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Average structures associated to a Finsler space

Ricardo Gallego Torromé

Abstract Given a Finsler space (M, F) on a manifold M, the averaging method asso-
ciates to Finslerian geometric objects affine geometric objects living on M. In particular, a
Riemannian metric is associated with the fundamental tensor g and an affine, torsion free
connection is associated with the Chern-Rund connection. As an illustration of the appli-
cations of theory, a generalization of the Gauss-Bonnet theorem to Berwald surfaces using
the average metric is presented. The parallel transport and curvature endomorphisms of
the average connection are obtained. The holonomy group for a Berwald space is discussed.
Finally, isometries and symmetric spaces are considered and the heritage of the property
of symmetric space from the Finsler space to the average Riemannian metric is proved.
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1 Introduction

It is remarkable that many fundamental results can be generalized from
the Riemannian to the Finslerian category by properly adapting the cor-
responding proofs, in some cases in a rather direct way [4]. The present
work was partially motivated by the insight that such phenomenon could
be understood from the perspective of looking at the Finsler category as de-
termined by equivalence classes in such a that each class contains an affine
or Riemannian representative. If that conjecture was correct, then a given
proposition formulated in the Finsler space that can be casted in terms of
notions defined in the quotient space of equivalent classes it can be investi-
gated using affine or Riemannian methods.

The method used to define the equivalence classes relations is build on
the averaging of Finslerian geometric objects. These operations map geo-
metric objects living in the tangent space and defined by the original Finsler
structure to geometric objects living in the base manifold M. The average
of the fundamental tensor appeared first in [16], in a pre-print of the author
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2 Ricardo Gallego Torromé

of pre-prints of the author (RGT), of which the present work is the latest
version, and in work connection with emergent quantum mechanics [7]. Pre-
liminary versions of the general theory of averaging were also discussed by
the author, for instance in [8].

In this paper we consider in detail the average of the Finslerian metric
(in the form of the fundamental tensor), the Chern-Rund connection and
the average of the curvature operators. Two geometric operators/structures
will be equivalent if they have the same average. It turns out that results
stated in terms of the defining properties of the coset space and that can
be proved using Riemannian or affine methods automatically upgrade to
the Finsler category. In particular, the method is very well suited for two
specific types of problems. The first is in applications to Berwald spaces.
The second in the application to isometry properties of the Finsler metric
and related notions.

This manuscript is organized as follows. In section 2, the notions of Finsler
geometry required for our constructions are introduced. In section 8 we
explain the measure used for the averaging operation. The averaging can
be casted in terms of integration along vertical fibers of pull-back bundles
#*TP9 M over the manifold TM \ {0}. The averaging associates a Rieman-
nian structure (M, h) to the initial Finsler space (M, F') by performing an
average of the components of the fundamental tensor g on the indicatrix I,
at each point z € M. As an example, we apply the averaging to a Randers
metric. In section 4 we discuss the average connection (V) associated to a
linear connection V on 7*T'M. We show that for Berwald spaces, the Rie-
mann curvature tensor of the average metric h can be obtained by averaging
the corresponding tensor of the Chern-Rund connection of g. In section 5
the parallel transport operators and curvatures of the average connection
of (V) are discussed in terms of the corresponding parallel transport and
curvatures of the linear connection V on #*T'M. The average metric is used
to prove several generalizations of Riemannian results to Berwald spaces.
In particular, we have considered a generalization of the Gauss-Bonnet the-
orem for Berwald surfaces as an example of application of the method.
We also provide a proof of the metrizability of the holonomy group of a
Berwald space is discussed, extending the classical result from Z. Szabé to
non-compact holonomies. In section 6, the map of isometries induced by the
averaging is discussed and a proof of the Mayer-Steenrod theorem sketched
from the point of view of the averaging method. Symmetric spaces are very
shortly discussed from the point of view of our theory.

2 Basic notions of Finsler geometry
Notation

(U, x) will denote a local coordinate chart of the n-dimensional manifold M,
where a point 2 € U has local coordinates (z!,...,2™) and U C M is an open
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Average structures 3

set. TM is the tangent bundle of M. The slit tangent bundle 7# : N — M
is the bundle over M with N = TM \ {0}. Fixed a local chart (U,x) on
the manifold M, a point z € U has associated the coordinates (z?, ..., z")

and a tangent vector y = ¥’ a(zi € T,M at x € M is determined by its

components y = (y', ..., y") respect to the basis {d% m_,of T, M. Note that
we will use Einstein’s convention for up and down equal indices, if anything
else is not directly stated. The set of sections of a bundle £ is denoted by
I' €. Each local coordinate chart (U,x) on M induces a local coordinate
chart on TM denoted by (TU, x,y) such that a point u € TU with #(u) = x
and corresponding to the tangent vector y = yi% € T, M has local natural
coordinates (x', ...,z yt, ..., y"™).

Definition 2.1 A Finsler space is a pair (M, F') where F' is a non-negative,
real function F: M — [0, 00] such that

— It is smooth in the slit tangent bundle N,
— Positive homogeneity holds: F(x,\y) = A F(z,y) for every A € [0, +o0],
— Strong convexity holds: the Hessian matrix

1 92°F?(z,y)

i =77 i, 7= 1,... 2.1
glj(x7y) 2 dyioyd y 4] y ey TV ( )
is positive definite on N.

We assume that the function F' is C*-smooth function on N. However, if
the second Bianchi identities are required in a particular instance, then it is
necessary that F' must be at least C°-smooth on the slit tangent bundle N.
The matrix (g)i; := gij(x,y) is the matrix components of the fundamental
tensor g at the point u = (z,y) € N.

Definition 2.2 Let (M, F) be a Finsler space and (TU,x,y) a local chart

induced on N from the coordinate system (U,x) of M. The components of
the Cartan tensor are defined by the expressions

o F@gij

ijk — 5 ayk )

The components {A;ji, i, j,k = 1,...,n} are homogeneous functions of de-

gree zero in the coordinates (y', ..., y™) and totally symmetric in the indices
i, 7, k. The condition

Ayr(z,y) =0, VyeT,M,z€ M

characterizes Riemannian geometry among the general class of Finsler ge-
ometries.

ijk=1,..n. (2.2)

Definition 2.3 Let (M, F) be a Finsler space. The indicatriz over the point
x € M is the submanifold I, — T, M

I, ={yeT,M| F(xz,y) =1}.
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4 Ricardo Gallego Torromé

For each © € M the indicatrix I, is a compact, strictly convex submanifold
of T,M [4,14]. We denote by Z the fibered manifold 7z : Z — M with
77 (z) = I, and where the base manifold is M.

2.1 Definition of a non-linear connection of N

Let us consider the slit bundle @ : N — M. Let us recall that the vertical
distrubution is ¥V = ker dr.

Definition 2.4 A non-linear connection of N is a distribution H C TN
supplementary to the canonical vertical distribution V.

Given a Finsler space (M, F'), there is defined a non-linear connection in
the slit tangent bundle N. Let us consider a local natural coordinate chart
(TU,x,y) of N and then the collection of local sections

0 0
{8y1|u’ '3y Ao, W ETT 1(I),ZL‘EU},

that determines a local frame for the vertical distribution V. To obtain a
supplementary distribution H we use a standard local construction [4]. First,
the non-linear connection coefficients V. ; are given by the expression

N v Y v

where the formal second kind Christoffel’s symbols W;k(ac, y) are defined by

i, kr,s=1...,n

vty 3(3951 _ Ogjik 3gsk>
k=9 oxk  Oxs  Ox7 "
and also A;k = g Ajjr and ¢ilg); = 6; A tangent basis for T, N is deter-
mined by the vectors

i, k=1 ..n

5 )
Uy *** u?F u?""F u b) y u: ; Uy Yy, 1
{M' 5z v F gyt 8y"|} 507 T v T Ja Z' L=
(2.3)

The collection of local sections

) ) L
{M|u7'-->mu, ueT 1(58)7 x € U}

determines a local frame for the horizontal distribution H [2,4]. Given Xe
I'TN, the horizontal component is denoted by H (X X) and the vertical com-
ponent by V(X). The horizontal lift of tangent vectors is defined by the
homomorphism

)
@ha

w: TuoM — T,N, X=X 0

5 lz = (X)) =X

(2.4)
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Average structures 5

for fixed u € 7 1(z).
The dual basis associated to the local tangent basis (2.3) of T,V is a local
basis of the dual vector space T, N,

oyl oyt

{dx1|u, ...,d.’]}'n‘u, ?|u, ceny F

Syt 1 . S o
u} , % uzf(dyl + Njda?)|u, i, j=1, ..., n.
(2.5)
Definition 2.5 Let (M, F) be a Finsler space. The fundamental and the
Cartan tensors are defined in natural local coordinate system (TU,x,y) by
the equations

— The fundamental tensor is

10%°F%(z,y) , , -
=T ' @ da’ 2.6
o) = 5 dat  da, (26)
— The Cartan tensor is
- F&gij 5yi 1) i

Az, y) :

Note that our definition of the Cartan’s tensor (2.7) differs from the usual
definition [4], which is the symmetric tensor A = A;j; d2' ® da? ® da*. Such

difference is only formal and does not spoil the properties of the Cartan’s
tensor in any practical situation.

2.2 The Chern-Rund connection

Let us consider the product N x T'"M and the canonical projections
1 : NxTM — N, (u,&)—u, ot NxTM —TM, (u,€) ¢

The pull-back 71 : #*T'M — N of the tangent bundle 7 : TM — M by the
projection 7 : N — M is the maximal sub-manifold of the product N x T M
such that 7 o a(u, &) = @ o 71 (u, §) holds. It follows that the diagram

PTM 2 TM
|
N—" M

commutes. Here w1 : #*TM — N and 7y : @*T M — T M are the restrictions
of the natural projections 71 : N X TM — N and 7 : N x TM — TM
to A*TM. 71 : #¥TM — N is a real vector bundle, with fiber over u =
(z,Z) € N isomorphic to T, M. The fiber dimension of #*T'M is equal to
n = dim(M), while the dimension of the base manifold N is 2n.

The pull-back of a smooth function f € F(M) is the smooth function
#*f € F(N) such that 7*f(u) = f(7(u)) for every u € N. Also, each
tangent field Z € T, M can be pulled-back 7*Z uniquely by the conditions
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6 Ricardo Gallego Torromé

— m(#Z) = (2, Z) € Ny,
— m(#*Z) = Z € T,M.

These conditions extend pointwise to vector fields. Similarly, a pull-back
tensor bundle #*T %9 M can be obtained from each tensor bundle T®% M
over M.

Let us consider a linear connection on 7#*T M. The associated covariant
derivative is the operator

V:I'?T*TMx I''N = I'?*TM

such that
— For every X € I'TN, 81,8, € I'#*TM and ¢ € F(M) it holds that

V(75 pS1 + S2) = (X -7 ¢)S1 + ¢V £S1 + V55 (2.8)
— For every X,,Xo € 'TN, S € I'#*TM and ¢ € F(N) it holds that

V¢X1+X25 = @VXIS-F Vj(QS. (2.9)

The Chern-Rund connection 'V is a linear connection on #*T M charac-
terized by the following fundamental result [4,14],

Theorem 2.6 Let (M, F) be a Finsler space. The vector bundle #*TM ad-
mits a unique linear connection characterized by the collection of connection
1-forms {CTw;-, i,7 = 1,...,n} such that the following structure equations
hold:

— “Torsion free” condition,

d(da’) — da? A “Twl =0, i,j=1,..n. (2.10)
— Almost g-compatibility condition,
cr, k cr, k A 6yk ..
dgij — gk Wi — g “wy = 24—, Ggk=1,n (2.11)

The torsion free condition is equivalent to the absence of terms containing

dy* in the connection 1-forms “w’ and also implies the symmetry of the

: J
connection coefficients F}k(x, Y),

Twi(z,y) = Dip(z,y) da®,  Th(z,y) = Iz, y), i,j,k':l,...,r(z. |
2.12

We can characterize the Chern-Rund connection by means of the associ-
ated covariant derivative operator 'V ¢, with X € T, N. The generalized
torsion tensor is given by the expression

Tery I TM x I'TM — I'TM
(X,Y) = m(TVa'Y) — mp(TVya*X) — [X,Y], (2.13)
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where X and Y are the horizontal lifts of the restrictions X (z),Y (z) at

a given point u € 7 1(z). Then the following corollaries are direct conse-

quences of Theorem 2.6.

Corollary 2.7 Let (M, F) be a Finsler space. The torsion free condition
(2.10) is equivalent to the following conditions:

1. For any X € TN and Y € M, the following relation holds,
CTVV(;()fr* =0. (2.14)
2. Let us consider X,Y € I'TM. Then the following relation holds,
Tav(X,Y)=0. (2.15)

Proof. Let {32:}7 | be alocal frameon U and X =¢; = 2,V = ¢j = 2.
Then we have

0
V)Y = 7ey wf(V(ei)) :fr*ekffjdx“(‘/(ei)) :ﬁ*ekffjdx“(a—yi) =0.

This condition is extended by linearity and by the Leibnitz rule to arbitrary
sections X, Y e I'TM.

To prove the relation (2.15), let us consider the torsion condition in local
coordinates where the local frame {e;} on I'TM commutes, [e;, e;] = 0.
Then from the symmetry in the connection coefficients (2.12) one obtains

TI'Q(CTVe"iﬁ'*ej) - ﬂg(crv@fr*ei) — [61‘,6]'] = ﬂg(crvt@ﬁ*ej) - WQ(CTVéj'ﬁ'*ei)

= (I — If)#*er = 0.

This relation is extended by linearity to arbitrary vectors X,Y € I'T'M.
O

Corollary 2.8 Let (M, F) be a Finsler space and X € I'TN. The almost
g-compatibility condition (2.11) is equivalent to the conditions

1. 'V is metric compatible in the horizontal directions,
CTVH(X)Q =0. (2.16)
2. "V is almost-metric compatible in the vertical directions in the sense that
V9 = 2AX, ) (2.17)

holds good.
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8 Ricardo Gallego Torromé

Proof. Using local natural coordinates and reading from the expression
(2.11), it follows that

Sy

Vg = (dgij — 9j Cwa — Gik c’“w;“)ﬂ et @t = 2 Ajk—— fa Qe @7

By the definition of covariant derivative along an horizontal direction and
k

since QAZ-]-;CJ% is vertical, the relation (2.16) follows. For the covariant

derivative along the vertical component V (X),

SyF

V) 9= 2 Ak 2 V(X) (7' @ 7*el), VX € I'TN,

from where it follows the condition (2.17).
O

The curvature 2-forms associated with a linear connection V on 7*TM
are

Q= dwl —wh Awy, i k=1,..n. (2.18)
In local coordinates, the curvature endomorphisms are decomposed as
! 5 y* oy
2 = JRiy de® A da' + Py da® A"+ QM % (2.19)

The quantities R;kl, P;kl and Q;kl are the hh, hv, and vv-curvature tensor
components. For any Finsler space, the hv-curvature endomorphisms of the
Chern-Rund connection are identically zero [4]. However, for other linear
connections in 7#*T'M the three curvature types could be different from
ZETO0.

3 Riemannian average metrics from a Finsler space
3.1 Definition of the averaging procedure for Finsler metrics

The n-form d™y is defined in local coordinates by the expression
1

d™y = +/det g(z,y) 6% A A 5% (3.1)

where det g(x,y) is the determinant of the fundamental tensor (g);; =
gij(x,y). Since d"y is invariant by local diffeomorphisms on T'M, it de-
fines a section of A™N. Let us consider for each embedding i, : I, — N,
the volume form on I, given by

dvoly =i, (d"y - )|z, (3.2)
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Average structures 9

where [ = % aiyi and d™y - [ is the corresponding contraction. Then the

volume function vol(I,) is defined by the expression

voly : M — RY,  z— voly(1,) ::/ [v|2 (2, y) dvol,, (3.3)

@

where the weight factor |¢|? : TM \ {0} — RT is a homogenous of degree
zero in y, positive, smooth function on the tangent bundle. The average of
a function f € F(Z) is defined by the expression

(Nole) = s [ 6P ) f(op) ool

voly (1) Jr,

Given the Finsler space (M, F) let us consider the matrix with components

hZ](wax) = <gZ]($ay)>d)7 Z:j = ]-? w1y (34)
for each point x € M. Then we have,

Proposition 3.1 Let (M, F) be a Finsler space. Then {hij(¢,x)}7,_, are
the components of a Riemannian metric

hy () = hij (Y, ) de'@da?, i,j=1,...,n. (3.5)

Proof. The average (3.4) of a positive definite, real and symmetric n x n
matrix is also a positive, real, symmetric matrix. To show this, first we note
that

9:W) (@, 9) = gij(x, ) TF > 0, y,§ € TuM.

This is because g;;(x,y) for each fixed y € T, M is a positive defined scalar
product in T,M. The symmetric property follows in analogous way. The
tensorial character of the expression (3.5) is also direct.

O

Definition 3.2 Two Finsler spaces (M, Fy), (M, F5) are said to be
h-equivalent if the corresponding average metrics hy and he defined by (3.5)
are the same.

h-equivalence is an equivalence relation in the set Mg of Finsler metrics
defined over M. The equivalence class of g is denoted by [g]. The coset space
is defined by Mp/ ~. We call this equivalence relation metric-equivalence.

From now we choose the function [)|? = 1, if anything else is not stated.
In this case the averaging is called isotropic.
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10 Ricardo Gallego Torromé

3.2 A coordinate-free formula for h

Let us consider the fiber metric
g = gij(x,y)fr*dwi @a*dr?, €€ myt(u), uer(x).
Proposition 3.3 Let (M, F) be a Finsler space. Then the relation
1
h(z)(X, X) = ( dlm‘A*uX,A*uX) .
@0 X) = s ([ dvole 300 715) 36

holds good for each vector field X € I'TM.

Proof. For each point x € M, h(z) = (gi;)(x) d2'|, ® da?|,, u € I, and
vector field X € I"'TM one has

1

W) (X, X) = s ( /I ol gij(u)) X X7
1

@

x 71" XZ Xj
vol (1) /[ dvol g](u))
1

<
- i

vol (1)

/ dvol,, g(fr*|u(X)77AT*|u(X))>

I
O

Ezample 3.1 Let us consider a Randers space [12] of the form Fr = o+ 3,
with Finsler function in local coordinates given by the expression [4]

Fr(z,y) = \/ai; y'y? + by,

where o = +/a;;y'y7 and B = b;y' is the action of the 1-form b on the
tangent vector y € T, M. The associated fundamental tensor is
&w %&%Jgﬂ

Q5 — .
K a FRFR

9i;(x,y) =

On the indicatrix I, the fundamental tensor is

1 . .
9@ Wlaspm = = (a = L) 4 gy, (3.7)

Formally, the right hand side of the expression (3.7) does not depend upon
the particular details of the 1-form b. Thus we can evaluate the average and
it will be equal to the Euclidean case: b = 0, «|;, = 1. If we use normal
coordinates of the metric a;; centered at z; then we have that a;;(z) = d;5,
that leads to

(93 (=) = dij-

Then in general local coordinates we will have the expression

(9i;(z,y)) = ai(z). (3.8)
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4 General form of the average operation and applications

4.1 Average of a family of tensor automorphisms

For each tensor S, € TPV M, v € #71(z) and z € U C M, the following
isomorphism is defined:

Ty 7 N 2) = (v),  S. e 7S
Consider a family of fiber preserving automorphisms
A= {A, 7, TPON — 72 TPDNM, w e I, v € M}.

Then one can define the vector valued integral operation,
(/ 7r2|uAuﬁ'Z) LS, = / mo( Ay 7% Sp) dvoly,  Sp € TPOM,  (4.1)
I, I,

where u = (z,y) is a point on the fiber I, < N,. This operation is a fiber

integration on a sub-manifold I, of T, M and with values of P9 pp , for
each x € M. The tensor S, is pulled-back {7%S,, u € N, C N} such that
the following diagram commutes,

for each x € M, u € 7w !(z). The chain of compositions defining the integral

operation (4.1) is the following: given x € M, u € 7~ (x) and S, € T)((?"J)M7

x> Sy {70 Sp b { Ay (7, S2) = {m2 (Au(7,52)) } H/Wg(Au(ﬁZSm)) dvol.
I,

(4.2)

Definition 4.1 The average operator of the family of automorphism A is
the automorphism

(A : ngp,q)M — TPD 0

1 y .
Sa v()l(IgC)(/Iw 7T2|uAu7Tu> - Sy, uemt(z), VS, € TPYM.

Proposition 4.2 The average operator (A), associated with a family of a
linear fiber preserving automorphisms A:{Aw : ﬁfUT(p7Q)M—>7%Z,T(p7Q)M, weE
I, x € M} is independent of the local frames chosen.
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12 Ricardo Gallego Torromé

Proof. Let us consider first sections of the bundle 7*T'M and two local basis
{ei;i=1,...,n} and {é&;,i=1,...,n} of T, M. Then we have

(/ maluAufy) - S()
= Uol [w (/ moluAufy) - ' (@)ei()
vol([m (/ moluAufy 5 (@) é4(2) dvol, )
mlilx) ( / moluAufy) - S (@)en(x).

One can extend this calculation to families of homomorphisms of #*T.7% M.
O

The averaging oFeratlon can be extended to families of linear, local oper-
ators acting I'#*T "% M by applying the construction (4.2) in the definition
4.1 to the evaluation of sections 7(S) := (#*S)(v), where S € I'T®P9 M
and v € U, is a point in the open set U, containing wu.

4.2 The average of linear connections on 7*T M
We can average linear connections on 7*T'M following the above general
method.

Theorem 4.3 Let V be a linear connection of the vector bundle #*TM —
N. Then there is defined an affine connection of M determined by the covari-
ant derivative of each section Y € I'TM along each direction X € T, M,

(V)XY = (malu V., x)75Y ), v € TU, \ 0, (4.3)

for each X € T,M and Y € I'TM, where Uy is an open neighborhood of
ze M.

Proof. We check that the properties for a linear covariant derivative hold
for (V).

1. Using the linearity of the original covariant derivative and the linearity of
the averaging operation,

(Vix(Y1 +Y2) = (ma|uV,, (x) (Y1 + Y2))

= (m2|u V., (x)Tp Y1) 4+ (m2]u Vo, (x) 7, Ya)
=(V)xY1 +(V)xY>,

VY1,Yo I'T'N. For the second condition of linearity we have
<V>X()\Y) <7T2|uv (X) ()\Y)>v = )\<7TQ‘uV (X)ﬂ' > )\(V>XY
VYelTM, e R, X eT, M.
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2. (V)xY is a F-linear respect X, that is,
Vixi+x.Y =(V)x, Y + (V)x,Y,  (V)x(Y)=f(V)xY, (44)

holds good for each Y € I'TM,v € 7 (2), X, X1,Xs € T,M and f €
F M. The first condition is proved by the following short calculation,
(V)xi+x:Y = (mau(Vi,(x14x2)) T Y o
= (m2|u V., (x) T Y o + (2w V., (x) 7 Y)
= <V>X1Y + <V>X2Y

For the second condition the proof is similar.
3. The Leibnitz rule holds:

(V)x(pY)= (dp(X))Y +o(V)xY,VY € I'TM,p € F(M),X € TxéW, )
4.5

where dp(X) is the action of the 1-form dy € A M evaluated at x € M on
the tangent vector X € T, M. In order to prove (4.5) we use the following

property,
oY) = () (7Y), VY €e TM, p € F(M).
Then one obtains the following expressions,
(V)x(0Y) = (m2]uV.,(x) T (9Y)) = (m2|u V., (x) (Fo0)TY)
= (malu(V., 00 (70)) 7, (V) + (ma|u(F0f) Ve, 00700 (Y))
= (molu(tu(X) - (F50)) 75 (Y)) + @ (m2|u Vo, ()7 (V)
= (X - p)mafuy(Y)) + ¢ (m2|oV,, (x) 75 (V)

For the first term we perform the following simplification,

(X - @)ma|ufry, (Y)) = (X - o) (malufy, (V) = (X - @) ((ma]utty,))Y
= (X -9)Y = (dp(X))Y.

Finally we obtain that
(Vix(@Y) = (V)x,0)Y + o(V)xY = (do(X))Y + p(V)xY.

For each section Y € I'TM, (V)Y € I' T™Y M we define
(VY(X,Y) = (V)xY, X €T,M. (4.6)

The average covariant derivative is extended to 1-forms by the require-
ment that it commutes with contractions. Thus for each a € A'M and
XelTM

(Vix[a(2)] = (V)xa) - Z+ - ((V)x Z)
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14 Ricardo Gallego Torromé

holds by assumption. Then the extension of the covariant derivative (V)x
to sections of the tensor bundle T®9) M — M is defined by the rule

<V>X K(Xh ey XS7 alu sty ar) = <V>X K(Xb ) X87 O[l, ) aT)

=Y K(X1, o (V)x Xiy oo X0,y a)

i
+Y K(X1, . Xoy ol (V) xdd, o a).

4.3 General properties of the averaged connection

Proposition 4.4 Let (M, F) be a Finsler space and V a linear connection
on T T'M. Then the relation

Ty = (Tv). (4.7)
holds good.

Proof. We can evaluate the torsion of the connection (V),

Ty (X,Y) = (ma|uV,,)T0)Y — (m2|u V., (v)7y) X — [X,Y]

= (m2|u V., x)70)Y — (m2|u Vi, (v)T0) X — (m2lufy[X, Y])
<7T2| (V (X)ﬂ' Y — V (y)ﬂ'*X—ﬂ'| [X Y])>

= (

Tv(X,Y)).
O

Corollary 4.5 Let (M, F) be a Finsler space with average Chern-Rund con-
nection ("V). Then the torsion T ery) is zero.

Definition 4.6 Two Finsler spaces (M, F1) and (M, Fy) are I'-related iff
the corresponding average connections are the same.

I'-equivalence is an equivalence relation. I'-equivalence classes are denoted
as [g]r. Let us remark that the averaging procedure depends on the partic-
ular Finsler spacer (M, F') that one starts and that this equivalence relation
is between different types of averaging procedures. Also note that in general
the I'-equivalence relation is different from the metric-equivalence relation.
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4.4 Average connection of a Berwald space

In order to avoid cluttering in the notation, the Chern-Rund connection will
be denoted simply by V instead of the most specific notation 'V used until
now.

Definition 4.7 A Berwald space (M, Fp) is a Finsler space such that its
Chern-Rund connection also defines an affine connection on M.

For a Berwald space the connection coefficients Crfjk(w,y) depend on
x € M only. Thus, we have the following,

Theorem 4.8 For a Berwald space (M, F)

— The average of the Chern-Rund connection coincides with the Chern-Rund
connection in the sense that

(F(V)x S) =V, x)7"S. (4.8)

— The average of the Chern-Rund connection coincides with the Levi-Civita
connection of the average metric,

(V) = hv. (4.9)
Proof. The relation (4.8) is direct from the definition of average connection.

A detailed proof can be found in [9]. For the proof of relation (4.9), let us
first evaluate the covariant derivative of the metric h for (V) ,

Oh; .
(Voo h= (G2 = (D = (Vjhas)da? @ da*
Oh; .
= ( 3; — “Thhj — Crfiljhm)dx] ® dz*
_ 1 agjk cr il er il j k
= ool (1) (/11 (% — g — z’jglk) dvolm>dm ® dx
1

— ‘ )
~ wol(I,) (/11 (V% g))].k dvolx)dmj ® dz*.

Since the horizontal metric compatibility of the Chern-Rund connection
(equation (2.17)), the integrand is zero. Therefore,

(Vy_o h=0, i=1,.,n.

dx?

Moreover, by Corollary 4.5 (V) is torsion free. Therefore, (V) must be the
Levi-Civita connection "V of h.
O
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5 The parallel transport of the average connection

The parallel transport of a linear connection V along a path v : [a,b] = M
with v(a) = z and ~(b) = z is defined as the linear homomorphism

pxz(’y) : ng;mq)M - TZ(IMI)M’ Sx }_> SZ

such that the section S(¢) along + is a solution of the linear differential
equation

Vip(M(9)(E) =0,  p(7)(5)(0) = 5(0). (5.1)

A polygonal approzimation 7 of « is determined by a set of points

{7(0) =z, ..,v(ti), .oy Y(ta—1),7(ta) = 2, v(t:) € Y([a, ])}

joined by geodesic segments 7y ;41 of F, with initial and ending points ()
and (k1) respectively. One can also consider the case when ¢ —t_1 = €.

Let us define € = I’_Ta. The double limit A — +oo and e = ¢, — tp_1 — 0
is taken in this parallel transport operation, under the constraint

lim Ae =b—a.
A—+00,e—0

We can write the solution of the parallel transport equation, at least for-
mally, by the following result:

Lemma 5.1 The parallel transport operator along 5 can be re-recast as a
parallel transports
A

p(’?) = H OPtitu—1>

k=1

where the composition of elementary parallel transport py, 1, , is taken along
the geodesic segment i 41 and is

Pty tr_1 :Tw(tk,l)M%T'y(tk)Ma Xiei — (5?:71)(%71 —6ij

ie_1lr_1

i1 2k
Xtk 1,Yk 1)€jk~

Al=1 s the tangent vector at the point v(k — 1), where {e;(t), i = 1,...,n} is
a frame along v : I — M.

Proof. Then parallel transport of X € T, )M along 7 between the point

x =y(a) and z = ~(b) is given by

(prX)j i—%}—icglea (61?:—1 —€ Fijj—1lA—1 ’.YlAil )> (pI’Y(tA—l)X)iAA? J=L1..n,
(5.2)

with (me)jO = X7, lima o0 Y(ta—1) =y(b) and ja = j.
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Infinitesimally one has the finite difference expression

(Poyt+0 X)) = Py X)) = ((5311 —el’ Z‘A—llA—l7”71))(”“(“)()“71
- (pz'y(t)X)j
= — € Pary iy Lo (V) 5 () (D 1y X ).

For smooth vector fields and connections, one can take the limit

lim (pz'y(tJre)X)j B (pz'y(t)X)j

e—0 €

= (P () Lo (V) 4 (1) (P X,

showing that the expression (5.2) is the solution of the parallel transport
equation (5.1).
d

The expression (5.2) applies to the parallel transport of any linear con-
nection. In particular, it can be applied to the average connection,

Proposition 5.2 Let <I’;k> be the connection coefficients of the average con-
nection (V). Then the parallel transport operation is

A
(oo Xy= Tim T (076 = e(T0 ) (00)4)) X, G =1,

A—00,e—0
k=1

(5.3)

If we explicitly insert the weight factor |¢|? : N — R¥ in each integration,
one obtains the expression for the parallel transport

A
. . 1
(poeX)? = | lim <kl:[1 vol(I ( /, dvoly(v(tk-1)) - (54)

Y(tk—1)

’Y(tk—l))

|'¢}|2(7(tk)7 y'y(tk)) (5]k Te—1 Gij t—1lp—1 (’Y(tk), yv(tk)) ;Ylk_l(r}/(tk—l))>)XiU'

Remark 5.1 In the general case the average of the parallel transport op-
eration does not coincide with the parallel transport of the average con-
nection: the average of the parallel transport of V involves only one fiber
integration, while the parallel transport of the average connection involves a
formal product of an infinite number of integral operations along each fiber

77 1(y(t)), t € [a,b].
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5.1 Curvature of the average connection

Let us consider the curvature endomorphisms for the average connection

(V),
RY(X1,X2)Z = (V)x,(V)xa — (V)x(V)x, — (V) x1.x00) Z-

Developing this expression in terms of the original connection V one obtains

RV (X1, X:)(Z) = vol2 / / dvol(v)dvoly (u) ma(v)
(VL“(Xl)Wv T2 (u) V., (x) 0 2=V 0, (x2) T T2(u) Vo, (x )T £
= Viu(1x1,%2) Tu Z)-
Analogously to the remark 5.1, the curvature R™) is not equal to the

average curvature of the linear connection V. For instance, the averaged
hh-curvature is

1
Uol(I )

”UOl Ix / dUOl ’/TQ Lu (X2) Vbu(Xl)ﬁ'ZZ

/dvol dume(u) V,, (1x1,Xs]) T Z

(RY (1a(X1), ta(X2))Z = / dvol, () V., cx) Vs x5 7

~ wol(I,)

1
UOZ(II / dUOl 7T2 (VLH(XI)VLH(Xz)

Vi) V) = Vau(ixal) )i 2

Therefore, given a linear connection on 7*T'M V, there are two notions of
average curvature endomorphisms, RrY (X1, X2) and (RY (14(X1), tu(X2))).
In the general case the tensors RY (X1, X32) and (RY(1y(X1), tu(X2))) do
not coincide because the covariant derivative V, y) depends on u € N for
a general Finsler space.

Also, note that the average of the curvature operation can be generalized
to other curvature endomorphisms, specifically, to the hv and vv-curvature
endomorphisms of V.

5.2 Average curvature of a Berwald space
The geodesic deviation equation for a Finsler space is formally the same than

for a Riemannian space. In particular, the Jacobi equation for the Chern-
Rund connection [4] is the linear differential equation along the geodesic
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X:I—-M
VXVXJ+R(X, J)XZO. (5.5)

When (M, Fg) is a Berwald space, then the equation (5.5) is formally the
same than the equation for the geodesics of the average connection,

(V)5 (V) + RYV(X,))X =0,
or
VXVXJ+R(X,j)X =0,

where X : I — M is a geodesic of the averaged connection (V) and ﬁwj is
the curvature endomorphism. The Jacobi fields J : I — X(I) and J : [ —
X(I) are the same (at least for small values of the time values of the time

parameter, the geodesics X and X as un-parameterized geodesics), except
that they are parameterized by different parameters. Then the condition

RYNX,J) = R(X,J)
must hold for Berwald spaces. Since for a Berwald space (V) = "V, the
following result holds:

Theorem 5.3 If (M, Fg) is a Berwald space, then

"R(X,Y)=R(X,Y), X,Y e I'TM. (5.6)

Corollary 5.4 If (M, Fg) is a Berwald space, then "R ji; = (IR ji1).

Proof. This is a direct consequence of the above calculation and Theorem
5.3.
O

A straightforward calculation illustrates that for a general Finsler space,
the average of the curvature endomorphism does not coincide with the cur-
vature endomorphism of the average metric,

hR;’kl _ him hijkl _ him <9ijkl> — < him ngjkl>
= < hzmgmsgsa gRajkl> = <'L91 s gRj‘kl>7
where the tensor ¥ ; := h"™g,,s # §% measures the departure of the funda-
mental tensor g of being Riemannian. Similarly, for a general Finsler spacer,
here is no direct relation between the average of the flag curvature of F' and

the sectional curvatures of &, even in the case of constant sign flag curvature
spaces.
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Let (M, F) be a Berwald space. Then the Riemann tensor of g is a (0, 4)-
tensor along the map 7 : N — M whose components are given in normal
coordinates of g by the expression®

IRijkt := Gt jk — Gikjl + Gjk,il — Gil,ik (5.7)
where g¢;; 17 stands f D9 o
gkl ndas 1or Dk Orl etc...

Proposition 5.5 Let (M, Fg) be a Berwald space and consider the isomet-
ric average metric h;j. Then the following relation holds,

"Riji(z) = (IRjm(z,y)). (5.8)

Proof. In normal coordinates for h, the Riemann tensor hRijkl is linear on
the second derivatives of the components of the curvature tensor of h. Then
the tensor can be expressed as

"Rijin = harjr — hikji + hjra — bk,
2
where for instance hj ji = %ﬁ%gﬁ), etc... From the definition of A it follows
that

hRijkl = (gi)sjx —(Gir)»j1 +(9jx)sit —(Pji) ik

holds in the normal coordinate chard of h. Since the weight factor is ||> = 1
and the volume function wvol(I,) is constant for a Berwald space [3], the
partial derivatives can be introduced in the integrals,

9 Ria(x) = "Rijir = (g vk —(Gin)ojt +(gjdsit —(hji)sin
= (Gijk — Gikgi + Gikit — Gitik) = (I Rijr(2,9)),
where from the first to the second line in the above expression we have use
the equality 17 () = hF;k(x) = 0 in normal coordinates of the average
metric h. In this step is essential the Berwald condition. This formulae has
been proved in normal coordinates of h, but since it is an identity between

tensor components, it holds in any coordinate system.
O

As an example of direct application of Proposition 5.5 is a generalization
of Riemann’s characterization of Euclidean space in terms of curvature. Let
h, be the Euclidean metric in R". Then we have

Corollary 5.6 Let (M, F) be a Berwald space such that 9R;ji = 0. Then
M = R™ and the fundamental tensor g = hg + dg, with (6g) = 0.

Proof. If 9R;ji; = 0, then the relation (5.8) implies "R;;x(z) = 0 and the
result follows from the classical result of Riemann [13].
O

! For a Berwald space, normal coordinate system exists and are C?, see for instance [4].
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5.3 Gauss-Bonnet theorem for Berwald surfaces

The construction of the metric h as an average of the fundamental tensor
over the indicatrix opens the possibility to generalize results from Rieman-
nian to Berwald geometry, using directly the Riemannian results. We con-
sider here an example of this technique: a weak version of the Gauss-Bonnet
theorem for arbitrary Berwald surfaces. Let (Z, 7z, M) be the fibered mani-
fold whose fiber over x € M is the indicatrix I, and note that for a Berwald
space the function z +— wvol(I,) is constant. Then we have the following
result,

Theorem 5.7 Let (M, Fg) be a compact Berwald surface with average met-

ric h and Gaussian curvature "K = —"Ry215 in some orthonormal basis of
h. Then the following formula holds [5],
1
IR dvoly N d = -2 M), 5.9
i L Reale ) dvol ndute) = <2700, (59

where x (M) is the Euler’s characteristic of M and du is the Riemannian
volume form of h on M.

Proof. For the Riemannian metric h one can apply the classical Gauss-
Bonnet theorem for compact surfaces M. Thus the relation

/ B Rygrs(2) dji = —27 y (M) (5.10)
M

holds. Fixed the integration measure as in Proposition 5.5 an using an or-
thonormal frame associated to h, one obtains the relations

"K(z) = —"Riz12(z) = —(9R1212),

from which the relation (5.9) follows.

5.4 Holonomy of a Berwald space

For a Berwald space, the Chern-Rund connection is defined on the mani-
fold M and the curvature endomorphisms of the average connection coin-
cide with the average of the curvature endomorphisms of the original linear
connection on 7*T'M. Therefore, as an application of the Ambrose-Singer
theorem on holonomy [1,11] and Theorem 5.3 it holds the following result.
Let Hol(V) be the holonomy group of the Chern-Rund connection V. Then
we have the following

Theorem 5.8 Let (M, Fg) be a Berwald space. Then the holonomy group
Hol(V) is a Riemannian holonomy.
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Proof. 1f the space (M, F) is a Berwald space, then the hv-curvature endo-
morphisms are identically zero, P = 0. Then the result follows from a direct
application of the Ambrose-Singer theorem on holonomy and the relation
(5.6).

O

An interesting consequence of Corollary 5.6 is that, if the space (M, Fp)
is a Berwald space, then the average holonomy group is not only an affine
holonomy group, but it is indeed metrizable. This is an extension of a the-
orem from Z. Szabd on metrizability of compact holonomies of Berwald
spaces [15],

Theorem 5.9 Let (M, Fg) be a Berwald space. Then the holonomy of the
Chern-Rund connection is metrizable.

The proof of Theorem 5.9 does not make use of any assumption on the
compactness of Hol(V). Therefore, we have also proved that

Corollary 5.10 For a Berwald space (M, Fp), the holonomy group of the
Chern-Rund connection is compact.

6 Isometries of the average metric

Definition 6.1 Given two Finsler spaces (M1, Fy) and (Ma, Fy), a base
manifold Finsler isometry (or simply a Finsler isometry) is a diffeomor-
phism @ : My — My such that preserves the Finsler function,

Fy(P(z),dP(y)) = Fi(z,y). (6.1)

As a direct consequence of this definition and in the case when M; =
Ms, the components of the fundamental tensor transform locally under an
isometry as

f,Ul l’k
(91)33(F(2), 30, )) = o O (g2) (). (6.2

In such context, it was proved using a construction that involves the Sasaki
type metric [10] that

Proposition 6.2 The group of isometries of (M, F') is contained as a closed
subgroup of the isometries of (M, h) (in the compact-open topology).

Then it follows that the group of isometries of (M, F') is a Lie group [6]
and it is a subgroup of the group of isometries of the average metric (M, h).

Definition 6.3 A Finsler space (M, F) is symmetric if for each point x €
M there is a Finsler isometry @, : M — M such that
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— pu(r) =z,
— (dpz)]e =

The two conditions of the isometry ¢ are formally the same for h than
for F'. Then by direct application of Proposition 6.2 we have

Theorem 6.4 If (M, F) is a Finsler symmetric space, then (M,h) is a
Riemannian symmetric space.

—Id|7.pm-

This result holds for locally symmetric spaces and globally symmetric
spaces. In particular, we have

Corollary 6.5 If (M, F) is a global symmetric space, then it is an homo-
geneous space.

Proof. Let us consider the average metric h, which is necessarily globally
symmetric. Then by application of the analogous Riemannian result, M =
G/H, where G is the isometry group and H the isotropy group of the average
metric h.

O
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