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Some reduction theorems for even-dimensional slant
submanifolds of a C5 @& Cs-manifold

Salvatore de Candia - Maria Falcitelli

Abstract We establish conditions that allow us to reduce the codimension of a slant
submanifold of an almost contact metric manifold which falls in the Chinea-Gonzales
class C5 @ C12. The Reeb vector field of the ambient space is assumed to be orthogonal to
the considered submanifolds.

Keywords almost contact metric manifold - slant immersion - reduction of codimension -
space with constant curvature

Mathematics Subject Classification (2010) 53C42 - 53C40 - 53C25

1 Introduction

The theory of slant submanifolds, introduced by B. Y. Chen in 1990 in the
context of almost Hermitian Geometry, has been widely developed consid-
ering immersions into a Riemannian manifold endowed with an additional
structure [2], [3], [11], [13], [14]. In particular, in 1996 A. Lotta introduced
the concept of a slant submanifold of an almost contact metric (a.c.m.) man-
ifold. Considering a non anti-invariant slant submanifold N, dim N = r, of
an a.c.m. manifold M with Reeb vector field £, then r is even (resp. r is
odd) if and only if £ is normal (resp. £ is tangent) to N. The investigation
of even-dimensional slant submanifolds is meaningful only if the structure
of the ambient space is not a contact structure [12].

In [6] we established general properties of even-dimensional slant immer-
sions into a manifold which falls in the Chinea-Gonzalez class Cs & Cio.
This class consists of the a.c.m. Ln\anifolds that are locally /r\ealized as double-
twisted products | —¢, €[x (x, r,) M, where A1, Ao |—€, e[x M — R are smooth

positive functions and (.7/\/[\ ,J,3) is a Kéhler manifold [10].
In [4] Chen stated a reduction of codimension theorem considering slant
submanifolds of a complex space-form. The interrelation between Kéahler
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and Cj5 @ C1o-manifolds motivates the subject of this paper. In fact, we are
going to prove three reduction of codimension theorems for even-dimensional
slant submanifolds of a Cs ® C12-manifold. We apply the theorems stated by
Erbacher for submanifolds of a Riemannian manifold with constant sectional
curvature [9)].

We point out that a local description of C's5 @ Ch2-manifolds with constant
sectional curvature has been recently obtained [8]. In particular, the hyper-
bolic space H*™*1(—a?), endowed with the a-Kenmotsu structure given in
[5], is the local model of non-flat C5 @& Cio-manifolds with constant cur-
vature. Note that the reduction of codimension for odd-dimensional slant
submanifolds of H?"*!(—a?) has also been discussed [7].

2 Preliminaries

Given an a.c.m. manifold (M, ¢,&,n,9),let f: (N,g") = (M, ,&,n,g) be an
isometric immersion. For any z € N, X € T, N, we adopt the identifications
x = f(z) and X = (fx)2X, (f+)z being the tangential map. For any X €
I'(TN),V € I'(T*+N), one puts

pX =PX+FX, oV =tV+4+nV,

PX (resp. tV) and FX (resp. nV) denoting the tangential and normal
components of X (resp. V), respectively. This allows us to define smooth
maps

P:TN TN, F: TN - T*N, t: T*N — TN, n: T*N — T+N,

inducing linear maps on each fibre. Moreover, denoting by V' the Levi-Civita
connection of (N, ¢') and V+ the normal connection, the mixed covariant
derivative VF' is defined by

(VxF)Y = VXFY — F(VY),

for any X,Y € I'(TN).

The immersion f is said to be a slant immersion if for any x € N,
X € TN, such that X, £ are linearly independent, the angle 6(X) € [0, 7]
between X and T, N is a constant, say 6. In this case, 6 is named the
slant angle of N in M and (V, f) is called a #-slant submanifold of M. In
particular, if = 0 (resp. § = §), (IV, f) is an invariant (resp. anti-invariant)
submanifold. If § # 0, 5, (IV, f) is called a proper slant submanifold [12].

We recall that, denoting by V the Levi-Civita connection of (M, ¢, £, 1, g),
M belongs to the Chinea-Gonzalez class C5 @ (15 if and only if, for any

X,Y € I'(TM), the covariant derivative Vy satisfies the following condition

(Vx)Y =a{g(pX,Y)§ —n(Y)pX}

~a(X) (V) e(Veb) + g(Ve oY )E}, 21)
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where dimM = 2m + 1, a = 72‘5—7’;. Note that the function o determines
the Cs-component of Vo, as well as V¢& defines its Cjp-component. In
particular, a Cs-manifold is also named an a-Kenmotsu manifold. Moreover,
if Vo =0, then M is said to be a cosymplectic manifold [5].

Assume that (N, f) is a proper #-slant submanifold of a C5@® C12-manifold
(M, p,&,n,g) such that £ is normal to N and denote by p the vector sub-
bundle of T+ N whose fibre at any 2 € N is the orthogonal complement to
<& > @®F(T,N) in TSN, namely T,M = T,N® < & > @F(T,N) © ptg.
We denote by h the second fundamental form of N in M and by Ay the
Weingarten operator, for any V € I'(T+N). In [[6], Propositions 4.1, 5.4] it

is proved that, if VF = 0, then for any X,Y € I'(TN), V € I'(u1), one has
AeX = —(ao f)X, VxE=0, Ay =0, (2.2)

(sin® 0){h(X,Y) + (a0 f)g(X,Y)E} = —Fth(X,Y). (2.3)

Furthermore, F(TN) is a parallel subbundle of T+ N, namely for any V €
I'(F(TN)), X € I'(TN), V£V is a section of F(TN).
Considering a point x of N, the first normal space at z is the linear space
N} =span{h(X,Y)|X,Y € T, N}.

Now, we recall the reduction theorems of codimension [1], [9].

Theorem 2.1 Let (N, f) be a connected n-dimensional submanifold of a
space-form M™FP(c). If there exists a parallel subbundle E of T* N, rankE =
l, such that for any x € N the first normal space N} is contained in E,,
then there exists a totally geodesic submanifold Nnt of M such that f(N) C
N7

The local version of Theorem 2.1 is obtained weakening the hypothesis
that the ambient space is a space-form.

Theorem 2.2 Let (N, f) be a connected n-dimensional submanifold of a
Riemannian manifold M™ P with constant sectional curvature c. Assume
the existence of a parallel subbundle E of TN, rankE = 1, such that for
any x € N, N} is a linear subspace of E;. Then, for any x € N there exists
a neighborhood U of x such that f(U) is contained in an (n+1)-dimensional
totally geodesic submanifold of M™P.

Finally, we recall that (N, f) is said to be an austere submanifold if for

any normal vector V the set of eigenvalues of the Weingarten operator Ay
is invariant under multiplication by —1.

3 Reduction of the codimension

Let (M, ¢,&,n,9) be a connected C5 @ Cro-manifold, dim M = 2m + 1 > 5.
In [[8], Theorem 4.1] it is proved that, if M has constant sectional curvature
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¢, then either M is a Cs-manifold and ¢ = —a? < 0, or M is flat and falls
in the class Cio.

As reminded in Section 1, the hyperbolic space H*™*+1(—a2), a > 0, is
the local model of space-forms carrying a non-cosymplectic a-Kenmotsu
structure. On the other hand, it is well-known that the local model of flat
cosymplectic space-forms is the Euclidean space R?™*!1 = R x R?™ endowed
with the cosymplectic structure naturally associated to the canonical Kahler
structure on R*™ [[5], section 6.

A flat Co-manifold of dimension 2m + 1 is locally described as a twisted
product »J x U, J C R being an open interval such that 0 € J and
U = (R%)*". The manifold J x U is endowed with the a.c.m. structure

(907 67 m, g)\)7 a‘Cting as

@(a%,X): (0, JoX), n(a%,X)z a,

1,0 . .
é-: X(a70>a gx = )\27T1<dt®dt>+ﬂ'2(go),
forany a € §(JxU),X € I'(TU), where my: JxU — J, my: JxU — U are
the canonical projections, (Jy, go) is the canonical Kihler structure on R%™
and A(t,2',...,2%™) = 322" By(t)2’ + E(t) is a smooth positive function

[[8], Section 7]. We recall that the action of Jy is determined by JO(%) =

9 o N_ _ 8 _
e Jolgpmm) = —ga i=1,...,m.

Now, we are able to state the next theorems dealing with the reduction
of the codimension for proper slant submanifolds.

Theorem 3.1 Givena € R, a > 0, let (N, f) be a connected, proper 0-slant
submanifold of the a-Kenmotsu manifold H*™ 1 (—a?), (m > 3), such that
dim N = 2n. If VF =0, then f(N) is contained in a (4n + 1)-dimensional
totally geodesic submanifold of H*™1(—a?).

Proof. Since VF = 0, F(TN) is a parallel subbundle of T+ N and it is easy
to verify that it has rank 2n. Applying (2.2), we get that < £ > @F(TN) is a
parallel subbundle of T+ N. Moreover, by (2.2), (2.3), for any X,Y € I'(TN)
one has

hX,Y)=g(h(X,Y), 8¢ Fth(X,Y).

 sin?6
It follows that, for any z € N, the first normal space N} is a subspace
of < & > @®F(T,N). Applying Theorem 2.1, we obtain the statement.
O

In a similar way, also applying [[6], Corollary 5.4], we can prove the fol-
lowing result.

Theorem 3.2 Let (N, f) be a connected, proper 0-slant submanifold of the
flat cosymplectic manifold R*™+1 (m > 3) with dim N = 2n. If VF = 0,
then (N, f) is an austere submanifold of R¥"+1.
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In the case that the ambient space is a flat non-cosymplectic C2-manifold,
we can provide the next local version of the reduction theorem.
Theorem 3.3 Let (N, f) be a connected, proper 0-slant submanifold of a
flat non-cosymplectic Cra-manifold M such that dim N = 2n and VF =
0. Then, for any x € N there exists an open neighborhood U of x such

that (U, f|U) is an austere submanifold of a 4n-dimensional totally geodesic
submanifold of M.

Proof. Since M belongs to the Chinea-Gonzalez class C2, the function «
occurring in (2.3) vanishes, so we have

1

sin? 6

This implies that, for any z € N, N} is a linear subspace of F(T,N).
Moreover, F(T'N) is parallel in T+ N and has rank 2n.
Let x be a point of N. By Theorem 2.2, there exists an open neighborhood

U of z such that (U, fj,) is contained in a totally geodesic submanifold N

hMX,Y) =— Fth(X,Y), X,Y € I(TN).

of M, with dim N = 4n. Moreover, since M belongs to the class Cio and
VFE =0, (N, f) is an austere submanifold of M. Hence, (U, f|,) is also an

austere submanifold of N.
O

Finally, we remark that the previous theorems only deal with the Rie-
mannian aspects of the considered slant submanifolds. In general, a totally
geodesic submanifold (V, k) of an a.c.m. manifold M does not inherit from
M an almost Hermitian or an a.c.m. structure. This makes meaningless to
ask whether a slant submanifold of M which is embedded in (N, k) is a slant

submanifold of N. This is clarified by the following explicit example.
Ezample 3.1 For any 6 €]0, [ the map ]?9: R? — RS acting as

FO(2t, 22) = (2)sin6,22,0,0, 2" cos 6, 0)
is an isometric totally geodesic embedding with respect to the FEuclidean
metrics g on R?, g on RE.

Let Jy be the canonical almost complex structure on R®. Putting X; =
ff(%), i = 1,2, the tangential components of JyXi, JoXo are PX; =
—cos6Xo, PX. o = cos 0.X7, respectively. It follows that P = —cos 0Jy, hence
(R? fg) is a proper slant submanifold of the Kihler manifold (RS, .Jy, go)
with slant angle 6. This implies that the map f?: R? — R7 acting as
FO(xt,22) = (0, f%(2',2?)) is an isometric embedding and (R2, f%) is a
totally geodesic proper slant submanifold of R7. On R one considers the
cosymplectic structure naturally associated to (Jo, go) [6].

Since (R?, f9) is totally geodesic, we have VF = 0. By Theorem 3.2, (R?, f?)
can be realized as a submanifold of the Euclidean space R>. More precisely,
we define the maps 3\ R* — RS, %9 R? — R* such that
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j(uILUQ,u?’,u4 = (u',u2,0,0,u ut), (ul,u? ud ut) € R4,
EO(z',2?) = (2'sin 6,22, 2" cos6,0), (z',2?) € R

Then we get fe = /jo %? and both the maps 3, kY are isometric embed-

dings with respect to the Euclidean metrics. Moreover, (RQ,/k\:G) is a totally
geodesic submanifold of R%.

Anyway, taking into account that (R%,}) is neither a holomorphic nor
a proper slant submanifold of (RS, .Jy, go), the Kéhler structure (Jo, go) on
RS does not induce a “canonical” Hermitian structure on (R‘l,;). It follows
that the map k?: R? — R®, acting as k%(x!,2?) = (O,E‘g(acl,aﬂg) realizes
an isometric immersion into a totally geodesic submanifold of R, but the
ambient space R® does not inherit from R” a “canonical” a.c.m. structure.

On the other hand, (R?, k:e) is an anti-invariant submanifold of R®, which

is endowed with the cosymplectic structure naturally associated to the
c/zinoni(fml Kahler structulze /(LJO’/Q\O) on R*. In fact, putﬁir/l% X, = k‘f(%),
X, = kf(%), one has JyX; = sinH% — cos&a%l, Jo Xy = %4. It fol-

lows that jI)Xi, i = 1,2, are sections of the normal bundle 7-R?. Hence
(R2,k%) is a totally real submanifold of (R*,Jy, o) and then (R? k%) is
anti-invariant.
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