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Jordan homo-derivations on triangular matrix rings
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Abstract In this article, our aims to establish conditions on triangular matrix rings so
that a map ψ satisfying

ψ(A ◦B) = ψ(A) ◦B +A ◦ ψ(B) + ψ(A) ◦ ψ(B)

for all A,B in a triangular matrix ring becomes additive.
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1 Introduction

Let R be an associative ring. As usual, the Jordan product (or anti-commu-
tator) of elements a, b ∈ R is denoted by a◦b (i.e., a◦b = ab+ba). An additive
mapping d : R → R is called a derivation if d(ab) = d(a)b+ ad(b) holds for
all a, b ∈ R. It is called a Jordan derivation if d(a◦ b) = d(a)◦ b+a◦d(b) for
all a, b ∈ R. An additive mapping ψ from ring R into itself is said to be a
homo-derivation (resp. Jordan homoderivation) if for any a, b ∈ R, ψ(ab) =
ψ(a)b+aψ(b)+ψ(a)ψ(b) (resp. ψ(a◦b) = ψ(a)◦b+a◦ψ(b)+ψ(a)◦ψ(b)). Let
ψ : R→ R be a mapping (without the additivity assumption). We say ψ is a
nonlinear Jordan homo-derivation if ψ(a◦b) = ψ(a)◦b+a◦ψ(b)+ψ(a)◦ψ(b)
for any a, b ∈ R. Let us assume that R is 2-torsion free, i.e. 2a = 0 implies
a = 0. Setting a = b in the we get ψ(a2) = ψ(a)a + aψ(a) + ψ(a)2, holds
for all a ∈ R. Above expression it is clear that every homo-derivation is a
Jordan homo-derivation, but the converse need not be true in general, see
Example 3.1.

In the theory of associative rings, the question of when a particular ap-
plication between two rings is additive has sparked considerable interest.
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Martindale III gave one of the first results ever published, which in his con-
dition necessarily requires the ring’s idempotents, see [7]. Further, in [3], for
multiplicative derivations, Daif considered the same problem. Recently, Yu
Wang in [9], [10] and Bruno L. M. Ferreira in [5] discusses certain map’s
additivity. Rings and other algebraic structures have been used to analyze
this problem since then (see [1], [6], [8]).

Although these authors use a familiar argument to support their findings,
the methodology used is relevant to this research line. Motivated by the pre-
ceding research, it poses the following question: When is a nonlinear Jordan
homo-derivation additive in a triangular matrix ring? In the present article,
this question has been investigated, and it is shown that under certain ap-
propriate restrictions, every nonlinear Jordan homo-derivation is additive.
We present an application of our findings to nest algebras at the end of the
paper.

We will use Yu Wang’s [10] definition of triangular algebra, which makes
our findings more general than Wai-Shun Cheung’s [2] definition of trian-
gular algebra.

Definition 1.1 Let A and B be two rings (A,B need not have an identity
element) and let M (A,B)-bimodule such that

(i) M is faithful as a left A-module and faithful as a right B-module,
(ii) if m ∈ M is such that AmB = 0 then m = 0.

The ring

T = {
(
a m
b

)
: a ∈ A, b ∈ B,m ∈ M}

is called a triangular matrix ring.
Set

T11 = {
(
a 0

0

)
: a ∈ A},T12 = {

(
0 m

0

)
: m ∈ M}

and

T22 = {
(

0 0
b

)
: b ∈ B}.

Then we can write T = T11⊕T12⊕T22. Henceforth, the element Aij belongs
Tij and the corresponding elements are in A,B or M. By a direct calculation
AijAkl = 0 if j ̸= k where i, j, k, l ∈ {1, 2}.
Definition 1.2 A ring R is called k-torsion free if ka = 0 implies a = 0,
for any a ∈ R, where k ∈ Z, k > 0.

Definition 1.3 Let S ⊆ R.

(i) A mapping f : R→ R preserves S if f(S) ⊆ S.
(ii) A mapping f : R→ R is said to be zero-power valued on S if f preserves

S and if for each x ∈ S, there exists a positive integer n(x) > 1 such that
fn(x) = 0.
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2 The main result

The main result of this paper is the following.

Theorem 2.1 (Main Theorem) Let T be a triangular matrix ring satis-
fying the following conditions:

(i) If ax+ xa = 0 for all x ∈ A, then a = 0,
(ii) If by + yb = 0 for all y ∈ B, then b = 0.

If a mapping ψ : T → T is zero-power valued on T11, T12 and T22, and
satisfies

ψ(A ◦B) = ψ(A) ◦B +A ◦ ψ(B) + ψ(A) ◦ ψ(B) (2.1)

for all A,B ∈ T, then ψ is additive. In addition, if T is 2-torsion free,
then ψ is a Jordan homo-derivation.

3 Jordan homo-derivations on triangular matrix rings

Through this section, we always assume the conditions (i) and (ii) of Theo-
rem 2.1 and (ii) in the Definition 1.3 that holds and satisfies equation (2.1).
To prove our main theorem Theorem 2.1 we need some auxiliary lemmas.

Lemma 3.1 ψ(0) = 0.

Proof. Since ψ(A◦B) = ψ(A)◦B+A◦ψ(B)+ψ(A)◦ψ(B) then ψ(0) = 2ψ(0)2

and since ψ is nilpotent then ψ(0) = 0.
⊓⊔

Lemma 3.2 For any A11 ∈ T11, A22 ∈ T22, A12 ∈ T12, we have

1. ψ(A11 +A12) = ψ(A11) + ψ(A12).
2. ψ(A22 +A12) = ψ(A22) + ψ(A12).

Proof. We prove only (1) because the proof of (2) is similar. We only need
to show that

[ψ(A11 +A12) − ψ(A11) − ψ(A12)] = 0.

For any B22 ∈ T22 there exists a positive integer n(B22) > 1 such that
ψ(B22)n(B22) = 0, for the simplification we will write ψ(B22)n = 0, we
compute

ψ[(A11 +A12)ψ(B22)n−1+ψ(B22)n−1(A11 +A12)]

=ψ(A11 +A12)ψ(B22)n−1 + (A11 +A12)ψ(B22)n

+ψ(A11+A12)ψ(B22)n+ψ(B22)n(A11+A12)

+ψ(B22)n−1ψ(A11+A12)+ψ(B22)nψ(A11+A12).
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On the other hand,

ψ[(A11+A12)ψ(B22)n−1+ψ(B22)n−1(A11 +A12)]

=ψ(A12ψ(B22)n−1) = ψ(0) + ψ(A12ψ(B22)n−1+0)

=ψ(A11ψ(B22)n−1 + ψ(B22)n−1A11)

+ ψ(A12ψ(B22)n−1 + ψ(B22)n−1A12)

=ψ(A11)ψ(B22)n−1+A11ψ(B22)n+ψ(A11)ψ(B22)n

+ψ(B22)nA11+ψ(B22)n−1ψ(A11)+ψ(B22)
nψ(A11)

+ψ(A12)ψ(B22)n−1+A12ψ(B22)
n+ψ(A12)ψ(B22)

n

+ψ(B22)
nA12+ψ(B22)

n−1ψ(A12)+ψ(B22)nψ(A12).

It’s worth noting that when we compare these two equalities, we get

[ψ(A11+A12)−ψ(A11)−ψ(A12)](ψ(B22)n−1+ψ(B22)n) (3.1)

+(ψ(B22)n−1+ψ(B22)n)[ψ(A11+A12)−ψ(A11)−ψ(A12)]=0.

Since ψ(B22)n = 0, then

[ψ(A11 +A12)−ψ(A11) − ψ(A12)]ψ(B22)n−1 (3.2)

+ψ(B22)n−1[ψ(A11 +A12) − ψ(A11) − ψ(A12)] = 0.

Now, if we compute

ψ[(A11 +A12)ψ(B22)n−2 + ψ(B22)n−2(A11 +A12)]

then we get

[ψ(A11+A12)−ψ(A11)−ψ(A12)](ψ(B22)n−2+ψ(B22)n−1)

+(ψ(B22)n−2+ψ(B22)n−1)[ψ(A11+A12)−ψ(A11)−ψ(A12)]=0.

By using (3.2) in last relation, we have

[ψ(A11+A12)−ψ(A11)−ψ(A12)]ψ(B22)n−2 (3.3)

+ψ(B22)n−2[ψ(A11+A12)−ψ(A11)−ψ(A12)] = 0.

Now, as in (3.2) and (3.3), then by similarly we compute

[ψ(A11+A12)−ψ(A11)−ψ(A12)]ψ(B22) (3.4)

+ψ(B22)[ψ(A11+A12)−ψ(A11)−ψ(A12)]=0.

Now, as above we can compute

ψ[(A11 +A12)B22 +B22(A11 +A12)]

206



Jordan homo-derivations on triangular matrix rings 5

then we get

[ψ(A11+A12)−ψ(A11)−ψ(A12)](B22+ψ(B22))

+(B22+ψ(B22))[ψ(A11+A12)−ψ(A11)−ψ(A12)]=0.

By using (3.4) in last relation, we have

[ψ(A11+A12)−ψ(A11)−ψ(A12)]B22 (3.5)

+B22[ψ(A11+A12)−ψ(A11)−ψ(A12)]=0

for all B22 ∈ T22. Thus

[ψ(A11 +A12) − ψ(A11) − ψ(A12)]12B22 = 0

and

[ψ(A11+A12)−ψ(A11)−ψ(A12)]22B22

+B22[ψ(A11+A12)−ψ(A11)−ψ(A12)]22=0.

We have the conditions of the Definition 1.1 and the Theorem 2.1 (ii),
respectively.

[ψ(A11 +A12) − ψ(A11) − ψ(A12)]12 = 0

and
[ψ(A11 +A12) − ψ(A11) − ψ(A12)]22 = 0.

To complete the proof, we now demonstrate that

[ψ(A11 +A12) − ψ(A11) − ψ(A12)]11 = 0.

For any B12 ∈ T12. note that

ψ[(A11 +A12)ψ(B12)n−1+ψ(B12)n−1(A11 +A12)]

=ψ(A11ψ(B12)n−1)

=ψ(A11ψ(B12)n−1 + ψ(B12)n−1A11)

+ ψ(A12ψ(B12)n−1 + ψ(B12)n−1A12).

It follows that

[ψ(A11+A12)−ψ(A11) − ψ(A12)](ψ(B12)n−1+ψ(B12)n) (3.6)

+(ψ(B12)n−1+ψ(B12)n)[ψ(A11+A12) − ψ(A11) − ψ(A12)]=0.

Now as in (3.1), then we have

[ψ(A11+A12) − ψ(A11) − ψ(A12)]B12

+B12[ψ(A11+A12) − ψ(A11) − ψ(A12)]=0.

Consequently,

[ψ(A11 +A12) − ψ(A11) − ψ(A12)]11B12 = 0.

It follows from Definition 1.1 that [ψ(A11 + A12) − ψ(A11) − ψ(A12)]11=0,
which completes the proof.

⊓⊔
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Lemma 3.3 For any A11 ∈ T11, A22 ∈ T22 and A12, B12 ∈ T12, we have

ψ(A11A12 +B12A22) = ψ(A11A12) + ψ(B12A22).

Proof. Note that A11A12+B12A22=(A11+B12)(A12+A22)+(A12+A22)(A11+B12).
Thus by Lemma 3.2, we get

ψ(A11A12+B12A22) =ψ((A11+B12)(A12+A22)+(A12+A22)(A11+B12))

=ψ(A11+B12)(A12+A22)+(A11+B12)ψ(A12+A22)

+ψ(A11+B12)ψ(A12+A22)+ψ(A12+A22)(A11+B12)

+(A12+A22)ψ(A11+B12)+ψ(A12+A22)ψ(A11+B12)

=(ψ(A11) + ψ(B12))(A12 +A22)

+ (A11 +B12)(ψ(A12) + ψ(A22))

+ (ψ(A11) + ψ(B12))(ψ(A12) + ψ(A22)) + (ψ(A12)

+ ψ(A22))(A11+B12)+(A12+A22)(ψ(A11)+ψ(B12))

+ (ψ(A12) + ψ(A22))(ψ(A11) + ψ(B12))

=ψ(A11A12 +A12A11) + ψ(B12A22 +A22B12)

=ψ(A11A12) + ψ(B12A22).

⊓⊔

Lemma 3.4 For any A22 ∈ T22 and A12, B12 ∈ T12 we have ψ(A12A22 +
B12A22) = ψ(A12A22) + ψ(B12A22).

Proof. For any A11 ∈ T11, there exists a positive integer n(A11) > 1 such
that ψ(A11)n(A11) = 0, for the simplification we will write ψ(A11)n = 0, and
A22 ∈ T22. We need to show that

[ψ(A12A22 +B12A22) − ψ(A12A22) − ψ(B12A22)] = 0.

We calculate ψ[A11((A12 +B12)A22) + ((A12 +B12)A22)A11]. On one hand,

ψ[ψ(A11)n−1((A12 +B12)A22) + ((A12 +B12)A22)ψ(A11)n−1] =

ψ(A11)n((A12 +B12)A22) + ψ(A11)n−1ψ((A12 +B12)A22)

+ψ(A11)nψ((A12 +B12)A22) + ψ((A12 +B12)A22)ψ(A11)n−1

+((A12 +B12)A22)ψ(A11)n + ψ((A12 +B12)A22)ψ(A11)n−1.
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Now on the other hand, by Lemma 3.3

ψ[ψ(A11)n−1((A12+B12)A22)+((A12+B12)A22)ψ(A11)n−1]

=ψ(ψ(A11)n−1(A12A22)+(ψ(A11)n−1B12)A22)

=ψ(ψ(A11)n−1A12A22)+ψ(ψ(A11)n−1B12A22)

=ψ(ψ(A11)n−1(A12A22)+(A12A22)ψ(A11)n−1)

+ ψ(ψ(A11)
n−1(B12A22)+(B12A22)ψ(A11)

n−1)

=ψ(A11)n(A12A22)+ψ(A11)n−1ψ(A12A22)

+ ψ(A11)nψ(A12A22)+ψ(A12A22)ψ(A11)n−1

+ (A12A22)ψ(A11)n+ψ(A12A22)ψ(A11)n

+ ψ(A11)n(B12A22)+ψ(A11)n−1ψ(B12A22)

+ ψ(A11)nψ(B12A22)+ψ(B12A22)ψ(A11)n−1

+ (B12A22)ψ(A11)n+ψ(B12A22)ψ(A11)n.

Thus

[ψ(A12A22+B12A22)−ψ(A12A22)−ψ(B12A22)](ψ(A11)n−1+ψ(A11)n)

+(ψ(A11)n−1+ψ(A11)n)[ψ(A12A22+B12A22)−ψ(A12A22)−ψ(B12A22)]=0.

Since ψ(A11)n = 0, then

[ψ(A12A22+B12A22)−ψ(A12A22)−ψ(B12A22)]ψ(A11)n−1

+ψ(A11)n−1[ψ(A12A22+B12A22)−ψ(A12A22)−ψ(B12A22)]=0.

By using the same argument in Lemma 3.2, Eq. (3.2), we have

[ψ(A12A22+B12A22)−ψ(A12A22)−ψ(B12A22)]A11

+A11[ψ(A12A22+B12A22)−ψ(A12A22)−ψ(B12A22)]=0

for all A11 ∈ T11. It follows that

[ψ(A12A22+B12A22)−ψ(A12A22)−ψ(B12A22)]11A11

+A11[ψ(A12A22+B12A22)−ψ(A12A22)−ψ(B12A22)]11=0

and

A11[ψ(A12A22 +B12A22) − ψ(A12A22) − ψ(B12A22)]12 = 0.

By conditions of the Definition 1.1 and Theorem 2.1 (i) respectively, we
have

[ψ(A12A22 +B12A22) − ψ(A12A22) − ψ(B12A22)]11 == 0

and
[ψ(A12A22 +B12A22) − ψ(A12A22) − ψ(B12A22)]12 = 0.
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Let us show now that [ψ(A12A22+B12A22)−ψ(A12A22)−ψ(B12A22)]22 = 0.
To this end, for any C12 ∈ T12, there exists a positive integer n(C12) > 1
such that ψ(C12)n(C12) = 0; for the simplification we will write ψ(C12)n = 0;
we compute

ψ((A12+B12)A22)ψ(C12)n−1 + ((A12 +B12)A22)ψ(C12)n

+ ψ((A12 +B12)A22)ψ(C12)n + ψ(C12)n((A12 +B12)A22)

+ ψ(C12)n−1ψ((A12 +B12)A22) + ψ(C12)nψ((A12 +B12)A22)

=ψ[((A12 +B12)A22)ψ(C12)n−1 + ψ(C12)n−1((A12 +B12)A22)] = 0

=ψ((A12A22)ψ(C12)n−1 + ψ(C12)n−1(A12A22))

+ ψ((B12A22)ψ(C12)n−1 + ψ(C12)n−1(B12A22))

=ψ(A12A22)ψ(C12)n−1 + (A12A22)ψ(C12)n + ψ(A12A22)ψ(C12)n

+ ψ(C12)n(A12A22) + ψ(C12)n−1ψ(A12A22) + ψ(C12)nψ(A12A22)

+ ψ(B12A22)ψ(C12)n−1 + (B12A22)ψ(C12)n + ψ(B12A22)ψ(C12)n

+ ψ(C12)n(B12A22) + ψ(C12)n−1ψ(B12A22) + ψ(C12)nψ(B12A22).

Thus

[ψ(A12A22+B12A22)−ψ(A12A22)−ψ(B12A22)](ψ(C12)n−1+ψ(C12)n)

+(ψ(C12)n−1+ψ(C12)n)[ψ(A12A22+B12A22)−ψ(A12A22)−ψ(B12A22)]=0.

Since ψ(C12)n = 0, then

[ψ(A12A22+B12A22)−ψ(A12A22)−ψ(B12A22)]ψ(C12)n−1

+ψ(C12)n−1[ψ(A12A22+B12A22)−ψ(A12A22)−ψ(B12A22)]=0.

By using the same argument in Lemma 3.2, Eq. (3.2), we have

[ψ(A12A22+B12A22)−ψ(A12A22)−ψ(B12A22)]C12

+C12[ψ(A12A22+B12A22)−ψ(A12A22)−ψ(B12A22)]=0

for all C12 ∈ T12. Therefore, we obtain

C12[ψ(A12A22 +B12A22) − ψ(A12A22) − ψ(B12A22)]22 = 0.

By condition (i) of the Definition 1.1, we get t22 = 0, which completes the
proof.

⊓⊔

Lemma 3.5 For any A12, B12 ∈ T12, we have ψ(A12 + B12) = ψ(A12) +
ψ(B12).
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Proof. For any A22 ∈ T22, there exists a positive integer n(A22) > 1 such
that ψ(A22)n(A22) = 0, for the simplification we will write ψ(A22)n = 0.
We need to show that [ψ(A12 +B12) − ψ(A12) − ψ(B12)] = 0. We calculate
ψ[(A12 +B12)ψ(A22)n−1 + ψ(A22)n−1(A12 +B12)]. On one hand,

ψ[(A12+B12)ψ(A22)n−1+ψ(A22)n−1(A12+B12)]

=ψ(A12+B12)ψ(A22)n−1+(A12+B12)ψ(A22)n+ψ(A12+B12)ψ(A22)n

+ψ(A22)n(A12+B12)+ψ(A22)n−1ψ(A12+B12)+ψ(A22)
nψ(A12+B12).

Now on the other hand, by Lemma 3.4

ψ[(A12 +B12)ψ(A22)n−1+ψ(A22)n−1(A12 +B12)]

=ψ(A12ψ(A22)n−1 +B12ψ(A22)n−1)

=ψ(A12ψ(A22)n−1) + ψ(B12ψ(A22)n−1)

=ψ(A12ψ(A22)n−1 + ψ(A22)n−1A12)

+ ψ(B12ψ(A22)n−1 + ψ(A22)n−1B12)

=ψ(A12)ψ(A22)n−1 +A12ψ(A22)n

+ ψ(A12)ψ(A22)n + ψ(A22)nA12

+ ψ(A22)n−1ψ(A12) + ψ(A22)nψ(A12)

+ ψ(B12)ψ(A22)n−1 +B12ψ(A22)n

+ ψ(B12)ψ(A22)n + ψ(A22)nB12

+ ψ(A22)n−1ψ(B12) + ψ(A22)nψ(B12).

Thus

[ψ(A12+B12)−ψ(A12)−ψ(B12)](ψ(A22)n−1+ψ(A22)n)

+(ψ(A22)n−1+ψ(A22)n)[ψ(A12+B12)−ψ(A12)−ψ(B12)]=0

Since ψ(A22)n = 0, then

[ψ(A12+B12) − ψ(A12)−ψ(B12)]ψ(A22)n−1

+ψ(A22)n−1[ψ(A12+B12) − ψ(A12) − ψ(B12)]=0.

By using the same argument in Lemma 3.2, Eq. (3.2), we have

[ψ(A12 +B12) − ψ(A12)−ψ(B12)]A22

+A22[ψ(A12 +B12) − ψ(A12) − ψ(B12)] = 0

for all A22 ∈ T22. It follows that

[ψ(A12 +B12) − ψ(A12) − ψ(B12)]12A22 = 0
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and

[ψ(A12 +B12) − ψ(A12)−ψ(B12)]22A22

+A22[ψ(A12 +B12) − ψ(A12) − ψ(B12)]22 = 0.

By conditions of the Definition 1.1 and Theorem 2.1 (ii) respectively, we
have

[ψ(A12 +B12) − ψ(A12) − ψ(B12)]12 = 0

and
[ψ(A12 +B12) − ψ(A12) − ψ(B12)]22 = 0.

Let us show now that [ψ(A12 + B12) − ψ(A12) − ψ(B12)]11 = 0. To this
end, for any C12 ∈ T12 there exists a positive integer n(C12) > 1 such
that ψ(C12)n(C12) = 0, for the simplification we will write ψ(C12)n = 0. We
compute

ψ(A12 +B12)ψ(C12)n−1 + (A12 +B12)ψ(C12)n + ψ(A12 +B12)ψ(C12)n

+ψ(C12)n(A12 +B12) + ψ(C12)n−1ψ(A12 +B12) + ψ(C12)nψ(A12 +B12)

=ψ[(A12 +B12)ψ(C12)n−1 + ψ(C12)n−1(A12 +B12)] = 0

=ψ(A12ψ(C12)n−1 + ψ(C12)n−1A12) + ψ(B12ψ(C12)n−1 + ψ(C12)n−1B12)

=ψ(A12)ψ(C12)n−1 +A12ψ(C12)n + ψ(A12)ψ(C12)n + ψ(C12)nA12

+ ψ(C12)n−1ψ(A12) + ψ(C12)nψ(A12) + ψ(B12)ψ(C12)n−1 +B12ψ(C12)n

+ ψ(B12)ψ(C12)n + ψ(C12)nB12 + ψ(C12)n−1ψ(B12) + ψ(C12)nψ(B12).

This yields that

[ψ(A12+B12)−ψ(A12) − ψ(B12)](ψ(C12)n−1+ψ(C12)n)

+(ψ(C12)n−1+ψ(C12)n)[ψ(A12+B12)−ψ(A12)−ψ(B12)]=0.

Since ψ(C12)n = 0, then

[ψ(A12+B12) − ψ(A12)−ψ(B12)]ψ(C12)n−1

+ψ(C12)n−1[ψ(A12+B12) − ψ(A12) − ψ(B12)]=0.

By using the same argument in Lemma 3.2, Eq. (3.2), we have

[ψ(A12 +B12) − ψ(A12)−ψ(B12)]C12

+ C12[ψ(A12 +B12) − ψ(A12) − ψ(B12)] = 0.

Therefore, we have [ψ(A12 + B12) − ψ(A12) − ψ(B12)]11C12 = 0 for all
C12 ∈ T12. By condition of the Definition 1.1, we get [ψ(A12 + B12) −
ψ(A12) − ψ(B12)]11 = 0, which completes the proof.

⊓⊔

Lemma 3.6 For any A11, B11 ∈ T11, A22, B22 ∈ T22, we have
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(1) ψ(A11 +B11) = ψ(A11) + ψ(B11).
(2) ψ(A22 +B22) = ψ(A22) + ψ(B22).

Proof. We only prove (1). For any C22 ∈ T22 there exists a positive integer
n(C22) > 1 such that ψ(C22)n(C22) = 0, for the simplification we will write
ψ(C22)n = 0. We need to show that [ψ(A11 +B11) −ψ(A11) −ψ(B11)] = 0,
we get

ψ(A11+B11)ψ(C22)n−1+(A11+B11)ψ(C22)n+ψ(A11 +B11)ψ(C22)n

+ ψ(C22)n(A11+B11)+ψ(C22)n−1ψ(A11+B11)+ψ(C22)nψ(A11+B11)

=ψ[(A11 +B11)ψ(C22)n−1 + ψ(C22)n−1(A11 +B11)] = 0

=ψ(A11ψ(C22)n−1 + ψ(C22)n−1A11) + ψ(B11ψ(C22)n−1 + ψ(C22)n−1B11)

=ψ(A11)ψ(C22)n−1 +A11ψ(C22)n + ψ(A11)ψ(C22)n + ψ(C22)nA11

+ ψ(C22)n−1ψ(A11) + ψ(C22)nψ(A11) + ψ(B11)ψ(C22)n−1

+B11ψ(C22)n + ψ(B11)ψ(C22)n + ψ(C22)nB11 + ψ(C22)n−1ψ(B11)

+ ψ(C22)nψ(B11).

This gives us

[ψ(A11+B11)−ψ(A11)−ψ(B11)](ψ(C22)n−1+ψ(C22)n)

+(ψ(C22)n−1+ψ(C22)n)[ψ(A11+B11)−ψ(A11)−ψ(B11)]=0.

Since ψ(C22)n = 0 then

[ψ(A11+B11) − ψ(A11)−ψ(B11)]ψ(C22)n−1

+ ψ(C22)n−1[ψ(A11+B11) − ψ(A11) − ψ(B11)]=0.

By using the same argument in Lemma 3.2, Eq. (3.2), we have

[ψ(A11 +B11) − ψ(A11)−ψ(B11)]C22

+ C22[ψ(A11 +B11) − ψ(A11) − ψ(B11)] = 0,

which implies that

[ψ(A11 +B11) − ψ(A11) − ψ(B11)]12 = 0

and
[ψ(A11 +B11) − ψ(A11) − ψ(B11)]22 = 0.

Similarly, by considering (A11+B11)A12+A12(A11+B11) and using Lemma
3.5 one can deduce that [ψ(A11 +B11) − ψ(A11) − ψ(B11)]11 = 0.

⊓⊔
Lemma 3.7 For any A11 ∈ T11, A12 ∈ T12, A22 ∈ T22, we have ψ(A11 +
A12 +A22) = ψ(A11) + ψ(A12) + ψ(A22).
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Proof. For any B11 ∈ T11 there exists a positive integer n(B11) > 1 such
that ψ(B11)n(B11) = 0, for the simplification we will write ψ(B11)n = 0. We
need to show that [ψ(A11 + A12 + A22) − ψ(A11) − ψ(A12) − ψ(A22)] = 0.
By Lemma 3.2, we get

ψ(A11+A12+A22)ψ(B11)n−1+(A11+A12+A22)ψ(B11)n

+ ψ(A11+A12+A22)ψ(B11)n + ψ(B11)n(A11 +A12 +A22)

+ ψ(B11)n−1ψ(A11+A12+A22)+ψ(B11)nψ(A11+A12+A22)

=ψ[(A11 +A12+A22)ψ(B11)n−1+ψ(B11)n−1(A11+A12+A22)]

=ψ(A11ψ(B11)n−1 + ψ(B11)n−1A11 + ψ(B11)n−1A12)

=ψ(A11ψ(B11)n−1 + ψ(B11)n−1A11) + ψ(ψ(B11)n−1A12)

=ψ(A11ψ(B11)n−1 + ψ(B11)n−1A11) + ψ(ψ(B11)n−1A12

+A12ψ(B11)n−1) + ψ(A22ψ(B11)n−1 + ψ(B11)n−1A22).

This gives us

[ψ(A11+A12+A22)−ψ(A11)−ψ(A12)−ψ(A22)](ψ(B11)n−1+ψ(B11)n)

+(ψ(B11)n−1+ψ(B11)n)[ψ(A11+A12+A22)−ψ(A11)−ψ(A12)−ψ(A22)]=0.

Since ψ(B11)n = 0 then

[ψ(A11+A12+A22)−ψ(A11)−ψ(A12)−ψ(A22)]ψ(B11)n−1

+ψ(B11)n−1[ψ(A11+A12+A22)−ψ(A11)−ψ(A12)−ψ(A22)]=0.

By using the same argument in Lemma 3.2, Eq. (3.2), we have

[ψ(A11+A12+A22)−ψ(A11)−ψ(A12)−ψ(A22)]B11

+B11[ψ(A11+A12+A22)−ψ(A11)−ψ(A12)−ψ(A22)]=0.

We can infer by conditions of the Theorem 2.1 and conditions of Defini-
tion 1.1 that

[ψ(A11 +A12 +A22) − ψ(A11) − ψ(A12) − ψ(A22)]11 = 0

and

[ψ(A11 +A12 +A22) − ψ(A11) − ψ(A12) − ψ(A22)]12 = 0.

Similarly, one can get [ψ(A11+A12+A22)−ψ(A11)−ψ(A12)−ψ(A22)]22=0,
which completes the proof.

⊓⊔

Now we are ready to prove our main result.
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Proof of the Theorem 2.1. For any A,B ∈ T we write A = A11+A12+A22

and B = B11 +B12 +B22. Applying Lemmas 3.5-3.7, we have

ψ(A+B)

=ψ(A11 +A12 +A22 +B11 +B12 +B22)

=ψ[(A11 +B11) + (A12 +B12) + (A22 +B22)]

=ψ(A11 +B11) + ψ(A12 +B12) + ψ(A22 +B22)

=ψ(A11) + ψ(B11) + ψ(A12) + ψ(B12) + ψ(A22) + ψ(B22)

=ψ(A11 +A12 +A22) + ψ(B11 +B12 +B22)

=ψ(A) + ψ(B),

that is, ψ is additive. In addition, if T is 2-torsion free, then for any A ∈ T,
we have 2ψ(A2) = ψ(2A2) = ψ(AA + AA) = 2[ψ(A)A + Aψ(A) + ψ(A)2].
Therefore, ψ is a Jordan homo-derivation.

Now, we conclude this section with the following Example.

Example 3.1 Consider S be a ring such that s2 = 0 for all s ∈ S, but the
product of some elements of S is nonzero. Since s2 = 0, so (s+t)2 = 0 for all

s, t ∈ S this implies that s ◦ t = 0 for all s, t ∈ S. Suppose R = {
(

0 a b
0 0 c
0 0 0

)
:

a, b, c ∈ S}. Let J : R→ R such that J

(
0 a b
0 0 c
0 0 0

)
=

(
0 c 0
0 0 0
0 0 0

)
. Then it is easy

to see that J is a Jordan homo-derivation, but not a homo-derivation.

4 An application to nest algebras

A nest N is a totally ordered set of closed subspaces of a Hilbert space H
such that {0} ,H ∈ N , and N is closed under the taking of arbitrary inter-
sections and closed linear spans of its elements. The nest algebra associated
to N is the set T (N ) = {T ∈ B(H) : TN ⊆ N for all N ∈ N}, where
B(H) is the algebra of bounded operators over a complex Hilbert space H.
We recall the standard result ([2], Proposition 16), which says that we can

view T (N ) as triangular algebra

(
A M
B

)
where A,B are themselves nest

algebras.

Proposition 4.1 If N ∈ N − {0, H} and E is the orthonormal projection
onto N, then ENE and (1 − E)N (1 − E) are nest, T (ENE) = ET (N )E
and T ((1 − E)N (1 − E)) = (1 − E)T (N )(1 − E). Furthermore

T (N ) =

(
T (ENE) ET (N )(1 − E)

T ((1 − E)N (1 − E))

)

We refer the reader to [4] for the general theory of nest algebras.
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Corollary 4.2 Let Pn be an increasing sequence of finite dimensional sub-
spaces such that their union is dense in H. Consider P = {{0}, Pn, n ≥ 1,H}
a nest and T (P) the set consists of all operators which have a block upper
triangular matrix with respect to P. If a mapping ψ : T (P) → T (P) satisfies

ψ(f ◦ g) = ψ(f) ◦ g + f ◦ ψ(g) + ψ(f) ◦ ψ(g)

for all f, g ∈ T (P), then ψ is additive.
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