulas for the Gauss third-order Jacobsthal num-
bers. Let w; and wy be the solutions of the quadratic equation z?4+z+1 = 0:

C-l+i3 103
w1 = 2 ) w2 = 2 M
So, we obtain
2n , Wit (wy + 1) wh(wg + 1)
JG®) = (241) - 1 2 .
7 ( ) (2—(.«)1)((4)1 —wg) (2—0.)2)((,(}1 —(,UQ)

For simplicity of notation, let

1

Z, = (2 — wo)(wr + DTt — (2 — wy)(wa + i)w?“]
w1 — W2
244 ifn=0 (mod 3) (2.2)
=¢ —-3+2iifn=1 (mod 3) .
1-3i ifn=2 (mod 3)
Then, we can write
1

JGB) = S (2"2+i) = Zn), (2.3)

where Z,, + Zp41 + Zny2 =0, Zy = 2+ i and Z7 = —3 4 2¢. Furthermore,
we easily obtain the identities stated in the following result:
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Theorem 2.3 Forn > 1, we have
2 3\ 2 3 \2
(762) "+ (162) "+ (v682)
1 n . n , )
= (3-22"(3+4i) — 2" (2 +4) X, — 20) ,
where (Xn)nzo is the sequence defined by Xpio = —Xpi1 — Xp, Xo = —i
and X1 = 1.

Proof. Using Eq. (2.3), we have
2 3 2 3 2
49- {(JGS’)) + (JGﬁL jl) + (JG;QQ) ]
= (2M2410) — Zo) 4+ (27T 2+ 1) = Zop1)P + (2722 410) — Znto)
=222 4i)2 - 2" (2402, + Z2
+ 220122 +4)? — 2"V2(2 4+ ) Zp + 224,
+ 2242 4 §)2 — 2" (2 4 i) Zyp0 + 22
=21-22"(3 4+ 4i) — 2" Y2 + i) (Zy + 2Zps1 + 420 10)
+Zn+ Zig+ Zngy
=21-22"(344i) — 7-2"TH(2 + i) X,p 0 — 144,

2

where (Xn)nzo is the sequence defined by X, 10 = =X, 11 — X, Xo = —i
and X; = 1.
O

Remark 2.1 For n > 1, we have

717G +JGP), + JGS;)Q}
=2"(244) = Zp +2"N2 4+ 40) — Zpy1 +2"T2(2410) — Zpio
=7-2"2+i) — (Zn+ Zns1 + Znio)
=7-2"(241).

Then, JG + JGP), + JGP), = 2(2 4 4).

Definition 2.4 The Gauss third-order Jacobsthal number matrix Jgﬁlg) 18
defined by

JGP) I8P + 2769 276

n—1

Il = | 16V JGP | +20GY, 2GP, |, n=4.

n—1

JGP JG%®, 42763, 2763

n—2
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On Gauss third-order Jacobsthal numbers 5

5+2i4+304+21

where Jgég) = | 244 3+i 242 for convenience.

1+7 1 2

Note that the matrix J gT(LB) has order 3 x 3 and its coefficients are gaus-
sian integers. Now, we study important properties of this matrix, whose
coefficients are Gauss third-order Jacobsthal numbers.

Proposition 2.5 Forn > 3, we have
det(Jgg”) = 9n=1(1 - 2)).

Proof. First, note that

[ g 4259 25 JE J9 4273 956
Tgi = | I P 4250, 209 | +i | 0P I, 4200, 209,
LI 72 + 20,25 207, Iy 7y + 200, 257,
r1121" 1127
= |100| +i|100
010 010
[1+i12] [112]7""
=| 1 i0||100
0 1i][010

So we use multiplicative property of the determinant and we get
1+it2f|112""
det (Jgg3>) =| 1 qo0|l100
0 144|010

=2""1(1 - 2i).

Thus, the result follows.
O

Using Proposition 2.5 and properties of the determinant we can deduce
that.

Proposition 2.6 For n,m > 3, we have

det (Jggf”)) det (Jgg?) +det (Jg,(figl) det (Jgfjll) — _5.9mTm=2(3 4 45),
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Proof. From definition of determinant, we have

(3) (3) (3) (3)

det (Jgn ) det (ng ) + det (J9n+1) det (ng+1)
=2™(1 —20)2"(1 — 2i) + 2™ 1 (1 — 24)2" 1 (1 — 2i)
=5.2mTm=2(] _ 24)2,

Then, the result is obtained.

Using n = m in Proposition 2.6, we get

Corollary 2.7 Forn > 3, we have

det <<Jg7(13)>2> + det <(Jg,(fﬁl)2> = —5.22=1)(3 4 45).

Proposition 2.8 For n,m > 3, we have

<; = z> det (Jgr(izm) = det (Jg§l3)> det (Jg,(rf’)) .

Proof. From definition of determinant, we have
det (Jg,(f)) det (Jg,(s)) = (2" (1 —20)) (2™ (1 — 24))
= 221 - 24)(1 — 24)

1
= 5(1 —24) - 27T (1 — 24)

1 )
= 5(1 — 2i) det <Jg,(igm) .

Proposition 2.9 For n > 3, we have

det ((Jgffﬁl)") ~ det ((Jg,(;’)))n) — on*n(1 _24)n(2" 4 1).
Proof.
det ((Jgffﬁl)") ~ det ((Jg;f”))”) = (27(1—20))" + (2" (1 — 20))"
= 2" (1 — 2i)" 4+ 2" D (1 - 20)"
=27 (1 — 2)"(2" + 1).

Then, the result follows.
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On Gauss third-order Jacobsthal numbers 7

2.2 Gauss modified third-order Jacobsthal numbers
In this subsection, we introduce Gauss modified third-order Jacobsthal num-

bers {K G%B)}nzl and present some of their basic properties.

Definition 2.10 Gauss modified third-order Jacobsthal numbers KGS’) are
defined by

KGY), = KGP), + KGP) | +2KGP), n>1, (2.4)
with KG¥) =1+ 3i, KGY) =3 +i and KGY) =10 + 3i.
The first few terms are as follows:
KGY = KGY + KGY + 2KGY
=10+3i+3+i+2(1+ 3i) =15+ 104,
EGY = KGY + KGY + 2KGY
=15+ 100 + 10+ 3i 4+ 2(3 +4) = 31 + 154,
KGY = KGY + KGY + 2KGY)
=314 15¢+ 15+ 107 + 2(10 + 3i) = 66 + 31¢.
Theorem 2.11 Forn > 4, we have
KG® =K® + ZK(3)
where KT([D’) is the n-th modified third-order Jacobsthal number.

Proof. We can prove the theorem by the induction method on n. For n = 4,
we have

KGY = KGY) + KGY) +2KGP® =15+ 10i = KY + iKY,
Now, assume that the theorem holds for n < k, that is
KGP = K ik,
Then, for n = k + 1, we have
(3) (3) (3) (3)
KGy[, = KG;” + KG;”| +2KG)
3 3 3 . 3 3

= K,g )y K,g_)l + 2K,§_)2 +i (K( )+ K,g )2 + 2K >3)

_ ) o (3)

= K i
Thus, the result follows.
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We find Binet’s formulas for the Gauss modified third-order Jacobsthal
numbers. Let w; and wo be the solutions of the quadratic equation z2 4 = +

1=0:
—1+4+iv3 —1—14v3
—_—, W= ————.

ey 2

So, we obtain
KGY =2""1 24 d) + wpHwr +14) + wp (w2 +1).
Theorem 2.12 For n > 3, we have
KG® = JG® +2J6P, +6JG6¢

Proof. Using the relation KT(LS) = Jég) +2J7(i)1 +6J7(;i)2, for the n-th modified
third-order Jacobsthal proved in [7]. Then, we have

KGP = K +iK,”,
= I + 200+ 65, +i (I + 270, + 658,
= I i 2 (10, i) + 6 (10 + i)
= JGP +2JGP, +6JGY,.

Thus, the result follows.

Theorem 2.13 For n > 3, we have
13KG®) + 48KGP | + 20KGY), = 1477GP).

Proof. Using the relation 13K\ + 48K7(13_)1 + 20K7E322 = 1470, for the
n-th modified third-order Jacobsthal proved in [7]. Then, we obtain

13BKG® + 48KGP | +20KGY,

=13 (K© +iK2,) + 48 (K2, + i) +20 (K, +iK,)
= 13D + 48K, + 20K, +1 (13K, + 48K, + 20K,
=147J3) + 147373

— 147 () + 7))

=147JGP).

Then, the result follows.
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On Gauss third-order Jacobsthal numbers 9

Theorem 2.14 Forn > 1 and m > 2, we have
3 3 3 3 3
IG = IS IC + (I 4+ 202, ) IGD + 20 IG5
Proof.

SIS, (I +20,) G + 209G,

= I (I8 i) + (59 + 200, (19 + 108
+ 200 (I, +15,)
= I (T2 + 20 00) I+ 20D

+i <‘]r(zi-)lJ7S§) + (Jr(LS) + 2‘]7(13—)1) J,le + 2‘]7(13)‘]7(312)
= sz?m + ZJr(jszl

= JGY)

n+m:*

Then, the result is obtained.
O

Definition 2.15 The Gauss modified third-order Jacobsthal number matriz
KgT(L?’) 1s defined by
3 3 3 3
KG®), KGP +2KGY | 2kGY

n—1

K¢® = | kG KG¥P, +2kG%, 2kGP |, n>4.

KGY KGY, +2kGY), 2kGY,

15+ 107 16 + 57 20 + 67
where Kgé?’) = | 10+3i 54+7i 6+2i | for convenience.
341 T7T+2¢ 2+6¢

Proposition 2.16 For n > 3, we have
det (Kgﬁj”)) = 147 - 2"2(1 — 2i).

Proof. Note that the usual modified third-order Jacobsthal number K,Sg)
satisfies the next relation

E®), EY +2kP, 2k 1516207 [112]"°
Kg’)) K%l + 2K%2 ngl — 1105 6| {100
Kn—l Kn—2 + 2Kn—3 2Kn—2 3.7 2 010
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Then, we have

K, Y 1250, 2K
KgP = | K K, +2KY, 2K,
K2 KD, 2k 0K,

K KD, 42k, 267,

b | K, K, o o0,

K9, KO, 4 ok® ok,

(1516207 [[1121"7° 11271
- 1105 6 100 +il100
372 \[o10 010
(1516207 [1+412] [112]""
— 1105 6 1 30| ]100
372 0 1i]]oto

So we use multiplicative property of the determinant and we get

151620 |1+i12]]112""
det(Jg,g?’)): 105 6| 1 i0/[100
372l 0o 1i]lo10

= 588 - 2" 4(1 — 24)
= 147 -2"72(1 — 2i).

Thus, the result follows.

O
Proposition 2.17 For n > 3, we have
2. det (Kgff')) — 147 - det (Jgﬁf")) .
Proof. The proof is easily deduced from Propositions 2.5 and 2.16.
O

3 Conclusion

We defined new numbers by using definitions of Gauss sequence, the third-
order Jacobsthal number and modified third-order Jacobsthal number are
studied. The properties of those numbers were examined. Some theorems
about these numbers were presented, their matrix representations are es-
tablished and identities with their determinants are demonstrated.
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