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The Hadamard-type k-step Fibonacci sequences

Yeşim Aküzüm · Ömür Deveci

Abstract In this work, we define the Hadamard-type product of two polynomials by the
aid of the Hadamard product of two polynomials. Then we obtain the Hadamard-type
k-step Fibonacci sequence by using Hadamard-type product of characteristic polynomials
of the Fibonacci sequence and the k-step Fibonacci sequence. Also, we derive relationships
between the Hadamard-type k-step Fibonacci sequences and the generating matrices for
these sequences. Finally, we give some properties of these sequences such as the Binet
formula, the combinatorial representations, the generating function, the exponential rep-
resentation.
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1 Introduction

The well-known Fibonacci sequence {fn} is defined recursively by the equa-
tion

fn+1 = fn + fn−1

for n ≥ 1, where f0 = 0, f1 = 1.
The k-step Fibonacci sequence

{
F k
n

}
(k ≥ 2) is defined by initial values

F k
0 = · · · = F k

k−2 = 0, F k
k−1 = 1 and recurrence relation

F k
n+k = F k

n+k−1 + F k
n+k−2 + · · · + F k

n for n ≥ 0.

Note that the characteristic polynomials of Fibonacci sequence and the
k-step Fibonacci sequence are f(x) = x2 − x− 1 and F k(x) = xk − xk−1 −
· · · − x− 1, respectively.
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2 Yeşim Aküzüm, Ömür Deveci

The Hadamard product of two polynomials

p(x) = anx
n + an−1x

n−1 + · · · + a1x+ a0

q(x) = bmx
m + bm−1x

m−1 + · · · + b1x+ b0

in R [x] is defined to be

(p ∗ q) (x) = akbkx
k + ak−1bk−1x

k−1 + · · · + a1b1x+ a0b0,

where k = min (n,m) [8].
Consider the k-step homogeneous linear recurrence sequence {an},

an+k = c0an + c1an+1 + · · · + ck−1an+k−1

where c0, c1, . . . , ck−1 are real constants. In [10], Kalman derived a number
of closed-form formulas for the sequence {an} by matrix method as follows:

An




a0
a1
...

ak−1


 =




an
an+1

...
an+k−1




where

A = [ai,j ]k×k =




0 1 0 · · · 0 0
0 0 1 · · · 0 0

0 0 0
. . . 0 0

...
...

...
...

...
0 0 0 · · · 0 1
c0 c1 c2 ck−2 ck−1



.

In the literature, many of the numbers obtained by using homogeneous lin-
ear recurrence relations and their miscellaneous properties have been stud-
ied by some authors; see, for example [1,4–7,9,13,14]. In this work, we
define the Hadamard-type product of two polynomials and the Hadamard-
type k-step Fibonacci sequence. Firstly, we obtain relationships between the
Hadamard-type k-step Fibonacci sequences and the generating matrices for
these sequences. Then using the roots of characteristic polynomial of the
Hadamard-type k-step Fibonacci sequence, we produce the Binet formula
for the Hadamard-type k-step Fibonacci numbers. Also, we give the com-
binatorial representations, the exponential representation and the sums of
these sequences.
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The Hadamard-type k-step Fibonacci sequences 3

2 The Hadamard-type k-step Fibonacci sequences

Let mth and nth degrees two polynomials be given by

f(x) = amx
m + am−1x

m−1 + · · · + a1x+ a0,

g(x) = bnx
n + bn−1x

n−1 + · · · + b1x+ b0.

We define the Hadamard-type product of polynomials f and g as follows:

f(x) ∗ g(x) =
∞∑

i=0

(ai ∗ bi)xi, where ai ∗ bi =

{
aibi if aibi ̸= 0
ai + bi if aibi = 0

.

Now we consider a new k-step sequence which is defined by using Hadamard-
type product of characteristic polynomials of Fibonacci sequence and the k-
step Fibonacci sequence and is called the Hadamard-type k-step Fibonacci
sequence. This sequence is defined by integer constants HFk (0) = · · · =
HFk (k − 2) = 0, HFk (k − 1) = 1 and the recurrence relation

HFk (n+ k) = HFk (n+ k − 1)+· · ·+HFk (n+ 2)−HFk (n+ 1)−HFk (n)
(2.1)

for n ≥ 0, where k ≥ 3.
By relation (2.1), we obtain the generating matrix of the sequence {HFk (n)}
as follows:

FMh
k = fij =




1 · · · 1 1 −1 −1
1 0 · · · 0 0 0
0 1 0 · · · 0 0
0 0 1 0 · · · 0
...

. . .
. . .

. . .
. . .

...
0 · · · 0 0 1 0



k×k.

The companion matrix FMh
k is called Hadamard-type k-Fibonacci matrix.

Let HFk (n) be denoted by HFn
k . By induction on n, we get

(i) . For k = 3,

(
FMh

3

)n
=



HFn+2

3 −HFn+1
3 −HFn

3 −HFn+1
3

HFn+1
3 −HFn

3 −HFn−1
3 −HFn

3

HFn
3 −HFn−1

3 −HFn−2
3 −HFn−1

3


 ,

(ii) . For k = 4,

(
FMh

4

)n
=




HFn+3
4 HFn+4

4 −HFn+3
4 −HFn+2

4 −HFn+1
4 −HFn+2

4

HFn+2
4 HFn+3

4 −HFn+2
4 −HFn+1

4 −HFn
4 −HFn+1

4

HFn+1
4 HFn+2

4 −HFn+1
4 −HFn

4 −HFn−1
4 −HFn

4

HFn
4 HFn+1

4 −HFn
4 −HFn−1

4 −HFn−2
4 −HFn−1

4


 ,

(iii) . For k ≥ 5,
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4 Yeşim Aküzüm, Ömür Deveci

(
FM

h
k

)n
=




HF
n+k−1
k

HF
n+k
k

− HF
n+k−1
k

HF
n+k−2
k

− HF
n+k−3
k

− HF
n+k−4
k

HF
n+k−2
k

HF
n+k−1
k

− HF
n+k−2
k

HF
n+k−3
k

− HF
n+k−4
k

− HF
n+k−5
k

.

.

.

.

.

. FM
h,∗
k

.

.

.

HF
n+1
k

HF
n+2
k

− HF
n+1
k

HFn
k − HF

n−1
k

− HF
n−2
k

HFn
k HF

n+1
k

− HFn
k HF

n−1
k

− HF
n−2
k

− HF
n−3
k

(2.2)

−HF
n+k−2
k

− HF
n+k−3
k

−HF
n+k−2
k

−HF
n+k−3
k

− HF
n+k−4
k

−HF
n+k−3
k

.

.

.

.

.

.

−HFn
k − HF

n−1
k

−HFn
k

−HF
n−1
k

− HF
n−2
k

−HF
n−1
k




where FMh,∗
k is a (k) × (k − 5) matrix as follows:




HF
n+k+1
k

−HF
n+k
k

−HF
n+k−1
k

HF
n+k+2
k

−HF
n+k+1
k

−HF
n+k
k

−HF
n+k−1
k

· · ·
HF

n+k
k

−HF
n+k−1
k

−HF
n+k−2
k

HF
n+k+1
k

−HF
n+k
k

−HF
n+k−1
k

−HF
n+k−2
k

· · ·
.
.
.

.

.

.

.

.

.

HF
n+3
k

− HF
n+2
k

− HF
n+1
k

HF
n+4
k

− HF
n+3
k

− HF
n+2
k

− HF
n+1
k

· · ·
HF

n+2
k

− HF
n+1
k

− HFn
k HF

n+3
k

− HF
n+2
k

− HF
n+1
k

− HFn
k · · ·

HF
n+2k−5
k

−HF
n+2k−6
k

−· · ·−HF
n+k
k

−HF
n+k−1
k

HF
n+2k−6
k

−HF
n+2k−7
k

−· · ·−HF
n+k−1
k

−HF
n+k−2
k

.

.

.

HF
n+k−3
k

−HF
n+k−4
k

−· · ·−HF
n+2
k

−HF
n+1
k

HF
n+k−4
k

−HF
n+k−5
k

−· · ·−HF
n+1
k

−HFn
k




for n ≥ 3. Also, It is easy to see that detFMh
k = (−1)k.

We now give the Binet formula for the Hadamard-type k-Fibonacci se-
quences.

Lemma 2.1 The characteristic equation of the Hadamard-type k-Fibonacci
sequences xk − xk−1 − · · · − x2 + x+ 1 = 0 does not have multiple roots.

Proof. Let f (x) = xk − xk−1 − · · · − x2 + x + 1. For k = 3, we reach the
equation x3 − x2 + x + 1. Then, the roots of this equation are obtained as
x1 = 0.771 84 − 1. 115 1i, x2 = 0.771 84 + 1. 115 1i and x3 = −0.543 69.
Similarly, we reach the equation x4 − x3 − x2 + x + 1 for k = 4. Then, we
obtain the roots of this equation as follows:

x1 = 1. 192 4−0.547 88i, x2=1. 192 4+0.547 88i, x3=−0.692 44−0.318 15i and

x4 = −0.692 44 + 0.318 15i.

Thus, it is easily seen that the equation f(x) = 0 does not have multiple
roots for k = 3 and k = 4. Now, we consider the proof for the case k ≥ 5.
Suppose that g (x) = (x− 1) f (x) = xk+1 − 2xk + 2x2 − 1. In this case, we
obtain

xk =
1 − 2x2

x− 2
. (2.3)
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On the other hand, we may write g
′
(x) = (k + 1)xk − 2kxk−1 + 4x and

thus, we get

xk =
−4x2

(k + 1)x− 2k
. (2.4)

From (2.3) and (2.4), we reach the equation

(2k − 2)x3 + (8 − 4k)x2 − (k + 1)x+ 2k. (2.5)

By equation (2.5), we get k = 1+ 4x2−2x+2
−2x3+4x2+x−2 . Using appropriate softwares

such as mathematica wolfram 10.0 [15], we obtain that there is no solution
for k ≥ 5. Since k are integers such that k ≥ 5, it is a contradiction.
Therefore, the equation f(x) = 0 does not have multiple roots.

⊓⊔

If x1, x2, . . ., xk are eigenvalues of the matrix FMh
k , then by Lemma 2.1,

it is known that x1, x2, . . ., xk are distinct. Let Vk be k × k Vandermonde
matrices as follows:

Vk =




(x1)k−1 (x2)k−1 · · · (xk)k−1

(x1)k−2 (x2)k−2 · · · (xk)k−2

...
...

...
x1 x2 xk
1 1 · · · 1




.

Let

Uk (i, j) =




xn+k−i
1

xn+k−i
2

...

xn+k−i
k




and supoose that Vk (i, j) is a k × k matrix obtained from Vk by replacing
the jth column of Vk by Uk (i, j).

Theorem 2.2 Let
(
FMh

k

)n
=
[
fh,k,ni,j

]
, then

fh,k,ni,j =
detVk (i, j)

detVk
,

for n ≥ 3 and k ≥ 3.

Proof. Since the eigenvalues of the matrix FMh
k are distinct, the matrixFMh

k

is diagonalizable. Thus, we easily see that FMh
k Vk = VkPk, where Pk =

(x1, x2, . . . , xk). Since Vk is invertible, we may write (Vk)−1 FMh
k Vk = Pk.
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Then, the matrix FMh
k is similar to Pk and

(
FMh

k

)n
Vk = Vk (Pk)n for n ≥ 3

and k ≥ 3. Then we can write the following linear system of equations:





fh,k,ni,1 xk−1
1 + fh,k,ni,2 xk−2

1 + · · · + fh,k,ni,k = xn+k−i
1

fh,k,ni,1 xk−1
2 + fh,k,ni,2 xk−2

2 + · · · + fh,k,ni,k = xn+k−i
2

...

fh,k,ni,1 xk−1
k + fh,k,ni,2 xk−2

k + · · · + fh,k,ni,k = xn+k−i
k

Therefore, for each i, j = 1, 2, . . . , k, we obtain

fh,k,ni,j =
detVk (i, j)

detVk
.

⊓⊔

Theorem 2.2 gives immediately:

Corollary 2.3 Let HFk (n) be the nth the Hadamard-type k-step Fibonacci
number, then

HFk (n) =
detVk (k, 1)

detVk
= −detVk (k − 1, k)

detVk

for k ≥ 3.

Now we concentrate on finding the permanental representations of the
Hadamard-type k-step Fibonacci numbers.

Definition 2.4 A u×v real matrixM = [mi,j ] is called a contractible matrix

in the kth column (resp. row.) if the kth column (resp. row.) contains exactly
two non-zero entries.

Suppose that x1, x2, . . . , xu are row vectors of the matrix M. If M is
contractible in the kth column such that mi,k ̸= 0,mj,k ̸= 0 and i ̸= j, then
the (u− 1)×(v − 1) matrix Mij:k obtained from M by replacing the ith row
with mi,kxj +mj,kxi and deleting the jth row. The kth column is called the
contraction in the kth column relative to the ith row and the jth row.

In [2], Brualdi and Gibson obtained that per (M) = per (N) if M is a real
matrix of order α > 1 and N is a contraction of M.
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The Hadamard-type k-step Fibonacci sequences 7

Let α ≥ k (k ≥ 3) be a integer and suppose that Lα,k =
[
lα,ki,j

]
is the α×α

super-diagonal matrix, defined by

lα,ki,j =





1

if i = u and j = u for 1 ≤ u ≤ α,
i = u and j = u+ 1 for 1 ≤ u ≤ α− 1,

...
i = u and j = u+ k − 3 for 1 ≤ u ≤ α− k + 3

and
i = u and j = u− 1 for 2 ≤ u ≤ α,

− 1
if i = u and j = u+ k − 2 for 1 ≤ u ≤ α− k + 2

and
i = u and j = u+ k − 1 for 1 ≤ u ≤ α− k + 1,

0 otherwise

that is,

Lα,k =

(k) th
↓



1 1 · · · 1 −1 −1 0 · · · 0 0 0
1 1 1 · · · 1 −1 −1 0 · · · 0 0
0 1 1 1 · · · 1 −1 −1 0 · · · 0
...

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

...
0 · · · 0 1 1 1 · · · 1 −1 −1 0
0 0 · · · 0 1 1 1 · · · 1 −1 −1
0 0 0 · · · 0 1 1 1 · · · 1 −1
0 0 0 0 · · · 0 1 1 1 · · · 1
...

...
. . .

. . .
. . .

. . .
. . .

...
0 0 0 0 0 · · · 0 0 1 1 1
0 0 0 0 0 0 · · · 0 0 1 1




.

Then we have the following Theorem.

Theorem 2.5 For α ≥ k and k ≥ 3,

perLα,k = HFk (α+ k − 1) .

Proof. The assertion may be proved by induction on α. Let the equation be
hold for α ⩾ k, then we show that the equation holds for α+1. If we expand
the perLα,k by the Laplace expansion of permanent according to the first
row, then we obtain perLα,k

perLα+1,k = perLα,k + perLα−1,k + · · ·+ perLα−k+3,k − perLα−k+2,k − perLα−k+1,k.

Since perLα,k=HFk (α+k−1), perLα−1,k=HFk (α+k−2),. . . , perLα−k+3,k =
HFk (α+2), perLα−k+2,k = HFk (α+ 1) and perLα−k+1,k = HFk (α) , it is
easy to see that perLα+1,k = HFk (α+ k). Thus the result of the theorem
holds.

⊓⊔
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Let α > k and let Yα,k =
[
yα,ki,j

]
be the α× α matrix, defined by

yα,ki,j =





1

if i = u and j = u for 1 ≤ u ≤ α,
i = u and j = u+ 1 for 1 ≤ u ≤ α− k + 1,
i = u and j = u+ 2 for 1 ≤ u ≤ α− k + 1,

...
i = u and j = u+ k − 3 for 1 ≤ u ≤ α− k + 1,
i = u and j = u− 1 for 2 ≤ u ≤ α− k + 1,

and
i = α− k + 1 and j = α,

− 1
if i = u and j = u+ k − 2 for 1 ≤ u ≤ α− k

and
i = u and j = u+ k − 1 for 1 ≤ u ≤ α− k,

0 otherwise.

.

Now we define the α× α matrix Dα,k =
[
dα,ki,j

]
as follows:

Dα,k =

(α−k+1)th
↓



1 · · · 1 0 · · · 0
1
0 Yα−1,k
...
0



.

Then we can give the following Theorem by using the permanental rep-
resentations.

Theorem 2.6 (i). For α > k,

perYα,k = HFk (α) .

(ii) . For α > k + 1,

perDα,k =
α−1∑

i=1

HFk (i) .

Proof. (i) . To prove this Theorem, suppose that the equation is hold for
α > k, then we show that the equation holds for k + 1. If we expand the
perYα,k by the Laplace expansion of permanent according to the first row,
then we obtain

perYα+1,k = perYα,k + perYα−1,k + · · · + perYα−k+3,k − perYα−k+2,k − perYα−k+1,k

= HFk (α) + HFk (α − 1) + · · · + HFk (α − k + 3) − HFk (α − k + 2) − HFk (α − k + 1) .

So, we have the conclusion.
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The Hadamard-type k-step Fibonacci sequences 9

(ii) . If we extend the Dα,k with respect to the first row, we write

perDα,k = perDα−1,k + perYα−1,k.

By the results of Theorem 2.5 and Theorem 2.6. (i) and induction on α, the
conclusion is easily seen.

⊓⊔

Let the notation M ◦K denotes the Hadamard product of M and K. A
matrix M is called convertible if there is an u × u (1, -1)-matrix K such
that per M = det(M ◦K).

Let α > k + 1 and let R be the α× α matrix, defined by

R =




1 1 1 · · · 1 1
−1 1 1 · · · 1 1
1 −1 1 · · · 1 1
...

. . .
. . .

. . .
. . .

...
1 · · · 1 −1 1 1
1 · · · 1 1 −1 1



.

Then the following useful results are obtained.

Corollary 2.7 For α > k + 1,

det (Lα,k ◦R) = HFk (α+ k − 1) ,

det (Yα,k ◦R) = HFk (α)

and

det (Dα,k ◦R) =
α−1∑

i=1

HFk (i) .

Let K (k1, k2, . . . , kv) be a v × v companion matrix as follows:

K (k1, k2, . . . , kv) =




k1 k2 · · · kv
1 0 0
...

. . .
...

0 · · · 1 0


 .

For more information about the companion matrix, see [11,12]

Theorem 2.8 (Chen and Louck [3]).The (i, j) entry k
(u)
i,j (k1, k2, . . . , kv) in

the matrix Ku (k1, k2, . . . , kv) is given by the following formula:

k
(u)
i,j (k1, k2, . . . , kv) =

∑

(t1,t2,...,tv)

tj + tj+1 + · · ·+ tv
t1 + t2 + · · ·+ tv

×
(
t1 + · · ·+ tv
t1, . . . , tv

)
kt11 · · · ktvv (2.6)

where the summation is over nonnegative integers satisfying t1 + 2t2 + · · ·+
vtv = u− i+ j,

(
t1+···+tv
t1,...,tv

)
= (t1+···+tv)!

t1!···tv! is a multinomial coefficient, and the

coefficients in (2.6) are defined to be 1 if u = i− j.
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Now we concentrate on finding combinatorial representation for the
Hadamard-type k-step Fibonacci numbers.

Corollary 2.9 For k ≥ 3, let HFk (α) be the αth the Hadamard-type k-step
Fibonacci number. Then
i.

HFk (α) =
∑

(t1,t2...,tk)

(
t1 + · · · + tk
t1, . . . , tk

)
(−1)tk−1+tk

where the summation is over nonnegative integers satisfying t1 + 2t2 + · · ·+
(k) tk = α− k + 1.
ii.

HFk (α) = −
∑

(t1,t2...,tk)

tk
t1 + t2 + · · · + tk

×
(
t1 + · · · + tk
t1, . . . , tk

)
(−1)tk−1+tk

where the summation is over nonnegative integers satisfying t1 + 2t2 + · · ·+
(k) tk = α+ 1.

Proof. If we take v = k, i = k and j = 1, for case i. and i = k − 1, j = k,
for case ii. in Theorem 2.8, then the proof is immediately seen from (2.2).

⊓⊔

3 The generating function of the Hadamard-type k-step
Fibonacci sequences

The generating function of the Hadamard-type k-step Fibonacci sequence
is given by:

gk (x) =
xk−1

1 − x− x2 − · · · − xk−2 + xk−1 + xk
.

Now an exponential representation for the Hadamard-type k-step Fi-
bonacci numbers can be given with the following Theorem.

Theorem 3.1 The Hadamard-type k-step Fibonacci numbers have the fol-
lowing exponential representation:

gk (x) = xk−1 exp

( ∞∑

i=1

(x)i

i

(
1 + x+ · · · + xk−3 − xk−2 − xk−1

)i
)

where k ≥ 3.
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Proof. Since

ln gk (x) = ln
xk−1

1 − x− x2 − · · · − xk−2 + xk−1 + xk

= lnxk−1 − ln
(

1 − x− x2 − · · · − xk−2 + xk−1 + xk
)

and

− ln
(
1 − x − x

2 − · · · − x
k−2

+ x
k−1

+ x
k
)

= −[−x
(
1 + x + · · · + x

k−3 − x
k−2 − x

k−1
)
−

1

2
x
2
(
1 + x + · · · + x

k−3 − x
k−2 − x

k−1
)2

− · · · −

1

n
x
n
(
1 + x + · · · + x

k−3 − x
k−2 − x

k−1
)n

− · · · ]

It is clear that

ln
gk (x)

xk−1
=

∞∑

i=1

(x)i

i

(
1 + x+ · · · + xk−3 − xk−2 − xk−1

)i
.

Thus we have the conclusion.
⊓⊔

4 The sums of the Hadamard-type k-step Fibonacci sequences

Now we consider the sums of the Hadamard-type k-step Fibonacci numbers.
Let the sums of the Hadamard-type k-step Fibonacci numbers from 1 to α
be denoted by Sα, that is,

Sα =
α∑

i=1

HFk (α)

and suppose that Ah
k is the (k + 1) × (k + 1) matrix, such that

Ah
k =




1 0 · · · 0
1
0 FMh

k
...
0



.

If we use induction on α, then we obtain

(
Ah

k

)α
=




1 0 · · · 0
Sα+k−2

Sα+k−3

(
FMh

k

)α
...

Sα−1



.
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5 Conclusions

We defined the Hadamard-type product of two polynomials and the
Hadamard-type k-step Fibonacci sequence. Firstly, we obtained the gener-
ating matrices for these sequences. Also, we gave the Binet formula, the
combinatorial representations, the exponential representation and the sums
of these sequences.
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