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On convergence and summability with speed in ultrametric
fields
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Abstract Throughout the present paper, K denotes a complete, non-trivially valued,
ultrametric (or non-archimedean) field. Entries of sequences, infinite series and infinite
matrices are in K. Following Kangro [2-4], we introduce the concepts of convergence

with speed A (or A-convergence) and A-summability by the infinite matrix A (or A*-
summability) in K. We then prove a characterization of the matrix class (¢*, c*), where
¢ denotes the set of all A-convergent sequences.
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1 Introduction

In the present paper, K denotes a complete, non-trivially valued, ultrametric
(or non-archimedean) field. Sequences, infinite series and infinite matrices
have entries in K. For a given sequence x = {z} in K and an infinite matrix
A= (ank), ank € K, n,k=0,1,2,..., we define

oo

(Az)n = Zankmk,n =0,1,2,...,
k=0

where we suppose that the series on the right converge. A(z) = {(Ax),} is
called the A-transform of the sequence x = {z}}.

If X,Y are sequence spaces, we write A = (anx) € (X,Y) if {(Az),} €
Y, whenever x = {z} € X. In the sequel, ¢,cy respectively denote the
ultrametric Banach spaces of convergent and null sequences.

The following result is well-known (for instance, see [5-7]).
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Theorem 1.1 (Kojima-Schur) A € (¢, c), i.e., A is convergence preserv-
ing or conservative if and only if

sup |an| < oo; (1.1)
n,k
lim a,p =ag, k=0,1,2,...; (1.2)
n—o0
and
o
71151;02 apk = a. (1.3)
k=0
In such a case,
oo
lim (Az), = sa + ;Om ~ 8)ar, (1.4)

where lim zp = s.
k—o00

In the context of Theorem 1.1, it is worthwhile to note that Monna [5]
proved Theorem 1.1 using modern tools like the ultrametric version of the
Banach-Steinhaus theorem, while Natarajan [6] proved the same result using
the “sliding hump method”.

The following result can be easily proved.

Theorem 1.2 A € (cg,¢) if and only if (1.1) and (1.2) hold.

2 Convergence with speed A (or A-convergence), A-summability
by the matrix A (or A*-summability), characterization of the
matrix class (c*, ct)

For a detailed study of A-convergence and A*-summability in the classical
case, one can refer to [1]. Following Kangro [2—4], we introduce the concepts
of A-convergence and A*-summability in K as follows.

Definition 2.1 Let A = {\,} be a sequence in K such that
0 < |An| /oo, n— o0.
A sequence {x,,} in K is said to be convergent with speed A or \-convergent

if {xn} € c with lim x, = s (say) and
n—oo

lim A\, (z, — ) exists (finitely).

n—oo

{x,} is said to be A\-summable by the matriz A = (an;) or A-summable if
the A-transform of x = {x,}, i.e., A(x) = {(Ax)n} is A\-convergent.
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On convergence and summability with speed in ultrametric fields 3

Let ¢* denote the set of all Ad-convergent sequences in K. By definition,

c’\Cc.

We note that the sequences
er ={0,0,...,0,1,0,...},1 occurring in the kth

place, K =0,1,2,...;
e={1,1,1,... }

a_f111
AT AT AT
all belong to .

Let = {un} be a sequence in K such that

and

0 < |un| S oo,n — 0.

We now have the following characterization of the matrix class (¢, ct).

Theorem 2.2 A = (a,;) € (¢}, c*) if and only if

Aley), Ale), A(eM) € 4 k=0,1,2,...; (2.1)
sup nk | 00; (2.2)
nk | Mk

and

Hn (ank - ak)
Ak

sup
n,k

< 00. (2.3)

Proof. Necessity. Let A = (an) € (¢}, c*). As noted above,
er e, et e k=0,1,2,...
and so

Aleg), Ae), A(eN) € ¢k =0,1,2,.. .,
i.e., (2.1) holds.
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Since A(e) € ¢, {3320 ank}ye converges and so (1.3) holds. Let, now,

r = {x} € ¢, with lim 23, = s. Let 8 = A(zx — s) and lim B = f.
k—o0 k—o0

Then, for n =0,1,2,...,

o

(Azx), = Z nkTrk

k=0
= Z Ank <§Z + S)

k=0
oo a o0

- nk

- Z)\—kﬁk+32ank. (2.4)
k=0 k=0

Now, {(Az),} € c and (1.3) holds. Since {fr} € ¢, in view of (2.4), the

infinite matrix (%% ) € (¢,c¢). Now, using Theorem 1.1, we have,
Ak

sup |—
nk | Ak

e., (2.2) holds.

< o0,

Since (T) e (¢, ), (1.2) holds and

o

. Ank .
lim Z "% exists and = a’ (say).
n—00 =0 k

Further, using (1.4), we have,

y= li_)In (Ax)y,
_ a’\,B-i-as—i—kZ_Oillz(ﬂk —B). (2.5)
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On convergence and summability with speed in ultrametric fields 5

In view of (2.4) and (2.5),

o

a, >
(Aa:)n—yzz)\—:ﬁk+82ank—a’\ﬁ—as
k=0

k=0
> a
E
=25, B 8)

k=0 "k
=3 BB + B 5D au —a B —as— Y E ()
k=0 )‘k k=0 Pl
2 (BiB)
k=0
ank
{;; )
s {Z Ank — a} .
k=0
So,
Mn{ Am y} Z Mn 5 B)

+ pnfB {Z —a }
+ [n S {Z Ank — a} . (2.6)
k=0

Since A(e) € ¢*,

o
nlg]élo Ln {Z Ank — a} exists.

k=0
Since A(e?) € ¢,

nlggO Lhn {Z — —a } exists.

Since {(Az),} € ¢,

lim p,{(Az), —y} exists.

n—oo
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Noting that {8 — f} € co, using (2.6) and Theorem 1.2, the infinite matrix

Ak — G
(15 ) € Cen)
k

and so

i.e.,(2.3) holds.

Sufficiency. Let (2.1), (2.2) and (2.3) hold. Let z = {3} € ¢*. Since

o

A(ey) € ¢*, (1.2) holds. Also, since A(e}) € ¢*, lim Ink oxists.
n%ookzo Ak

These, along with (2.2) and Theorem 1.2, imply that the infinite matrix

((z;:> € (¢, 0).
Since A(e) € ¢, (1.3) holds. Now, using (2.4), since {8k} € ¢,

lim (Az), exists.
n—oo

Since A(ey) € c#,

lim g, (an, — ag) exists, k=0,1,2,....

n—oo

These, along with (2.3) and Theorem 1.2, imply that the infinite matrix

(MakAak) € (co,)
k

i 3t =5,

so that

n—oo

exists, since {8, — 8} € co. Now, using (2.6) and the fact that A(e), A(e}) €
c*, it follows that

li_)rn pn{(Ax), —y} exists,
i.e., {(Azx)p} € .

This completes the proof of the theorem.
O

Definition 2.3 If A = (a,;) € (¢}, ), A is said to be \-conservative or
A-convergence preserving.
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On convergence and summability with speed in ultrametric fields 7

Definition 2.4 If A € (¢, c*), where,

= 00, (2.7)

n—oo n

. Hn
lim ‘
A is said to improve \-convergence.

Theorem 2.5 Any matriz A, which improves A-convergence, is
A-conservative.

Proof. Let A € (c*, c*), where (2.7) holds. Let x = {x3} € ¢, i.e.,

lim Ag(ap — s) exists, where lim zj = s.
k—o00 k—ro0

Since {(Azx),} € ¥,

ILm un{(Az), — y} exists, where lim (Az), =y.

n—oo
We now claim that {(Axz),} € ¢*, i.e., we have to prove that
lim A, {(Az), — y} exists.
n—oo
Now,
[An{(Az)n — y}| = [An]|(Az)n — 9]
An
—| [ {(Az)n — y}|

— 0,7 — o0,

since (2.7) holds and le n{(Az), — y} exists.
This completes the proof of the theorem.
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