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Abstract In this paper we introduce a new one-parameter generalization of bihyper-
bolic Pell numbers. We give some of their properties, among others the Binet formula,
convolution identity and the generating function.
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1 Introduction

Hyperbolic numbers are two dimensional number system. A hyperbolic num-
ber is defined as z = x+hy, where x,y € R and h is a unipotent (hyperbolic)
imaginary unit such that h? = 1 and h # +1. Hence the set of hyperbolic
numbers is defined as

H={z:2=x2+hy,z,ycR h®=1}.

The hyperbolic numbers were introduced by J. Cockle, see [5]-[8]. Many
algebraic properties of hyperbolic numbers are presented in [12] and [13].
The set of bihyperbolic numbers is defined as follows
H, = {C < =20+ J1T1 + Jax2 +j3x3},

where xg,x1, T2, 23 € R and ji, jo, j3 € R are operators such that

and
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The multiplication of bihyperbolic numbers can be made analogously as
multiplication of algebraic expressions. The addition and multiplication on
H, are commutative and associative. Moreover, the multiplication is dis-
tributive over addition. Hence (Hy, +, ) is a commutative ring. Hyperbolic
numbers and bihyperbolic numbers are well-studied in the literature, see [1,
12].

Consider the special cases of sequences {a,,} which are defined recurrently
as a linear combination of the preceding k terms

an =b1ap_1 +boay_o+ -+ bpa,_ forn >k, (1.3)

where k > 2, b; are integers, i = 1,2,...,k and ag,aq,...,ap_1 are given
numbers. By recurrence (1.3) for k£ = 2 we get the well-known sequences
e.g. Fibonacci, Lucas, Pell, Jacobsthal sequence. In the literature sequences
defined by (1.3) for k = 2 are called sequences of the Fibonacci type.

Using the concept of Pell numbers we will introduce bihyperbolic Pell
numbers and bihyperbolic r-Pell numbers. Recall some properties of Pell
numbers.

The Pell sequence {P,} is defined by the following recurrence P, =
2P, 1+ P, 5, for n > 2 with initial conditions Py = 0, P; = 1. The
Binet formula of the Pell numbers has the form

(1+v2)"—(1-Vv2)"
2v2 )

Moreover, the Pell numbers are defined by the following formula

P, =

[n—l

2 n
P, = 2k,
> (2k+ 1>

k=0

The matrix generator of the sequence {P,} is [? (1)] . It is known that

Poa P, ] J21]"

P, P, l10] -
Hence we get the well-known formula (Cassini’s identity) P, 1P,—1 — P2 =
(—1)™. Another interesting properties of the Pell numbers are given in [9].

Let n > 0 be an integer. Define bihyperbolic Pell sequence {BhP,} by
the following recurrence relation

Bth = Pn +j1Pn+1 +j2Pn+2 +j3Pn+3’ (14)

where P, is nth Pell number.
In this paper we study one-parameter generalization of the bihyperbolic
Pell numbers.
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2 The r-Pell numbers

In the literature there are some generalizations of the Pell numbers, see
[3,4,10,11]. In [2] a one-parameter generalization of the Pell numbers was
investigated. We recall this generalization.

Let n > 0, r > 1 be integers, the r-Pell sequence {P(r,n)} is defined by
the following recurrence relation

P(r,n) =2"P(r,n—1) + 2" 'P(r,n — 2) for n >2 (2.1)

with initial conditions P(r,0) =2, P(r,1) =1+ 2"+1.
It is easily seen that P(1,n) = P,1s.
By (2.1) we obtain

P(r,0) =2

P(r,1) =142+

P(r2) =2+ 1 2. 47

P(r3)=2"143.4"+2.8" (2.2)
P(r4)=3 4" 4 4.8 +2.16"

P(r5) =1 47+ 3.8 +5-16"+2.32".

In [2] it was proved that the r-Pell numbers can be used for counting of
independent sets of special classes of graphs. We will recall some properties
of the r-Pell numbers, they will be useful in the next section.

Theorem 2.1 [2] (Binet formula) Let n > 0, r > 1 be integers. Then

ooy (1421 w21 .
(o) =\1+ o )T U~ e ) 2

where
1 1
r = 5(? + VAT + 20, g = 5(7 — VAT 21T, (2.3)
Proposition 2.2 [2] Let n >4, r > 1 be integers. Then
P(r,n) = (8" +4")P(r,n —3) + (251 + 22" ) P(r,n — 4).
Theorem 2.3 [2] Let n > 1, r > 1 be integers. Then

n—1
P(r,n) +2""'P(r,n—1) -3
> P(rl) = (r;n) 3'2T_1(_1 ) -3, (2.4)

=0
Theorem 2.4 [2]| (convolution identity) Let n,m,r be integers m > 2,n >
1,»>1. Then
P(r,m+n) =2""1P(r,m —1)P(r,n) + 2> 2P(r,m — 2)P(r,n — 1). (2.5)

Theorem 2.5 [2] The generating function of the sequence { P(r,n)} has the
following form
2+

Tl 2r 212

f(x)
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3 The bihyperbolic r-Pell numbers

Let r > 1, n > 0 be integers, the nth bihyperbolic r-Pell number BhP), we
define as

BhP, = P(r,n) + j1P(r,n+1) + joP(r,n+2) + j3P(r,n+3), (3.1)

where P(r,n) is nth r-Pell number.
By (2.2) and (3.1) we obtain

BhP§ =2+ j1(14+ 21 + o (271 +2.47) + j3 (271 4347 +2-8")
BhP] =142/t 4 (27T +2.47) + 5o (2771 + 347 +2-8")
+j3(2 4" +4-8"+2-16")
BhPy =21 424"+ (271 +3-4"4+2-8")
+j2(§-47"+4-8*"+2~16r)+j3(1-47"+3.8r+5.16r+2_3(2r).)
3.2
By the definition of bihyperbolic r-Pell numbers we get the following
recurrence relations.

Theorem 3.1 Letn > 2, r > 1 be integers. Then
BhP! =2"BhP.,_; + 2" 'BhP!_,, (3.3)
where BhPJ, BhP] are given by (3.2).
Proof. Using (2.1) and (3.1), we have
2"BhP._, +2""'BhP}_,
=2"(P(r,n—1)4+ j1P(r,n) + joP(r,n+ 1) + jsP(r,n + 2))

+2T_1(P(T‘,n - 2) +j1P(7‘,n - 1) +j2P(T7 n) +j3P(T>n + 1))
= P(r,n) 4+ j1P(r,n+1) + joP(r,n+2) + j3P(r,n+ 3) = BhP}.

Proposition 3.2 Let n >4, r > 0 be integers. Then
BhP! = (8" +4")BhP!_5 + (2* 1 +2*""%)BhP!_,.
Proof. By Proposition 2.2 we obtain

BhP! = P(r,n) + 1P(r,n+ 1) + joP(r,n+2) + j3P(r,n + 3)

= (8" +4")P(r,n — 3) + (23771 + 227 "2)P(r,n — 4)
+51((8" +47)P(r,n — 2) + (2571 + 22" 72)P(r,n — 3))
+72((8" +47)P(r,n — 1) + (27771 + 227 72)P(r,n — 2))
+73((8" +47)P(r,n) + (221 + 2 2)P(r,n — 1))

= (8" +4")(P(r,n —3) + 1P(r,n—2)
+j2P(T’n - 1) + j3P(T, TL))
+(23T71 + 227472)(-[3(7"7 n— 4) +j1P(7",7’L - 3)
+j2P(T7n - 2) + j3P(T7 n-— 1))
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On a new generalization of bihyperbolic Pell numbers 5

Hence we have
BhP] = (8" +4")BhP]_5 + (23T Ly g2r— 2)BhPle

which ends the proof.

Theorem 3.3 Letn >0, r > 1 be integers. Then

BhP), — j1BhP, | — j2BhP} 5 — jsBhP) 3
= P(r,n) — P(r,n+2) — P(r,n+4) + P(r,n+6) — 2jsBhP} 5

Proof. Using multiplication rules (1.1) and (1.2), we obtain

BhP}, — j1BhP} | — j2BhP} 5 — jsBhP} 5

= P(r,n)+ j1P(r,n+1) + joP(r,n+2) + jsP(r,n+ 3)
—j1(P(r,n+ 1)+ j1P(r,n+2) + joP(r,n+ 3) + jsP(r,n + 4))
—jo(P(r,n+2)+ j1P(r,n+3) + j2P(r,n+4) + j3P(r,n +5))
—j3(P(r,n+3)+ j1P(r,n+4) + j2P(r,n+5) + j3P(r,n + 6))

:P(r,n)—l—ij(r n+1)+32P(7"a"+2)+]3p(7“7n+3)
7]1P(T7n+1) (7'n+2)*]3P(T,TL+3)*]2P(?",7”L+4)
—joP(r,n+2) — jsP(r,n+3) — P(r,n+4) — j1P(r,n+5)
—jsP(r,n+3) — joP(r,n+4) — j1P(r,n+5) — P(r,n +6)

= P(r,n)— P(r,n+2)—P(r,n+4) — P(r,n+6)
—2(j1P(r,n+5) + joP(r,n+4) + jsP(r,n + 3))

= P(r,n) — P(r,n+2) — P(r,n+4) + P(r,n+6)
—2j3(P(r,n+3) + 1P(r,n+4) + j2P(r,n +5) + jsP(r,n + 6))

= P(r,n) = P(r,n+2) — P(r,n+4) 4+ P(r,n+6) — 2jsBhP] 4

O
Now we will give the Binet formula for the bihyperbolic r-Pell numbers.
Theorem 3.4 (Binet formula) Let n > 0, r > 1 be integers. Then
BhPL = C1r (1 + jir1 + jors + jari) + Corh (1 + jira + jors + jsr3),

where r1, To are given by (2.3) and

o1 2+1 oy 2" +1
1=t = T e

Proof. By Theorem 2.1 we get

BhP! = P(r,n) + j1P(r,n+ 1) + joP(r,n+2) + j3P(r,n + 3)
= C1rl + Cary +]1(C17"n+1 + CQT;+1)
+72(CirT ™ + Cary %) 4 ja(Cury ™ + Corg ™)
= 017“1 (1 +]17“1 + ]27"1 +j37'%) + 027"721 (1 +j17”2 +j27"% + jgrg’) .

O
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By Theorem 3.4 we get the Binet formula for the bihyperbolic Pell num-
bers.

Corollary 3.5 Let n > 0 be an integer. Then

BhP, = (1+v2)"A—(1-V2)"B),

1
2v2
where
A=1+(14V2)j1 + (34 2V2)js + (7T + 5V2)js,
B=1+(1-V2)ji+(3—2v2)j2+ (7T-5V2)js

Proof. By Theorem 3.4 and formula (2.3) we have C; = 2\2(/;3, Cy = \2(/5 ,
r1:1+\ﬁ, ro = 1 — /2. Hence

BhP! = C1(1+V2)"A + Cy(1 — V2)"B = BhP,».
Thus
AP, = S+ V2P A 4 250 Va2
7((1 +V2)"A - (1 -V2)"B).

O

In the next theorem we give a summation formula for the bihyperbolic
r-Pell numbers.

Theorem 3.6 Letn >0, r > 1 be integers. Then

BhPy, 427! BhP;—3(14j14j2+443)
3.2r-1—-1

— (271 + B+ 27 )jo + (34247 4 27F2)j5) .

i Bh]jlr —
=0

Proof. By the definition of the bihyperbolic r-Pell numbers we get

Z Bh‘PlT = P(T,O) +j1P(T7 ]-) +j2P(’I“,2) +j3P(T,3)

=0
+P(r,1) + j1P(r,2) + joP(r,3) + j3P(r,4) +
+P(r,n) + j1 P(r,n+ 1) + joP(r,n +2) + jzP(r,n + 3)
= P(r,0)+ P(r,1) +--- + P(r,n)
+j1 (P(r,1) + P(r,2) +---+ P(r,n+ 1) + P(r,0) — P(r,0))
+32(P(, 2)+ P(r,3)+ -+ P(r,n+2)+ P(r,0) + P(r,1)
(7“,0) P(r,1)) + js(P(r,3) + P(r,4)
-+ P(r,n+3)+ P(r,0) + P(r,1) + P(r,2)
(7",0) P(r,1) = P(r,2)).
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On a new generalization of bihyperbolic Pell numbers 7

By formula (2.4) we obtain

n
l;) BhP[ = 52— [P(r,n+1)+2""'P(r,n) — 3
+i1(P(ryn+2) + 2" 1P(r,n+1) — 3)
)—3
)—3

—_——

)
+j2(P(r,n +3) + 2771 P(r,n + 2 )
+j3(P(r,n+4) +2""1P(r,n + 3 )]
_P(T7 O)]l - (P(Tv O) + P(Ta 1))j2
—(P(r,0) + P(r,1) + P(r,2))js.

Hence

n
IZ BhP] = 5ot [P(r,n+1) + j1P(r,n +2)
=0

+j2P(r,n+3) + jsP(r,n+4)
+21(P(r,n) + ji P(r,n + 1)
+j2P(r,n+2) + jsP(r,n + 3))
—3(14j1+j2 +js)] — 21 — (3+2"T1)j,
—(3+2-4" 4271255

BhPy, 427! BhP;—3(14j14j2473)

32711
— (251 + (B+27 o + (34247 +27F2)53) .

Theorem 3.7 (convolution identity) Let m > 2,n > 1, r > 1. Then

2BhPr,,, =2 'BhP},_ BhP} + 2> ~2BhPI,_,BhP!_,
+P(r,m+n)+ P(r,m+n+6)
—P(r,m+n+2)—P(r,m+n+4) —2j3BhP), ..
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Proof. Using (1.1) and (1.2), we have

2""'BhP;,_BhP; + 2*""*BhP},_,BhP;
= 2 (P(rlm— 1) ¥ i P(r,m) + 1P (rm + 1) + jsP(r,m 4 2)
(P(r,n) + j1P(r,n+1) + jaP(r,n +2) 4 jsP(r,n + 3))
+227=2(P(r,m — 2) + j1 P(r,m — 1) + j2 P(r,m) + jsP(r,m + 1))
«(P(ryn—1) 4+ j1P(r,n) + j2P(r,n+1) + jsP(r,n + 2))
=2""YP(r,m —1)P(r,n) + j1P(r,m — 1)P(r,n + 1)
+joP(r,m —1)P(r,n +2) + jsP(r,m — 1)P(r,n + 3))
+j1P(r,m)P(r,n) + P(r,m)P(r,n+ 1) + jsP(r,m)P(r,n + 2)
+j2P(T7 m)P(r, n+ 3) + j2P(T7 m+ 1)P(’I“, n)
+jsP(r,m+1)P(r,n+1)
+P(r,m+ 1)P(r,n+2)+ j1P(r,m + 1)P(r,n + 3)
+j3P(r,m + 2)P(r,n) + joP(r,m 4+ 2)P(r,n + 1)
+j1P(r,m+2)P(r,n+2)+ P(r,m+2)P(r,n+ 3))
+22=2(P(r,m — 2)P(r,n — 1) + j1 P(r,m — 2)P(r,n)
+joP(r,m —2)P(r,n+ 1) + jsP(r,m — 2)P(r,n + 2)
+j1P(r,m —1)P(r,n — 1)+ P(r,m — 1)P(r,n)
+jsP(r,m —1)P(r,n+ 1) + joP(r,m — 1)P (7’ n+2)
+j2P(r, ) (r,n—1)+ jsP(r,m)P(r,n) + P(r,m)P(r,n+ 1)
+j1P(r,m)P (r n+2)+jsP(r,m+1)P(r,n—1)
+j2P(T m+ 1)P(r,n) + j1 P(
+P(r,m+ 1)P(r,n+ 2)).

rom+ 1)P(r,n+1)

By simple calculations and formula (2.5) we get

9" ~1BhPT_ BhP! + 2 ~2BhP’_,BhP’_,
=2""1P(r,m — 1)P(r,n) + 2%~ Q(P(r m—2)P(r,n—1)

+51 (2" P(rym — 1) (r,n+1)+22"2P(r,m — 2)P(r,n))
+72(2" 7 P(rym — 1)P(r,n + 2) + 22 2P(r,m — 2) P(r,n + 1))
+73(2" " P(rym — 1)P(r,n + 3) + 22 2P(r,m — 2) P(r,n + 2))
+51 (27 P(r,m)P(r,n) + 222 P(r,m — 1)P(r,n — 1))
22 P () + 1) P(r,n) + 227 2P(r, m) P(r,n — 1))
+73(2" "L P(r,m)P(r,n +2) + 22 2P(r,m — 1) P(r,n + 1))

1) P(r
+2" L P(r,m)P(r,n + 1) + 22" 72P(r,m — 1) P(r,n)
+2"tP(r,m + 1) P(r,n + 2) + 22" 72P(r,m)P(r,n + 1)
+2" L P(r,m +2)P(r,n + 3) + 227 2P(r,m + 1) P(r,n + 2)
+51[2" 7L P(r,m + 1) P(r,n + 3) + 22"~ 2(P(r,m)P(r,n + 2)
+2" 7 P(r,m + 2)P(r,n + 2) + 22" 72(P(r,m + 1) P(r,n + 1)]
+32[2" P (r,m + 2)P(r,n 4+ 1) + 22 2P(r,m + 1) P(r, n)
+2"LP(r,m)P(r,n + 3) + 22" 2(P(r,m — 1) P(r,n + 2)]
+33[2" 1 P(r,m + 1)P(r,n + 1) + 22772 P(r, m) P(r,n)
+2"LP(rym + 2)P(r,n) + 2277 2P(r,m + 1) P(r,n — 1)].

—~— = =
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Using formula (2.5) again, we obtain

9=\ BhPT | BhP! + 22" ~2BhP"_,BhP!_,
=2(P(r,m+n)+ s P(rym+n+1)+j2P(r,m+n+2)
+jsP(r,m+n+3)) — P(r,m+n)+ P(r,m+n+2)
+P(r,m+n+4)+ P(r,m+n+ 6)
+2(j1P(r,m +n+5) + joP(r,m +n+4) + jsP(r,m +n + 3))
=2BhP}, ., — P(r,m+n)+ P(r,m +n+2)
+P(r,m+n+4)+ P(r,m+n+6)
—|—2(j1P(7’,m +n+5)+joP(rrm+n+4)+jsP(r,m+n+ 3))
=2BhP}, ., — P(r,m+n)+ P(r,m +n+2)
+P(r,m+n+4) — P(r,m+n+ 6)
+253[P(r,m +n+3) + j1 P(r,m +n +4)
+j2P(r,m +n+5) + g3 P(r,m +n + 6)]
=2BhP},,, — P(r,m+n)+ P(r,m +n+2)
+P(r,m+n+4) — P(r,m+n+6)+2jsBhP; . 5.

Hence we get the result.
O

At the end we give the ordinary generating function of the bihyperbolic
r-Pell numbers.

Theorem 3.8 The generating function of the bihyperbolic r-Pell sequence
{BhP}} is

_ BhPj + (BhP{ — 2" BhFP})x
o 1—2rg — 2r—142 ’

g(z)

o]
Proof. Let g(x) = > BhPrxz"™. By formula (3.3) we get
n=0
(1—2"z — 27 1a?)g(x)
=(1-2"x—2""122) . (BhP} + BhP{x + BhPyx? + - - -)
= BhP} + BhP{z + BhPyz? + - --
—9"BhP{z — 2" BhPl2? — 2" BhPja® — - -
—2"'BhPJx? — 2" 'BhP{ a3 — 2"\ BhPyat — - -

Because the coefficients of 2™ for n > 2 are equal to zero, we have
(1—2"z — 2" '2?)g(x) = BhPy + (BhP] — 2" BhP})x.

Hence
_ BhFy + (BhP] —2"BhPj)x

1—2rg —2r—142

g(x)
By (3.2) we obtain

BhPy =2+ j1(1+2") + jo (27T + 2. 47)
+73(271 434" +2-87),
BhP] —2"BhP} =14 j12" + ja(4" + 2771) 4 j3(8" 4 47).
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