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Abstract In this paper, we study dual affine translation surfaces in the 3-dimensional
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surfaces with constant dual isotropic Gaussian curvature or constant dual isotropic mean
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1 Introduction

A 3-dimensional simply isotropic space I13 is one of the Cayley-Klein ge-
ometries defined from the 3-dimensional projective space P(R3) with an
invariant absolute figure [13,15]. From a metric point of view, a simply
isotropic space is a real vector space equipped with the degenerated metric

⟨x, y⟩ = x1y1 + x2y2, (1.1)

where x = (x1, x2, x3), y = (y1, y2, y3). In 3-dimensional projective spaces
P(R3), points are duals to planes and conversely planes are duals to points,
similarly, straight lines are dual to straight lines and inclusions are reversed.
However, duality cannot be applied to metric quantities of Euclidean geom-
etry. In isotropic spaces, the metric duality can be visualized by the polarity
of the isotropic unit sphere

∑
: z = 1

2(u2 + v2). A point q = (q1, q2, q3) is
mapped to the plane P : q1u + q2v − q3. The points q1 and q2 with an
isotropic distance of d in between are mapped to planes P1 and P2 with
an isotropic angle d, and conversely. The parallel points and parallel planes
correspond to each other in the principle of duality. Let u, v be two indepen-
dent variables, a surface r(u, v) = (u, v, z(u, v)) treated as contact elements
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of tangent planes and points corresponds to r∗(u, v), parametrized by

{
u∗ = zu(u, v),
v∗ = zv(u, v),
z∗ = uzu(u, v) + vzv(u, v) − z(u, v).

Usually, a regular surface r(u, v) parameterized as r(u, v) = (u, v, z(u, v)) in
a 3-dimensional space is called a translation surface, if

z(u, v) = f(u) + g(v), (1.2)

where f(u) and g(v) are differentiable functions of independent variables
u and v, respectively. Scherk surface [14] is the first non-trivial example of
a minimal translation surface in 3-dimensional Euclidean space E3 and is
given by

z(u, v) =
1

b
log

∣∣∣∣
cos (bu)

cos (bv)

∣∣∣∣ , (1.3)

where b(̸= 0) is a constant. Liu [7] studied translation surfaces with constant
mean curvature in E3 and the 3-dimensional Minkowski space E3

1. López in
[11], studied minimal translation surfaces in 3-dimensional Hyperbolic space
H3. For some of the related works, we refer the reader to see [6,12,18,19].

In [9], Liu and Yu generalized the notion of a translation surface into an
affine translation surface, which is a surface of the form

z(u, v) = f(u) + g(au+ v), (1.4)

where a( ̸= 0) is a constant. Using this generalized notion, they further clas-
sified minimal surfaces in E3. Later in [8], Liu and Jung classified such
surfaces with constant non-zero mean curvature in E3. In [10], dual transla-
tion surfaces having constant dual isotropic Gaussian or dual isotropic mean
curvatures have been classified in simply isotropic space I13. In [1], Aydin
investigated the generalized formulation of translation surfaces in isotropic
space, classifying such surfaces with constant curvature. The reader can see
some related studies on the generalization of translation surfaces in [3–5,16,
17].

A general notion of the translation surface r(u, v) parameterized as

r(u, v) = (u, v, z(u, v)) (1.5)

is given by taking z(u, v) to be of the form

z(u, v) = f(a1u+ a2v) + g(a3u+ a4v), (1.6)

where a1, . . . , a4 are constants and a1a4 − a2a3 ̸= 0.

Remark 1.1 Affine translation surfaces will refer to this generalized notion
throughout this paper.
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By a parameter change, (1.6) can be written as

r(x, y) =

(
a1x− a2y

a1a4 − a2a3
,
a3x+ a1y

a1a4 − a2a3
, f(x) + g(y)

)
, (1.7)

or

r(x, y) = γ1(x) + γ2(y), (1.8)

where γ1(x), γ2(y) are 2 plane curves given by

γ1(x) =

(
a1x

a1a4 − a2a3
,

a3x

a1a4 − a2a3
, f(x)

)
, (1.9)

γ2(y) =

( −a2y
a1a4 − a2a3

,
a1y

a1a4 − a2a3
, g(y)

)
. (1.10)

In this paper, using this generalized notion of translation surfaces in 3-
dimensional spaces, we obtain the classification results in a simply isotropic
space I13 when either the dual isotropic Gaussian curvature K∗ or dual
isotropic mean curvature H∗ are constants.

2 Preliminaries

A simply isotropic space has an absolute figure which is an ordered triple
(ω, f1, f2), where ω is an absolute plane in projective space P(R3) and f1,
f2 are the complex-conjugate straight lines in ω. In P(R3) the homogeneous
coordinates are introduced in such a way that ω is given by x0 = 0, and
the absolute lines f1, f2 by x0 = x1 + ix2 = 0, x0 = x1 − ix2 = 0. The
intersection point of these two lines is called the absolute point. The group of
motions of I13 is a group with 6 parameters described in the affine coordinates
u = x1

x0
, v = x2

x0
, z = x3

x0
as follows

(u, v, z) 7→ (u′, v′, z′) :

{
u′ = α1 + u cos θ − v sin θ,
v′ = α2 + u sin θ + v cos θ,
z′ = α3 + α4u+ α5v + z,

(2.1)

where α1, . . . , α5, θ ∈ R. One can define the isotropic distance from the point
A(u1, v1, z1) to the point B(u2, v2, z2) as the Euclidean distance of the top
view given by

d(A,B) =

√
(u2 − u1)2 + (v2 − v1)2. (2.2)

Also, if X1 = (u1, v1, z1) and X2 = (u2, v2, z2) are two vectors in I13, then

⟨X1, X2⟩ =

{
z1z2, if ui = vi = 0,
u1u2 + v1v2, if otherwise.

(2.3)
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The vectors of the form (0, 0, z) are called isotropic vectors, otherwise non-
isotropic. A regular surface r(u, v) = (u, v, z(u, v)) without the isotropic
tangent plane is called an admissible surface. We shall be discussing surfaces
of this kind only. The line element ds2 in I13 is given by

ds2 = du2 + dv2. (2.4)

For an admissible surface in I13 the 1st fundamental coefficients {E,F,G}
are determined with respect to the induced metric. Also, when we calculate
the 2nd fundamental coefficients {L,M,N}, the normal vector field involved
is completely isotropic and is given by (0, 0, 1). The isotropic Gaussian cur-
vature K and isotropic mean curvature H are related to their duals K∗ and
H∗, respectively by

K∗ =
1

K
and H∗ =

H

K
,

where

K =
LN −M2

EG− F 2
and H =

EN − 2FM +GL

2(EG− F 2)
. (2.5)

Three scenarios concerning the absolute figure can result from the different
types of planes in I13. These include both translation curves being in isotropic
planes (v = 0, resp. u = 0); or one curve being in non-isotropic plane
(z = 0) while the other is in an isotropic plane; or both curves being in
non-isotropic perpendicular planes (v − z = π, resp. v + z = π). Therefore,
in a 3-dimensional simply isotropic space I13, translation surfaces are of the
following 3 types (see [10]):

(a) Type 1 translation surface:

r(u, v) = (u, v, f(u) + g(v)). (2.6)

(b) Type 2 translation surface:

r(u, z) = (u, f(u) + g(z), z). (2.7)

(c) Type 3 translation surface:

r(v, z) =
1

2
(f(v) + g(z), v − z + π, v + z). (2.8)

The generalized notion of such surfaces in I13 is obtained by taking f and
g to be functions of a1u+ a2v and a3u+ a4v, respectively instead of being
functions of single variables. As argued by the author in [2], it is easy to
show that this generalized notion of translation surfaces leads to a single
formulation of type 2 and type 3 surfaces. Thus, we have two types of affine
translation surfaces in I13.

122
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(i) Affine translation surface of the first kind:

r(u, v) = (u, v, z(u, v)), (2.9)

such that,

z(u, v) = f(a1u+ a2v) + g(a3u+ a4v). (2.10)

(ii) Affine translation surface of the second kind:

r(u, z) = (u, v(u, z), z), (2.11)

such that,

v(u, z) = f(a1u+ a2z) + g(a3u+ a4z). (2.12)

In both the above cases a1, . . . , a4 are constants and p = a1a4 − a2a3 ̸= 0.
We obtain the following partial derivatives for z(u, v) and v(u, z), respec-
tively: 




zu = a1f
′ + a3g

′,
zv = a2f

′ + a4g
′,

zuu = a21f
′′ + a23g

′′,
zvv = a22f

′′ + a24g
′′,

zuv = a1a2f
′′ + a3a4g

′′,

(2.13)

where f ′ =
df

dx
and g′ =

dg

dy
such that, x = a1u+ a2v and y = a3u+ a4v.





vu = a1f
′ + a3g

′,
vz = a2f

′ + a4g
′,

vuu = a21f
′′ + a23g

′′,
vzz = a22f

′′ + a24g
′′,

vuz = a1a2f
′′ + a3a4g

′′,

(2.14)

where f ′ =
df

dx
and g′ =

dg

dy
such that, x = a1u+ a2z and y = a3u+ a4z.

Some simple calculations lead to the following expressions for K and H of:

(I) Affine translation surface of the first kind:

K = p2f ′′g′′, (2.15)

H =
1

2

[
(a21 + a22)f ′′ + (a23 + a24)g′′

]
. (2.16)

(II) Affine translation surface of the second kind:

K =
p2f ′′g′′

(a2f ′ + a4g′)
4 (2.17)

H = −
[
a22 + (pg′)2

]
f ′′ +

[
a24 + (pf ′)2

]
g′′

2(a2f ′ + a4g′)
3 . (2.18)
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3 Dual affine translation surface of the first kind

Theorem 3.1 Let r(u, v) = (u, v, z(u, v)) be a dual affine translation sur-
face of the first kind in I13 with constant dual isotropic Gaussian curvature
K∗. Then

1. there exists no such dual developable surface in I13.
2. r(u, v) with non-zero constant K∗ is congruent to an open piece of

z(u, v) =
c1(a1u+ a2v)2

2K∗p
+

(a3u+ a4v)2

2c1
+ c2(a1u+ a2v) + c3(a3u+ a4v) + c4,

where c1, . . . , c4 are all constants and c1 ̸= 0.

Proof. The dual isotropic Gaussian curvature K∗ is given by

K∗ =
1

K
. (3.1)

From (2.15), it follows that

K∗ =
1

p2f ′′g′′
, (3.2)

where f ′′ ̸= 0, g′′ ̸= 0 and p = a1a4 − a2a3 ̸= 0.

By the definition of a dual developable surface, we have K∗ = 0. Then from
(3.2), we have

1

p2f ′′g′′
= 0, (3.3)

which leads to a contradiction. Thus, there exists no dual developable affine
translation surface of the first kind in I13.

Now, let K∗ be a non-zero constant. It follows from (3.2) that,

f ′′g′′ =
1

K∗p2
. (3.4)

On solving (3.4), we obtain

f(x) =
c1x

2

2K∗p
+ c2x+ c3,

and

g(y) =
y2

2c1
+ c4y + c5, (3.5)

124
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where c1, . . . , c5 are all constants and c1 ̸= 0. Thus, we have

z(u, v) = f(a1u+ a2v) + g(a3u+ a4v)

=
c1(a1u+ a2v)2

2K∗p
+

(a3u+ a4v)2

2c1
+ c2(a1u+ a2v) + c4(a3u+ a4v) + c, (3.6)

where c = c3 + c5. This completes the proof.
⊓⊔

Now, consider the dual affine translation surface of the first kind parame-
terized as r(u, v) = (u, v, f(a1u + a2v) + g(a3u + a4v)) in I13 with constant
dual isotropic mean curvature H∗. We have

H∗ =
(a21 + a22)f ′′ + (a23 + a24)g′′

2p2f ′′g′′
, (3.7)

where f ′′ ̸= 0, g′′ ̸= 0. H∗ being constant leads to the following 2 cases:

Case I: H∗ = 0. We have from (3.7)

(a21 + a22)f ′′ + (a23 + a24)g′′ = 0. (3.8)

Case II: H∗ ̸= 0 gives us

(a21 + a22)f ′′ + (a23 + a24)g′′ = 2H∗p2f ′′g′′. (3.9)

Theorem 3.2 Let r(u, v) = (u, v, z(u, v)) be a dual affine translation sur-
face of the first kind in I13 with zero dual isotropic mean curvature. Then,
z(u, v) is congruent to an open piece of

z(u, v) =
(a23 + a24)

2(a21 + a22)
c1(a1u+ a2v)2 + c2(a1u+ a2v)

− c1
2

(a3u+ a4v)2 + c3(a3u+ a4v) + c4

where c1, . . . , c4 are all constants and c1 ̸= 0.

Proof. We have from (3.8),

(a21 + a22)

(a23 + a24)
f ′′ = −g′′ = c1, (3.10)

where c1 is a constant.

When c1 = 0, it results in f ′′ = 0 and g′′ = 0, which can’t be the case. Now,
consider c1 ̸= 0, we have from (3.10)

f ′′ =
(a23 + a24)

(a21 + a22)
c1 and g′′ = −c1, (3.11)
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which gives us

f(x) =
(a23 + a24)

2(a21 + a22)
c1x

2 + c2x+ c3, (3.12)

g(y) = −c1
2
y2 + c4y + c5, (3.13)

where c2, . . . , c5 are constants. Thus, we have

z(u, v) =f(a1u+ a2v) + g(a3u+ a4v),

=
(a23 + a24)

2(a21 + a22)
c1(a1u+ a2v)2 + c2(a1u+ a2v)

− c1
2

(a3u+ a4v)2 + c4(a3u+ a4v) + c, (3.14)

where c = c3 + c5. This completes the proof.
⊓⊔

Theorem 3.3 Let r(u, v) = (u, v, z(u, v)) be a dual affine translation sur-
face of the first kind with a constant non-zero dual mean curvature H∗ in
I13. Then, z(u, v) is congruent to an open piece of

z(u, v) =
(a23 + a24)(a1u+ a2v)2

4H∗p2 − 2λ
+

(a21 + a22)(a3u+ a4v)2

2λ

+ c1(a1u+ a2v) + c2(a3u+ a4v) + c3,

where λ, c1, c2, c3 are constants and λ ̸= 0, 2H∗p2.

Proof. We have from (3.9),

a21 + a22
g′′

+
a23 + a24
f ′′

= 2H∗p2, (3.15)

where f ′′ ̸= 0 and g′′ ̸= 0. Differentiating (3.15) w.r.t. u gives us

−(a21 + a22)

(g′′)2
a3g

′′′ − (a23 + a24)

(f ′′)2
a1f

′′′ = 0. (3.16)

Again differentiating (3.15) w.r.t. v gives us

−(a21 + a22)

(g′′)2
a4g

′′′ − (a23 + a24)

(f ′′)2
a2f

′′′ = 0. (3.17)

Eqn’s (3.16) and (3.17) yield

f ′′′ = 0, g′′′ = 0.
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Thus, f ′′(x) and g′′(y) are constants. Therefore, we have from (3.15)

a21 + a22
g′′

= 2H∗p2 − a23 + a24
f ′′

, (3.18)

such that,

a21 + a22
g′′

= λ, 2H∗p2 − a23 + a24
f ′′

= λ, (3.19)

where λ( ̸= 0) is a constant. On solving the above set of equations, we obtain

f(x) =
(a23 + a24)x2

4H∗p2 − 2λ
+ c1x+ c2, (3.20)

g(y) =
(a21 + a22)y2

2λ
+ c3y + c4, (3.21)

where c1, . . . , c4 are constants and λ ̸= 0, 2H∗p2. Hence, we have

z(u, v) =f(a1u+ a2v) + g(a3u+ a4v)

=
(a23 + a24)(a1u+ a2v)2

4H∗p2 − 2λ
+

(a21 + a22)(a3u+ a4v)2

2λ

+ c1(a1u+ a2v) + c3(a3u+ a4v) + c, (3.22)

where c = c2 + c4. This completes the proof.
⊓⊔

4 Dual affine translation surface of the second kind

Theorem 4.1 Let r(u, z) = (u, v(u, z), z) be a dual affine translation sur-
face of the second kind in I13 with a constant dual isotropic Gaussian curva-
ture K∗. Then,

1. there exists no such dual developable surface in I13.
2. r(u, z) with non-zero constant K∗ is congruent to an open piece of

v(u, z) = − (−3c(a1u+ a2z) + c1)
2
3

2c
+
a22u

2

2K∗c
+ c2a3u+ c3,

where c, c1, c2, c3 are constants and c ̸= 0.

127



10 M.S. Lone, F. Shabir, M.A. Lone, M.H. Shahid

Proof. The dual isotropic Gaussian curvature is given by K∗ =
1

K
. Thus,

(2.18) yields

K∗ =
(a2f

′ + a4g
′)4

p2f ′′g′′
, (4.1)

where p = a1a4 − a2a3 ̸= 0 and f ′′ ̸= 0, g′′ ̸= 0.

We first assume K∗ = 0, it follows from (4.1)

a2f
′ + a4g

′ = 0. (4.2)

We arrive at a solution in (4.2) when f ′ and g′ are constants. Therefore,
f ′′ = 0 and g′′ = 0, which can’t be the case. Thus, there exists no dual
developable affine translation surface of the second kind in I13.

Now assuming K∗ ̸= 0. It follows from (4.1)

(a2f
′ + a4g

′)4 = K∗p2f ′′g′′. (4.3)

Differentiating (4.3) w.r.t. x gives us

4a2(a2f
′ + a4g

′)3 = K∗p2f ′′′g′′. (4.4)

Using (4.3) in (4.4), gives the following expression

4a2f
′′

f ′′′
− a2f

′ = a4g
′. (4.5)

We arrive at a conclusion, either a4 = 0 or g′ is a constant. But g′ can’t be
a constant as g′′ ̸= 0. Substituting a4 = 0 in (4.1), results in

(a2f
′)4 = K∗p2f ′′g′′. (4.6)

Thus, we have

a22
K∗a23g′′

=
f ′′

(f ′)4
= c, (4.7)

where c(̸= 0) is a constant. On solving (4.7), we obtain

f(x) = −(−3cx+ c1)
2
3

2c
+ c2, (4.8)

g(y) =
a22

2K∗a23c
y2 + c3y + c4, (4.9)
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where c1, . . . , c4 are constants. Hence,

v(u, z) =f(a1u+ a2z) + g(a3u)

= − (−3c(a1u+ a2z) + c1)
2
3

2c
+
a22u

2

2K∗c
+ c3a3u+ c2 + c4. (4.10)

This completes the proof.
⊓⊔

Remark 4.1 When we take a4 = 0 in (4.5), the affine translation surface
of the second kind results in a weaker case of such surface, given by

v(u, z) = f(a1u+ a2z) + g(a3u). (4.11)

Notably, p = −a2a3 ̸= 0 in this case.

Now, the dual mean curvature is given by, H∗ =
H

K
. For affine translation

surface of the second kind, it follows from (2.17) and (2.18) that,

H∗ = −
[{
a22 + (pg′)2

}
f ′′ +

{
a24 + (pf ′)2

}
g′′
]
(a2f

′ + a4g
′)

2p2f ′′g′′
. (4.12)

Theorem 4.2 Let r(u, z) = (u, v(u, z), z) be a dual affine translation sur-
face of the second kind in I13 with a vanishing dual isotropic mean curvature.
Then, v(u, z) is congruent to an open piece of

v(u, z) =
1

cp2
log

∣∣∣∣∣
cos

[
cpa4(a1u+ a2z) + c1

]

cos
[
cpa2(a3u+ a4z) + c2

]
∣∣∣∣∣ + c3,

where c, c1, c2, c3 are constants and c ̸= 0.

Proof. For H∗ = 0, from (4.12) we get
[{
a22 + (pg′)2

}
f ′′ +

{
a24 + (pf ′)2

}
g′′
]
(a2f

′ + a4g
′) = 0. (4.13)

Either
{
a22 + (pg′)2

}
f ′′ +

{
a24 + (pf ′)2

}
g′′ = 0

or

a2f
′ + a4g

′ = 0.

a2f
′ + a4g

′ = 0 results in f ′′ = 0 and g′′ = 0, which is a contradiction.
Hence, we have

− f ′′

a24 + (pf ′)2
=

g′′

a22 + (pg′)2
= λ, (4.14)
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where λ( ̸= 0) is constant. Thus, the above expression gives us

f(x) =
1

λp2
log |cos (λpa4x+ c1)| + c2, (4.15)

g(y) = − 1

λp2
log |cos (λpa2y + c3)| + c4, (4.16)

where c1, . . . , c4 are constants. Thus, we have

v(u, z) =f(a1u+ a2z) + g(a3u+ a4z)

=
1

λp2
log

∣∣∣∣∣
cos

[
λpa4(a1u+ a2z) + c1

]

cos
[
λpa2(a3u+ a4z) + c3

]
∣∣∣∣∣ + c, (4.17)

where c = c2 + c4. This completes the proof.
⊓⊔

Theorem 4.3 Let r(u, z) = (u, v(u, z), z) be a dual affine translation sur-
face of the second kind in I13 with constant non-zero dual isotropic mean
curvature. Then, there exists no such surface in I13.

Proof. The dual isotropic mean curvature of the affine translation surface
of the second kind in I13 is given by

H∗ = −
[{
a22 + (pg′)2

}
f ′′ +

{
a24 + (pf ′)2

}
g′′
]
(a2f

′ + a4g
′)

2p2f ′′g′′
, (4.18)

which writes as

− 2p2H∗

a2f ′ + a4g′
=
a22 + (pg′)2

g′′
+
a24 + (pf ′)2

f ′′
, (4.19)

where f ′′ ̸= 0,g′′ ̸= 0.

Differentiating (4.19) w.r.t. x, we get

2p2H∗

(a2f ′ + a4g′)
2a2f

′′ =
d

dx

{
a24 + (pf ′)2

f ′′

}
. (4.20)

Again differentiating (4.19) w.r.t. y, we obtain

2p2H∗

(a2f ′ + a4g′)
2a4g

′′ =
d

dy

{
a22 + (pg′)2

g′′

}
. (4.21)

Thus, we have

2p2H∗

(a2f ′ + a4g′)
2 =

1

a2f ′′
d

dx

{
a24 + (pf ′)2

f ′′

}
=

1

a4g′′
d

dy

{
a22 + (pg′)2

g′′

}
,

(4.22)
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which results in the following

2p2H∗

(a2f ′ + a4g′)
2 = λ, (4.23)

where λ is a constant.

Case 1: When λ = 0. It follows from (4.23) that, H∗ = 0, which is contra-
diction to the fact that, H∗ ̸= 0

Case 2: When λ ̸= 0. It follows from (4.23) that, a2f
′ + a4g

′ is a constant,
which results in f ′′ = 0, g′′ = 0, which is again a contradiction.

Therefore, there exists no dual affine translation surface of the second kind
in the isotropic space I13 with a non-zero constant dual isotropic mean cur-
vature. This completes the proof.

⊓⊔
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