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The Hadamard-type k-step Fibonacci sequences

Yesim Akiiziim - Omiir Deveci

Abstract In this work, we define the Hadamard-type product of two polynomials by the
aid of the Hadamard product of two polynomials. Then we obtain the Hadamard-type
k-step Fibonacci sequence by using Hadamard-type product of characteristic polynomials
of the Fibonacci sequence and the k-step Fibonacci sequence. Also, we derive relationships
between the Hadamard-type k-step Fibonacci sequences and the generating matrices for
these sequences. Finally, we give some properties of these sequences such as the Binet
formula, the combinatorial representations, the generating function, the exponential rep-
resentation.
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1 Introduction

The well-known Fibonacci sequence { f,,} is defined recursively by the equa-
tion
fn+1 = fn + fnfl

for n > 1, where fo =0, fi =1.
The k-step Fibonacci sequence {Fff} (k > 2) is defined by initial values

Ff=...=FF ,=0, Ff | =1 and recurrence relation
Fk o =Fr  +Ff o+ +FF for n > 0.

Note that the characteristic polynomials of Fibonacci sequence and the
k-step Fibonacci sequence are f(x) = 22 —x — 1 and F¥(z) = 2% — 2F=1 —

-+ —x — 1, respectively.
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2 Yesim Akiizim, Omiir Deveci

The Hadamard product of two polynomials

p(x) = anz" + an 13" 4+ a1z +ag
q(x) = bpx™ 4 b1 2™ - by + by

in R [z] is defined to be

(p*q) (2) = apbpa®™ + ap_1bp_12"1 + - + arbr2 + agbo,

where k = min (n,m) [8].
Consider the k-step homogeneous linear recurrence sequence {ay},

Onik = CoOn + C10pt1 + -+ + Ch—10n1 k-1

where ¢, c1,...,c,—1 are real constants. In [10], Kalman derived a number
of closed-form formulas for the sequence {a,} by matrix method as follows:

aon an
A7 a1 _ an.—i-l
Af—1 Optk—1
where
[0 10 0 0 T
001 0 0
000 0 0
A= [aijly =

000-- 0 1
L Co C1 C2 Ck—2 Ck—1 |

In the literature, many of the numbers obtained by using homogeneous lin-
ear recurrence relations and their miscellaneous properties have been stud-
ied by some authors; see, for example [1,4-7,9,13,14]. In this work, we
define the Hadamard-type product of two polynomials and the Hadamard-
type k-step Fibonacci sequence. Firstly, we obtain relationships between the
Hadamard-type k-step Fibonacci sequences and the generating matrices for
these sequences. Then using the roots of characteristic polynomial of the
Hadamard-type k-step Fibonacci sequence, we produce the Binet formula
for the Hadamard-type k-step Fibonacci numbers. Also, we give the com-
binatorial representations, the exponential representation and the sums of
these sequences.
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The Hadamard-type k-step Fibonacci sequences 3

2 The Hadamard-type k-step Fibonacci sequences

Let mth and nth degrees two polynomials be given by

f(ZL') = ama™ + (1771715577171 + -+ a1+ ap,
g(x) = bpx™ + b1+ £ bya + bo.

We define the Hadamard-type product of polynomials f and g as follows:

> ; aib; if  aib #£0
f(x) * g(l’) = z; (ai *b;) z*, where a; * b; = {ai Ei-zbi if asz i 0

Now we consider a new k-step sequence which is defined by using Hadamard-
type product of characteristic polynomials of Fibonacci sequence and the k-
step Fibonacci sequence and is called the Hadamard-type k-step Fibonacci

sequence. This sequence is defined by integer constants HF) (0) = --- =
HFy (k—2)=0, HF, (k—1) =1 and the recurrence relation

HF,(n+k)=HF,(n+k— 1)+"'+HFk (n—|—2)—HFk (n+ 1)—HF} (TL)
(2.1)

for n > 0, where k > 3.

By relation (2.1), we obtain the generating matrix of the sequence { HF}, (n)}

as follows:

T--- 1 1 —1-17

10--0 0 0

. 01 0 -0 0
FMy=1Ffi=100 1

0 --- 0

0.0 0 1 0],

The companion matrix F'M ,? is called Hadamard-type k-Fibonacci matrix.
Let HF}, (n) be denoted by HF}'. By induction on n, we get
(7). For k = 3,

. [HF}™? —HF}*™ — HF} —HF}™!
(PMy)" = |HES —HEy - HE —HEY |
HF} —HF} '~ HF} 2 -HF}!

(ii). For k = 4,

HFZH_S HF£L+4 o HFZH—S _HFZH-Q o HFZH_l _HFZH-Z
( P Mh) |HE}M? HF}™ - HE}™? —HF)™ - HE} —HFE}
4 - n+1 n+2 n+1 n n—1 n )
HF™  HF™ - HE}™ —HF} — HF)] —~HF]
HF} HF' - HF} —-HF}'—-HF}? -HF}™!

(24i) . For k > 5,

155



4 Yesim Akiiziim, Omiir Deveci

HEPHRL g pntk g pntk—1 HpR2 g pntk—3 _ g ontk—4
ntk—2 k1 k2 ntk—3 ntk—4 n+k—5
HEF] HEF] —~ HF] HEF] — HF] — HF]
mn . . .
(FM = : : : (2.2)
) hox
: : M :
HEPTY pEpt? _pEptt HFP —HFP ™ — HFP 2
o n+1 n n—1 n—2 n—3
HF] HEPTY  HET HEP ™~ HFP T2 HE]

_gEnHe2 g pntke3 _pppntke2
= F}:H—k—:} " F}:huc%; = F;H—k—i}

n_ n—1 g
—HF} — HF —HF]

k
T e ]
k k &
h,x . .
where FM,"" is a (k) x (k — 5) matrix as follows:
HFg+k+1—HF€+k—HF;”+k71 HFI:”+k+2—HFg+k+1—HF€+k—HF;+k71
HFP TR _gpnth=1_gpntk=2 gpntkhtl gpnth gpnth=1 gpnthk=2
HFPTS _gpp 2 gpptl meptt o mer S gEp T2 ogEp Tl
n+2 n+1 n n+3 n+2 n+1 n
HFPM2 Pt HE) D ) A () I §
2 pnd2k—6_ otk g pnthel
: 2 k
g pTR2E6 g 2T enthed o indke2
k k k k
gpntk—3 g pntk—4 | _ppnd2 gpntl
k k k
HEP TR = gpnth=5 . _gprtl gep

for n > 3. Also, It is easy to see that det FM}' = (—1)’“.
We now give the Binet formula for the Hadamard-type k-Fibonacci se-
quences.

Lemma 2.1 The characteristic equation of the Hadamard-type k-Fibonacci
sequences x¥ — 271 — ... — 22 + 24+ 1 = 0 does not have multiple roots.

Proof. Let f(z) = 2% —2* ' —... — 22 4 2 + 1. For k = 3, we reach the
equation x2 — 22 4+ = + 1. Then, the roots of this equation are obtained as
1 = 0.77184 — 1. 11514, x5 = 0.77184 + 1.11517 and z3 = —0.54369.
Similarly, we reach the equation z* — 22 — 22 + 2 + 1 for k = 4. Then, we
obtain the roots of this equation as follows:

x1 = 1.1924-0.547 884, zo=1.1924+0.547 88, £3=—0.692 44 —0.318 15¢ and
x4 = —0.69244 + 0.318 15:.

Thus, it is easily seen that the equation f(z) = 0 does not have multiple
roots for kK = 3 and k = 4. Now, we consider the proof for the case k > 5.
Suppose that g (z) = (z — 1) f () = 2** — 22F 4222 — 1. In this case, we
obtain

k 1-— 21‘2

— (2.3)

T
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The Hadamard-type k-step Fibonacci sequences 5

On the other hand, we may write ¢ (z) = (k+ 1) 2F — 2k2*~! + 42 and
thus, we get
—4z?
k
=—\ 2.4
T e a2 (24)

From (2.3) and (2.4), we reach the equation

(2k —2) 23 + (8 — 4k) 22 — (k + 1) = + 2k. (2.5)
By equation (2.5), we get k = 1+%. Using appropriate softwares
such as mathematica wolfram 10.0 [15], we obtain that there is no solution

for £k > 5. Since k are integers such that k£ > 5, it is a contradiction.
Therefore, the equation f(z) = 0 does not have multiple roots.

O
If x1, x2, ..., x} are eigenvalues of the matrix FM,?, then by Lemma 2.1,
it is known that z1, zo, ..., ) are distinct. Let V; be k x k Vandermonde

matrices as follows:

Vi = :
X T2 Tl
1 1 1
Let 4
leH-kf%
o oyt
Uk (7“7 .]) = :
$Z4k_i

and supoose that Vj (i,7) is a k X k matrix obtained from Vj by replacing
the jth column of Vi, by Uy (4, j).

Theorem 2.2 Let (FM,?)” = [flh]k"} , then

fhkn _ det Vi (4, 7)
nJ detV;, ~
formn >3 and k > 3.

Proof. Since the eigenvalues of the matrix F M ,? are distinct, the matrix FM. ,?
is diagonalizable. Thus, we easily see that F]M,?V/z€ = Vi P, where P, =
(x1,22,...,21). Since Vj, is invertible, we may write (V;) ™" FMM, = Py.
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6 Yesim Akiizim, Omiir Deveci

Then, the matrix FM,? is similar to P, and (FM,?)” Vi = Vi (Py)" forn > 3
and k > 3. Then we can write the following linear system of equations:

fzhlkn k—1 + fh,k,n k— 2 . flhkn _ (L{H—k_i
flekn k 1_|_fhkn k 2 _'_fhkn:xgwrk—z
fzhlkn k— 1+fhkn k— 2 _’_fhkn:l,z-i-k—i
Therefore, for each i,5 = 1,2,...,k, we obtain
fhkn _ deth (17.7)
bJ det V},

Theorem 2.2 gives immediately:

Corollary 2.3 Let HF} (n) be the nth the Hadamard-type k-step Fibonacci
number, then

det Vi (k, 1) det Vi, (k—1,k)

HE (n) - det V. - det V3

for k> 3.

Now we concentrate on finding the permanental representations of the
Hadamard-type k-step Fibonacci numbers.

Definition 2.4 A uxv real matriz M = [m; ;| is called a contractible matriz

in the k™ column (resp. row.) if the k™ column (resp. row.) contains exactly
lwo non-zero entries.

Suppose that z1,xo,...,x, are row vectors of the matrix M. If M is
contractible in the k"' column such that m; , # 0,mj ) # 0 and i # j, then

the (u — 1) x (v — 1) matrix M;;.; obtained from M by replacing the i row
with m; y2; +m; pz; and deleting the 4t row. The k' column is called the
contraction in the k" column relative to the i*® row and the j* row.

In [2], Brualdi and Gibson obtained that per (M) = per (N) if M is a real
matrix of order o« > 1 and N is a contraction of M.
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Let a > k (k > 3) be a integer and suppose that L j = [Zf‘}k] is the a x v
super-diagonal matrix, defined by

ifi=wand j=wuforl<u<aq,
i=uand j=u+1lforl <u<a-—1,

1 :
i=uand j=u+k—3forl<u<a—-k+3
[k — and

b i=uand j=u—1for 2 <u<a,
ifi=vuand j=u+k—-2for1<u<a—k+2

-1 and

ti=uand j=u+k—1forl1<u<a—-k+1,
0 otherwise
that is,
(k) th
_ 1 _
11---1-1-10--- 0 0 O
11 1. 1 -1-10 -0 0
o011 1--1-1-10---0
Lup= 1020 1 1 1. 1 -1-10

’ 00---0 11 1---1-1-1
oo 0--01 1 1--1-1
oo o0 o0--01 1 1---1
00 0 0 0 --0 01 11
|00 o0 0 0--00 11 |

Then we have the following Theorem.
Theorem 2.5 For o > k and k > 3,
perLop =HF, (a+k—1).

Proof. The assertion may be proved by induction on «. Let the equation be
hold for a > k, then we show that the equation holds for a4 1. If we expand
the perL, ) by the Laplace expansion of permanent according to the first
row, then we obtain perLq

perLo+1,k =perLak +perLa—1k + - +perLa—k+3k — perLa—k+2,k — perLo—k+1,k-
Since per Ly y=HF}, (@+k—1), perLo_1 y)=HF}, (a+k—2),..., perLo_j13 5=
HFy, (a+2), perLo—gi2k = HF (o + 1) and perLo_g41, = HF (o), it is
easy to see that perLai1, = HFy (v + k). Thus the result of the theorem

holds.
O
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Let a > k and let Y, , = [yf‘}k} be the o x a matrix, defined by

ifi=wvand j=uforl<u<a,
i=uand j=u+1lforl<u<a—-k+1,
i=uand j=u+2forl <u<a-—k+1,
1 :
i=uand j=u+k—-3forl<u<a—-k+1,
y‘%_k: i=uand j=u—1for2<u<a-—k+1,
i and
i=a—k+1andj=q,
ifi=vwand j=u+k—-2forl<u<a-—k
-1 and
i=uand j=ut+k—1forl <u<a-—k,
0 otherwise.

Now we define the a x o matrix Dy = [df‘]k] as follows:

(a—k+1)th
4
1.1 0 ---0
1
Do = 0 Yook
0

Then we can give the following Theorem by using the permanental rep-
resentations.

Theorem 2.6 (i). For o > k,
perYy = HFy, (a).

(i1) . For a >k +1,

a—1

perDe ), = Z HF} (i) .
i=1

Proof. (i). To prove this Theorem, suppose that the equation is hold for
a > k, then we show that the equation holds for £ 4 1. If we expand the
perYy i by the Laplace expansion of permanent according to the first row,

then we obtain

perYot1,k = perYo k +perYo_1,x + -+ perYo—ki3,5 —PerYo—_ki2,k — pPerYoa—kt1,k
=HF,(a)+HFy(a—1)+-- -+ HF, (o —k+3)—HF,(a —k+2)—HF, (o« —k+1).

So, we have the conclusion.
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(i7) . If we extend the D, j with respect to the first row, we write
peTDa,k = perDafl,k + pe'rYafl,k-

By the results of Theorem 2.5 and Theorem 2.6. (i) and induction on «, the
conclusion is easily seen.
O

Let the notation M o K denotes the Hadamard product of M and K. A
matrix M is called convertible if there is an u x u (1, -1)-matrix K such
that per M = det(M o K).

Let a > k41 and let R be the o X o matrix, defined by

11 1 -+ 1 1]
1 -11.--- 11

—

11 -111
111 -1

Then the following useful results are obtained.
Corollary 2.7 Fora > k+1,
det (LoroR) = HF, (a+k—1),
det (Yo p 0 R) = HFy, (o)

and )
det (Do o R) =Y  HF (i).
i=1
Let K (k1,ko,...,k,) be a v X v companion matrix as follows:
ky kg - Ky
1 0 0
K (k1,kay... k)= 1| . . .
0--- 1 0

For more information about the companion matrix, see [11,12]

Theorem 2.8 (Chen and Louck [3]).The (i,j) entry k:l(?) (k1, ko, ..., ky) in
the matriz K" (k1, ke, ..., ky) is given by the following formula:

KY (kko k)= Y

(t1,t2,...,t0)

f ittt <t1+---+tv

ki'eoky o (26)
t1+t2+"'+tv tly---atv

where the summation is over nonnegative integers satisfying t1 + 2to + - - - +
vty =u — 1+ 4, (tgf“) = w is a multinomial coefficient, and the

coefficients in (2.6) are defined to be 1 if u=1i— j.
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Now we concentrate on finding combinatorial representation for the
Hadamard-type k-step Fibonacci numbers.

Corollary 2.9 Fork > 3, let HF}, () be the ath the Hadamard-type k-step
Fibonacci number. Then

t,...,t
(t1,t2mst0) 1 k
where the summation is over nonnegative integers satisfying t1 + 2to + -+ -+

(k’)thOé—k-i-l.

HF (a) = — Z t o <t1 4+ +tk> (1)t

ittt +t t, ...t
(t1,t2..tk) 1t +lk 1, » Uk

where the summation is over nonnegative integers satisfying t1 + 2to + - - - +
(k) tp =a+ 1.

Proof. If we take v =Fk, i =k and j =1, for casei.and i =k —1, j = k,
for case 7. in Theorem 2.8, then the proof is immediately seen from (2.2).
O

3 The generating function of the Hadamard-type k-step
Fibonacci sequences

The generating function of the Hadamard-type k-step Fibonacci sequence
is given by:

k—1

. x
gk(x)_1_x_x2_,,,_xk—2+xk—l+xk'

Now an exponential representation for the Hadamard-type k-step Fi-
bonacci numbers can be given with the following Theorem.

Theorem 3.1 The Hadamard-type k-step Fibonacci numbers have the fol-
lowing exponential representation:

o) i .
k—1 (ZL‘) ( k—3 k—2 k—l)z
E 1 — -
gr () == exp(i 1 ; +z+---+2 T T

where k > 3.
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Proof. Since

k—1

Ingg (z) =In :c

1_m_x2_..._xk*2+xk71+l-k
=IlnzF! —In (1—9:—302—~~~—xk72+xk71—|—mk)
and
—1In (17907:627 7xk72+mk71+mk) = —[-z (1+ac+ +xk737xk727mk71) -

1 X
sz (1 fat T B e 7xk—1)2 _ _
1 - n
L (1+x+ +gk3 k—2 7737‘71) _ ]
n

It is clear that

g (2) = (@) i
In ;;H =Zf(1+x+~~~+x’“—3—xk—2—x’f—1) .

Thus we have the conclusion.

4 The sums of the Hadamard-type k-step Fibonacci sequences

Now we consider the sums of the Hadamard-type k-step Fibonacci numbers.
Let the sums of the Hadamard-type k-step Fibonacci numbers from 1 to «
be denoted by S, that is,

So = HF; (o)
=1

and suppose that A} is the (k +1) x (k + 1) matrix, such that
10 --- 0
1
Ah = |0 FM}
0
If we use induction on «, then we obtain

1 0 --- 0
o SaJrk—Q o
(AZ) — | Satn-s  (FM}])

Sat
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5

Conclusions

We defined the Hadamard-type product of two polynomials and the

Hadamard-type k-step Fibonacci sequence. Firstly, we obtained the gener-
ating matrices for these sequences. Also, we gave the Binet formula, the
combinatorial representations, the exponential representation and the sums
of these sequences.
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