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Non-coercive nonlinear parabolic problem with measurable
obstacle in modular space
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Abstract In this paper, we shall be concerned with the existence result for an unilateral

, %fdiv(a(x,t, u, Vu)) —div(®(z,t,u))) = f inQr = 2x
(0,T), where Au = —diva(z, t,u, Vu) is a Leray-Lions operator defined on Wy'* L (Qr),
The growth and coercivity conditions on the monotone vector field a are prescribed by
generalized N-function M, which does not have to satisfy the As condition. Therefore we
work with a generalized Musielak-Orlicz spaces which are not necessarily reflexive. The
right hand side and the initial data belong to L'(Qr) and the lower order term & is a
non-coercive Carathéodory function.
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1 Introduction

The study of parabolic equations and inequations arouses much interest
with the development of applications in various fields of physics, biology,
astronomy, ... .

Moreover, the variational inequalities have numerous applications also in
the theory of plasticity, hydrodynamics, filtration theory, economics etc.
(see, for instance, [4] and [12]). The interest in unilateral problems is due to
consider an obstacle function which is only measurable. In the last decade,
there has been an increasing interest in the study of various mathemati-
cal problems in modular spaces. These problems have many consideration
in applications (see [9], [31], [33]) and have resulted in a renewal inter-
est in Lebesgue and Sobolev spaces with variable exponent, or the general
Musielak-Orlicz spaces, the origins of which can be traced back to the work
of Orlicz in the 1930s. In the 1950s, this study was carried on by Nakano
([26]) who made the first systematic study of spaces with variable exponent.
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Later on, Polish and Czechoslovak mathematicians investigated the modular
function spaces (see, for instance, Musielak [25], Kovacik and Rékosnik [21]).
The study of variational problems where the function a satisfies a nonpoly-
nomial growth conditions instead of having the usual p-structure arouses
much interest with the development of applications to electro-rheological flu-
ids as an important class of non-Newtonian fluids (sometimes referred to as
smart fluids). The electro-rheological fluids are characterized by their abil-
ity to drastically change the mechanical properties under the influence of an
external electromagnetic field. A mathematical model of electro-rheological
fluids was proposed by Rajagopal and Ruzicka (we refer to [30], [31] for
more details). Another important application is related to image processing
[27] where this kind of diffusion operator is used to underline the borders
of the distorted image and to eliminate the noise.

Our analysis makes extensively use of the notion of modular convergence
in Musielak-Orlicz spaces. The fundamental studies in this direction are
due to Gossez for the case of elliptic equations ([15,16]). The appearance
of the (x,t)-dependence in an N-function requires the studies on the uni-
form boundedness of the convolution operator. The considerations of the
problem with an z-dependent modular function formulated in Musielak-
Orlicz-Sobolev spaces are due to Benkirane et al. ([7]) where the authors
formulate an approximation theorem with respect to the modular topology.
A particular case of Musielak-Orlicz spaces with an z-dependent modular
function are the variable exponent spaces LP(*). The reader is referred to
[10] for a comprehensive summary on those spaces.

Following the studies for standard Leray-Lions operators (namely un-
der assumption of polynomial growth conditions for the nonlinear term)
on renormalized, entropy solution or unilateral problems [11], [28] and [§],
there appeared also results on renormalized solutions for parabolic problems
in Orlicz-Sobolev spaces. The existence result of a renormalized solution for
a class of nonlinear parabolic equations in Orlicz spaces with no growth
assumption made on the nonlinearities and an N-function which does not
have to satisfy the Ag-condition was achieved in [19] and [5] also for uni-
lateral problems see [20]. The arguments used to prove the convergence
of approximate solutions to a renormalized solution are based on an ap-
proximation property in Orlicz-Sobolev spaces proved by Gossez in [14].
The author shows that it is possible to approximate the gradient of an
WLy (£2)-function in modular convergence by a sequence of gradient of
smooth functions, compactly supported in (2. As far as we know, there’s
not much papers concerned with the nonlinear parabolic equations with
obstacle in Musielak-Orlicz spaces with L! data, in the context of renor-
malized solution we refer to the work of Gwiazda, Wittbold and al. in [17]
where the existence proof related to a nonlinear parabolic problem with
L'-data in Musielak spaces requires a very technical construction of multi-
stage approximation of the solution. In particular it is based on nonlinear
semi-group theory of m-accretive operators, but the authors assume that M
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Ezistence of solutions 3

satisfies the As-condition and the proof was based on the modular Poincaré
inequality which not the same in our approach we refer also to [18] for the
elliptic case without As-condition on M.

We deal with boundary value problems

u < Kw,

(P) %—div(@(m,t, u, Vu)) —div(®(z, t,u))=f in Qr=102x(0, T)’(l.l)
u(z,0) = ug(z) in £2,
u=20 on 02 x (0,T).

Where Ky = {u € W&’ILM(QT); uw > ae in Qr}, the data f in
LY(Qr), Au = —div(a(w,t,u, Vu)) is a Leray-Lions operator defined on

WO1 “Ly(Qr), M is a generalized N-function and the term @ is a Carathéod-
ory function satisfies the following growth condition for a.e. (z,t) € Qr and
for all s € R,

B(z,t,5)| < y(x,t) M, Mz, s),

with v € L*°(Qr) and P and @ are three N-functions such that P <« M <
Q@ means that P grows essentially less rapidly than M (see below notations
and properties).

As we allow that @ depends on x,t and u, the lower order term will not
be handled by the divergence theorem while the N-function M does not
have to satisfy the suitable condition Ay which induces a loss of reflexivity
of our framework setting, and more difficulties in the proof of our result.
The definition of the unilateral problem solution can be stated as follows.

Definition 1.1 A measurable function u : 2 x (0,T) — R is called a solu-
tion of the following unilateral problem,

[ St 0))da + (G Tuu = v)le,

+/ a(z, t, Ti(u), VI (w)) VT (u — v) dx dt
T (1.2)

+i D(x,t,u)VTi(u—v) de dt

< f fTi(u—v) de dt + /Q Sk(uo — v(0))dx,

-

if the assumptions bellow hold:

- Ty(u) belongs to Wy "Las(Qr) with u > 9 a.e in Q, and Si(u(.,1))
belongs to L(92), for every k >0 and t,7 € [0,T].

- For all v € Wy "Ly(Qr) N L®(Q-), 9 belongs to W Liz(Q;) +
1'Qy).
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Remark 1.1 Equation (1.2) is formally obtained through pointwise multi-
plication of the problem (1.1) by Ti(u — v). Note that each term in (1.2)
has a meaning since Tj(u — v) € Wy Ly (Qr) N L(Q7). In addition by
Lemma 3.8 (to see later), we have v € C([0,T]; L*(£2)) and then the first
and last terms of equation (1.2) are well defined.

Our purpose in this paper is to prove an existence results of unilateral
problem in the sense of Definition 1.1 in the setting of the inhomogeneous
Musielak-Orlicz-Sobolev space W% L (Qr) with M is an N-function which
does not have to satisfy an upper growth bound described by a A, condition
and in the present of the non-coercive term @ where the obstacle ¢ is only
measurable.

2 Musielak-Orlicz spaces : notations and properties

In this section we list briefly some definitions and facts about Musielak-
Orlicz-Sobolev spaces. Standard reference is [25]. We also include the defi-
nition of inhomogeneous Musielak-Orlicz-Sobolev spaces and some prelimi-
naries Lemmas to be used later on this paper.

2.1 Musielak-Orlicz spaces

Let 2 be a bounded domain in R? and let M be a real-valued function
defined in {2 x R. M is called generalized Orlicz function or Musielak-Orlicz
function if and only if the following conditions are verified :

— M(z,.) is an N-function, i.e., convex, nondecreasing, continuous,
M(x,0) =0, M(x,t) >0 for all t > 0 and

M(x,t
lim sup (z,t) =0 for almost all z € 2, (2.1)
t=04e0 3

M(z,t
lim inf Miz,t) = oo for almost all z € (2. (2.2)
t—o0 xef?

— For all t € R, M(-,t) is a measurable function.

For a Musielak-Orlicz function M (z,t) we put, for a. a. x € 2, M,(t)
M (z,t) and we associate its inverse function with respect to ¢ > 0 M
that is,

1
)

M (M(z,t) = M(x, M (t)) = t, for all t > 0.

x

Let M and P be two Musielak-Orlicz functions.

(c) Assume that there exist two positives constants k and ¢y such that for
a.a.x €2
M(x,t) < P(z, kt) for all t > tg,
then we write M < P and we say that P dominates M globally if tg =0
and near infinity if ¢y > 0.
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Ezistence of solutions 5

(d) We say that P grows essentially less rapidly than M at ¢ = 0 (respectively,
near infinity), and we write P < M, if for every positive constant k we
have

lim sup Plz, kt) 0 (respectively, lim sup b(z, kt)
VLR vely, VLR
t—0 zef? M(x, t) t—oo0 zE2 M(l‘, t)

= 0).

Remark 2.1 It is easy to check that P <« M near infinity if and only if

MYz, kt
lim (2, kt)

lim m = 0 uniformly for z € 2\

for some null subset 2y C £2.

We define the functional
om,n(u) = / M (z,u(z)) dz,
(7]

for any Lebesgue measurable function u: 2 +— R is a Lebesgue measurable
function.
The set

Lp(2) = {u: 2 — R mesurable such that gpr o(u) < oo}

is called the Musielak-Orlicz class related to M in {2 or simply the Musielak-
Orlicz class.

The Musielak-Orlicz space Ljs(£2) is the vector space generated by
La(£2), that is, Ly (£2) is the smallest linear space containing the set
L (£2). Equivalently,

Ly (£2) = {u: 2 +— R mesurable / opr,0(u/a) < oo, for some o > 0}.

For a Musielak-Orlicz function M, we introduce its complementary func-
tion, denoted by M, as

M(z,s) = ?gg){st — M (z,t)},

that is M (x, s) is the complementary to M (z,t) in the sense of Young with
respect to the variable s. It turns out that M is another Musielak-Orlicz
function and the following Young-Fenchel inequality holds

[ts| < M(x,t) + M(x,s) for all t,s € R and a. a. 2 € 2. (2.3)

In the space Ljs(§2) we define the following two norms:

|wl|ar,2 = inf {)\ > 0//9M(x,u(m)/)\) dz < 1} ,
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which is called the Luxemburg norm, and the so-called Orlicz norm, namely

lulane = sw [ u)e)ds
orr,0(V)<1J 02

where the supremum is taken over all v € Ey () such that gy o(v) < 1.

An important inequality in Lps(£2) is the following:

/ M (x,u(x))dz < [|ul(ar),o for all w € Ly (£2) such that [|ul[ar),0 <1,
N

(2.4)
wherefrom we readily deduce
u(x)
M(x, 7) da < 1 for all w € Ly (2) \ {0}. (2.5)
2 [ullean), e
It can be shown that the norm || - ||(ar), is equivalent to the Luxemburg
norm || - ||az,. Indeed,
[ullare < |Jull (), < 2||ullar,e for all u € Ly(£2). (2.6)

Also, Holder’s inequality holds

/ fu(zyo(z)| dz < [lullaro
2

in particular, if {2 has finite measure, Holder’s inequality yields the contin-
uous inclusion L/ (£2) C L'(£2).

Strong convergence in Ljs(§2) is rather strict. For most purposes, a mild
concept of convergence will be enough, namely, that of modular convergence.
The closure in Lys(2) of the bounded measurable functions with compact
support in (2 is denoted by Fj;(£2). The space Epy(£2) is the largest linear
space such that En(£2) C Lp(§2) C La(£2), where the inclusion is in
general strict.

||y, for all u € Ly(£2) and v € Ly (2),

Definition 2.1 We say that a sequence (un) C Lpr(£2) is modular conver-
gent to uw € Ly (82) if there exists a constant h > 0 such that

im0 0((un —u)/h) = 0.

2.2 Musielak-Orlicz-Sobolev spaces
For any fixed nonnegative integer m we define

WMLy (£2) = {u € Ly (2) ) D% € Ly (2) for all o, |oof < m}
where o = (a1, 0, ...,0q) € Z, 0; >0, j =1,...,d, with |a| = aq + az +

... + ag and D%u denote the distributional derivative of multiindex «. The
space W™ Ly (£2) is called the Musielak-Orlicz-Sobolev space (of order m).
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Ezistence of solutions 7

Let u € W™Ly(£2), we define

o) = 3 orre(D) and [|u]{}}, = nf{x > 0/ o{} 1, (u/A) < 1},
la|<m
and
lallmare = > ID%ullare. (2.7)
la|<m

these functionals are, respectively, convex and equivalent norms on
W™ L (£2). The pair (W™ Ly (£2), |- ||(m) ) is a Banach space if there exists
a constant ¢ > 0 such that

ess mf M(z,1) > (2.8)
zef?

The space W™ Ly (£2) is identified to a subspace of the product
[Tjaj<m Laa(£2) = [T L, this subspace is o([] Lar, [T Eyy) closed.

Let WL (£2) be the o([[ Las, [[ Ejz) closure of D(2) in W™ L (£2).
Let W™ E)(§2) be the space of functions u such that u and its distribution

derivatives up to order m lie in Eps(£2), and W[ Ep(S2) is the (norm) clo-
sure of D(£2) in W™ Ly (£2).

Lemma 2.2 (cf. [2]) Let 2 be a bounded Lipchitz domain of RN and let M

be a Musielak-Orlicz function. Then there exists a constant C > 0 such that
lullare < ClIVulla,e, (2.9)

for all w € Wy La(£2).

Remark 2.2 Let u € Wi Ly (£2) with M a Musielak-Orlicz function, if

/ M(z,Vu) dx < C,
2

holds true, then we have
[lull1,ar0 < C".

With C and C’ are two positive constants.
Indeed, we have ||u||1,m.0 = ||ul|pm,0 + ||Vu||v,o by using (2.9) of Lemma
2.2, we get

lullLare < ClIVullame + [Vullae < (C+ D[[Vulla,,

since / M(z,Vu) dx < C,
Q
if C > 1, we have by convexity of M (z,.),

/M dw</MxVu) §g 1.
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then C' € {\ > 0,/ M(z, %) dx < 1}, hence
Q

[|Vullar,n < C.
IfC <1,
/QM(LU,VU) dr < C <1,
then
|Vul|pm,o < 1.
Hence,

|[Vul|a,0 < max(C, 1).
From above, we obtain
llull1ar,0 < (C+ 1) max(C, 1) = C".

Since we are going to work with three generalized N-functions, say P, M
and @, such that P < M < @, we will consider the following assumptions
for the three complementary functions P, M and @Q:

M
lim essinf (2,6) _ 00, (2.10)
lglmoo ze@ [€]
and _
P
lim essinf 08 oo (2.11)
jeloo w2 €]
and .
lim essinf Q. ¢) = (2.12)
e[—o0 e |¢]

Remark 2.3 From Remark 2.1 in [17] we have that the assumptions (2.10)
and (2.11) provide the following:

sup esssup M(x,&) < Ry for all 0 < R < 400, (2.13)
¢€B(0,R) z€R
and
sup esssup P(z,€) < Ry for all 0 < R < 4o0. (2.14)
¢€B(0,R) z€R
and

sup esssup Q(z, &) < Rg for all 0 < R < 4o0. (2.15)
€€B(0O,R) z€R

Definition 2.3 We say that a sequence of functions (u,) C W1Ly(£2)
converges to u € WLy () for the modular convergence in WLy (82) if,
for some h > 0,
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Ezistence of solutions 9

The following spaces of distributions will also be used:

laf<1

and

W Ey(2) =< feD(2)/f= Y (-1)*D*f, for somef, € Ey

jal<1

WLy () = f€D(R2)/ f=Y_ (-1)IDf, for some f, € LM(Q)}
(9)}

Lemma 2.4 If P < M and u,, — u for the modular convergence in Ly (£2),
then w,, — u strongly in Ep(2).

Proof. Let € > 0 be given. Let A > 0 be such that

/QM(:IJ,UTL)\_u)—>O7 as n — o0.

Therefore, there exists h € L'(§2) such that

M(x,un/\_u)gha.e.in()

for a subsequence still denoted (uy,).
Since P <« M, then for all » > 0 there exists ty > 0 such that

P t
(z,rt) <1, a.e.in 2 and for all t > ¢,.
M(z,t)
Forr:%andt:%:,weget
P(x,ﬁ) /
7; <1, when t > tgA.
M(£7X)

P(x, = u) < M(J;, tn — u) + sup esssup P(z,t'/e)
€ A vEB(0to)) zER

<h+ sup esssupP(z,t /) for a. a. z € 0.
#EB(0t0) z€R

Since h+supy e p(o,4,x) €88 sup P(, %) € L(92) (from Remark 2.3), it yields,
zef?

by the Lebesgue dominated convergence Theorem,

P(m, tn _“> 0 in LY(92),
€

hence, for n big enough, we have ||u, — u||po < €. That is, u, — u in
Lp(902).
O
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Lemma 2.5 ([24], Lemma 2.2) Let (w,) C Ly (82), w € Ly (£2), (v,) C
Ly (£2) and v € Ly (82). If wy, — w in Lyr(£2) for the modular convergence
and v, — v in Li;(82) for the modular convergence, then

lim wpv dx :/ wvdz and lim Wy Uy, Az :/ wv dx.
2 2 2 0]

n—oo n—oo

Lemma 2.6 (cf. [3], [6]) Let 2 be a bounded Lipschitz domain in RY and
let M and M be two complementary Musielak-Orlicz functions which satisfy
the following conditions:

i) There exists a constant ¢ > 0 such that

inf M(xz,1) > 2.1
inf (z,1) > ¢ (2.16)
ii) There exists a constant A > 0 such that for all z,y € 2 with |z —y| < §
we have M(z.1) ( )
z,t ﬁ
<t BT forall t>1 2.17
M(y.1) 247
iii)
/ M(z,1)dzx < 0 (2.18)
0

iv) There exists a constant C' > 0 such that M(x,1) < C a.e in (2.

Under these assumptions, D(§2) is dense in Ly (§2) with respect to modular
convergence, D(§2) is dense in Wi Ly (£2) for the modular convergence and

D(R) is dense in WLy (£2) for the modular convergence.

2.3 Inhomogeneous Musielak-Orlicz-Sobolev spaces

Let £2 be a bounded and open subset of R? and let Q7 = £2x]0, T with some
given T' > 0. Let M be a Musielak function. For each a = (a1, dots, ay) €
Ze, aj > 0,7 =1,...,d, we denote by D7 the distributional derivative on
Qr of multiindex o with respect to the variable z € R?. The inhomogeneous
Musielak-Orlicz-Sobolev spaces of order one are defined as follows:

WYLy (Qr) = {u € Ly (Qr) / D2u € Ly (Qr) for all a, |a| < 1}

and

WY Eyv(Qr) = {u € Ex(Qr) / D8u € Ep(Qr) for all o, |af <1}

This last space is a subspace of the first one, and both are Banach spaces

under the norm
lull = > 11DSullar. -
laf<1
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These spaces are considered as subspaces of the product space ITLy(Qr)
which has (d + 1) copies. We shall also consider the weak-* topologies
oI Ly (Qr), I Ez7(Qr)) and o (I Ly (Qr), I L37(Q7)).

If u € WYLy (Qr) then the function t :— wu(t) is defined on (0,T) with
values in WLy (92). If, further, u € W2 E)y;(Qr) then this function is a
WIE)(£2)-valued and is strongly measurable. The space WLy (Qr) is
not in general separable. If v € WYL/ (Qr), we cannot conclude that
the function wu(t) is measurable on (0,7"). However, the scalar function
t — |[u(t)||ar is in L*(0,T). The space Wy Epr(Qr) is defined as the
(norm) closure in WH*Ey(Qr) of D(Q). We can easily show as in [4] that
when a Lipschitz domain then each element u of the closure of D(Qr) with
respect of the weak-* topology (I Lys, ITE ;) is limit, in WH% Ly (Qr), of
some subsequence (u,) C D(Qr) for the modular convergence; i. e., there

exists A > 0 such that for all & with |a| <1
D — Do
M(x,M)dxdt%O asn — 0o,
Qr

and, in particular, this implies that (u,,) converges to u in W% Ly, (Q7) for
the weak- topology o (II Ly, ITLy;). Consequently

————o(TLx TLy)

D(Qr) D(Qr)
This space will be denoted by VVO1 * Ly (Qr). Furthermore,
Wy Ex(Qr) = Wy Lyt (Qr) N T Ey;(Qr).

Poincaré’s inequality also holds in Wo1 Ly (Qr), i. e. there exists a constant
C > 0 such that for all u € Wy Ly (Qr) one has

Y IDgullaer < C Y [IDgullans- (2.19)

laf<1 |a|=1

o(II Ly, TEx)

The dual space of W&’IEM(QT) will be denoted by WYL ;;(Qr), and it
can be shown that

WLy (Qr) = f =Y D3 fa/ fa € Ly(Qr), for all o

o<1

This space will be equipped with the usual quotient norm

If]l = inf Y 11Dg falliz.gx

laf<1

where the infimum is taken over all possible functions f, € L;;(Qr) from
which the decomposition f = Z\a| <1 D7 fa holds true.
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We also denote by W12 E;(Qr) the subspace of W1 L ;(Qr) con-
sisting of those linear forms which are o(IILys, I E;)-continuous. It can
be shown that

Wﬁl’mEm(QT) =< f= Z Dgfa/fa € EM(QT)
|| <1

The following Lemma will be needed later on this paper.

Lemma 2.7 Let P be a Musielak function such that (2.11) is verified. As-
sume that s> < P(x,s), for all a. a. x € 2 and all s € R. Then the following
continuous inclusions hold true:

Lp(02) — L*(2) — Lp(R).
In particular, W} Lp(2) < H}(2) and H1(Q2) — W1Lp(R2). Further-

more, if M is a Musielak function verifying (2.10) and such that P < M,
then the same continuous inclusions hold true for M, that is,

Ly (£2) < L*(2) < Ly (92),
and also WLy (2) < HY(2) and H71(02) — WLL;(02).

Proof. From the estimate on P we have
/ v?dr < / P(z,v)dz, for all v e Lp(£2). (2.20)
N 0

Taking v = u/||ul|(py with u # 0 in (2.20) and using (2.5) it yields
lull2(2) < llull(py for all u € Lp(£2),

and the first assertions of this Lemma are readily deduced.
Now let P < M. For € € (0,1) there exists ¢y that

P(z,t) < M(z,et) for all t >t and a. a. xz € (2. (2.21)

Then, taking v € Lp(£2) and using the Remark 2.3, we deduce that for
some constant Cq = C1(tg) it is

/dexS/ P(a:,v)dx—l—/ P(z,v)dz
2 {lvl<to} {lv[>to}

g(}l+/ M(z,ev)dx
02

<Ch —0—8/ M (z,v)dz.
2
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Making v = u/||ul|(ar),0rs v # 0, in this last inequality and using (2.5) we
finally deduce

HUHL2(Q) < C3||“||(M),QT for all u € LM(Q),

where C3 = (01 + 8)1/2.

Remark 2.4 Under the assumptions of Lemma 2.7, we have
L20,T; HY(2) = W Y Lp(Qr) — W E;(Qr).

Indeed, let f € L%(0,T; H '(£2)). Then, for some f, € L*(Qr), f =
Yjaj<1 Ve fa- Since L*(Qr) C Lp(Qr) C Ey(Qr) we deduce that f €
WY Lp(Qr) — W Ey(Qr).

Finally, we will make use of truncations in the definition of our approxi-
mate problems. To do so, for K > 0, we introduce the truncation at height
K, denoted by Tx: R— R, as

s if |s
£

Tk (s) = min(K, max(s, —K)) = {Ks/|s| s

<K,
} S K (2.22)

3 Compactness results

In the sequel, we will make use of the following results which concern mol-
lification with respect to time and space variables and some trace results.
Also, unless stated the contrary, 2 ¢ R? is a bounded and open set with
a Lipschitz continuous boundary, and M is Musielak function. We put
Qr = 2 x (0,T). For a function u € L*(Qr) we introduce the function
e L'(2 xR) as a(z,s) = u(z, s)x (o) and define, for all p > 0, t € [0, 7]
and a.e. x € {2, the function u, given as follows

uy(x,t) = ,u/ w(x, s)exp(u(s —t))ds. (3.1)

—00

Lemma 3.1 ([1)).

1. Let w € Ly(Qr). Then u, € C([0,T]; Lp(92)) and uy — w as pp — +00
in Ly (Qr) for the modular convergence.

2. Let u € WY Ly (Qr). Then u, € C([0,T); W'Lp(2)) and uy, — u as
p— +oo in WH2 Ly (Qr) for the modular convergence.

3. Let u € En(Qr) (respectively, u € WY EyN(Qr)). Then u, — u as
u — +oo strongly in En(Qr) (respectively, strongly in WY Ey (Qr)).

4. Let u € WH Ly (Qr) then agt“ = p(u—wuy) € WLy (Qr).
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5. Let (up) C WYL (Qr) andu € WYLy (Qr) such that u, — u strongly
in WY Ly (Qr) (respectively, for the modular convergence). Then, for all
w>0, (up), — uy, strongly in WH* L (Qr) (respectively, for the modular
convergence,).

Lemma 3.2 (cf. [13]). Suppose M be a generalized N -function. Let (uy,) be
a sequence of WYLy (Qr) which verifies u, — u weakly in W% Ly (Qr)
for o(II Ly, I E5y) and % = hyp, + kn in D'(Qr) such that hy, is bounded
n Wﬁl’ILH(QT) and ky, is bounded in L' (Qr). Then, u, — u strongly in
LILOC(QT). Moreover, if u, € Wol’zLM(QT) then u, converges strongly to u
in L'(Qr).

We're going to use the next inequality quite a few times.

Lemma 3.3 ([15]) Suppose 2 be a bounded open subset of RN and M a
generalized N -function so there exists two positive constants 6 and \

/ M (z,68|v|)dx < / MM (z, |Vo|)dz for all v € Wy Ly (£2). (3.2)
02 02

Lemma 3.4 ([1]) Let Y be a Banach space such that the following con-
tinuous imbedding holds true L'(2) C Y. Then, for all € > 0 and all
A > 0 there exists a constant C. such that for all u € W% Ly (Qr) with
|[Vu|/X € Ly (Qr) one has

||u||L1(QT) < el <L M(LE, |Vu|/)\) dl‘dt—i—T) +Ce||uHL1(O,T;Y) (33)
Moreover, if F is bounded in Wol’ILM(QT) and is relatively compact in
LY(0,T;Y) then F is relatively compact in L'(Qr).

Lemma 3.5 The following embedding holds true with continuous injection
Ex(Qr) € L'(0,T; Exr(£2)) (3.4)

Proof. Since M(x,t) is convex with respect to t, then for every o > 1,
t €[0,7] and a. a. z € 2 we have

aM(z,t) < M(z,at) and aM (z,t/a) < M(z,t). (3.5)

Let u € Ep(Qr)\{0}. Owing to the definition of the space Ej;(Qr), we have
fQT M (x, Au(x,t)) dedt < oo for every X > 0. Hence, [, M (x, Au(z,t))dz <
oo for a. a. t € [0,7] and for all A > 0. Therefore the function wu(-,t) €
En(92) for a. a. t € [0,T]. In particular,
t
/ M, —"Y 4 foraa t € [0,7].
2 [ul, O)llae
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Then, having in mind (3.5),

T
/mwﬂw—ﬂ HMﬁMMn&+A a8l ar dt
0 u(-,

[l )l ar,2<1} )|l >1}

t
§T+/ ||u(.,t)||Mﬂ/ M<m’ “(5"’7)> dadt
(a0l e>1} o (- t)]|ar,0
t
<7+ [ /MwmeMWQaW“))mw
()l e>1} 0 (s )| a0

§T+/ /M(m,u(x,t))dxdt
{lluCDllm, 221} /02

<T+ M (z,u(z,t)) dzdt.
Qr

By taking u/||u||a,q, instead of w into the first and last terms of this
inequality, using (2.5) and (2.6), it follows that fOTHuHMQ dt < 2(T +

Dllulla,Qr-
0

A straightforward consequence of Lemma 3.5 is given in the next result.

Lemma 3.6 The following embeddings hold true with continuous injections
W' Ey(Qr) € L' (0, T W' En(£2)) (3.6)
W Ey(Qr) C L' (0,T; W Ey(12)). (3.7)

Let B be a Banach space and 0 < h < T For a function f € L'(0,T; B)
we introduce the function 7, f € L*(0,T; B) given by

h) if 0,7 —h),
Thf(t) = {5(“ )ifffng—h,T))

The next Lemma is a very well-known result.

Lemma 3.7 (/32]) Let f € D'(0,T[; B) such that % € L'(0,T;B) then
f€C(0,T[; B) and for all h > 0 we have

of
lTnf = fllzro1:B) < h||a||L1(O,T;B)-
Remark 3.1 By the Lemma 3.7, if F C L(0,T; B) such that {%{ /fé€ F}

is bounded in L'(0,T; B) then ||7,f — f||z10,7;8) — 0 as h — 0 uniformly
with respect to f € F.

171
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Lemma 3.8 (see [1]). Let 2 be a bounded open subset of R% with the seg-
ment property. Consider the Banach space

W= {ue W Lu(@r) ) 7 € WLy (Qr) + 1@}

Then the embedding W C C([0,T); L*(£2)) holds true and is continuous.

Lemma 3.9 (see [1]). Let Y be a Banach space such that L*(£2) C'Y with

continuous embedding. If F is bounded in WOI’ILM(QT) and relatively com-
pact in L1(0,T;Y) then F is relatively compact in Ep(Qr) for all P < M.

Lemma 3.10 (see [1]). If F is bounded in Wy ™" Ly (Qr) and {%{/f € f}
is bounded in WL (Qr) then F is relatively compact in LY (Qr).

4 Statement of the problem

Let £2 be a bounded open set on RY (N > 2), T > 0 is given real number
and we set Qr = 2 x (0,T). We are interested in existence results for the
unilateral problem associated to the following one

Bu _ div(a(x,t, w, V) — div(®(z, t,w))) = f in Qr = 2 x (0,T)
u(z,0) = up(z) in 2 (4.1)
u=0 on 92 x (0,T),

where f belongs to L'(Qr).

Throughout this paper <, > means for either the pairing between
Wo" Lyt (Qr) 0 L®(Qr) and W Lyz(Qr) + L' (Qr)
or between Wy " Lyr(Qr) and Wb L(Qr) and Q. = 2 x (0,7) for 7 €
[0,7] and we assume that the following assumptions hold true:

Let M, P and @ be three N-functions such that P < M < Q.
Given an obstacle function ¥ : Q7 — R, we consider

Ky={ue Wy "Ly (Qr); >4 ae. in Qr}, (4.2)
this convex set is sequentially o(II Ly, II E5;) closed in Wy Ly (Qr).
Consider a second order partial differential operator A : D(A) C
WYLy (Qr) — W Liz(Qr) in divergence form

A(u) = —div (a(x,t, u, Vu))
Throughout this paper, we assume the following assumptions:

a:2xRxRY — RV isa Carathéodory function satisfying  (4.3)
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for almost every (z,t) € Qr and all s € R, £ # ¢ € RN
laa,t,5,6)| < Bler(w,t) + M, Pla,kils| + 3, Mz, kile)  (4.4)

[a(@,t,5, §) —alz,t,s, )€ -E] >0 4
a(z,t,s, §)§ > a[M(z,[s]) + M(, [¢])] (4.6)
with ¢ (z,t) € E57(Q7), c(x,t) > 0 and a, 5,k > 0.
Additionally, we assume that
(B1) For each v € Ky N L>®(Qr) there exists a sequence v, € Ky N
WeEM(Qr) N L®(Qr) such that v, — v for the modular convergence.

(B2) Ky N L>(Qr) # 0.
(Bs) @ is a Carathéodory function satisfies the following growth condition
for a.e. (z,t) € Qr and for all s € R,

[l t,)] < A, M, M, s]),
with v € L®(Qr).
(By) £+ uo and 22 belong to L'(Qr).

For k > 0, we define the truncation function 7 : R — R and it primitive
Sy by

s if |s| <k
Ty (s) = min(k, max(s, —k)) = {kéi i ||8||>_k , (4.7)
t t2 .
< f |t <k
Se(t) = | Ty(s)ds =1 2 L= 4.8
k(t) /0 k(s)ds {k|t—k; o>k (4.8)

we can deduce from (4.7) and (4.8) that Si(t) > 0 and Si(t) < klt|.
Let introduce the following important Lemma.

Lemma 4.1 Let assumptions (A1)-(A4) be satisfied, and let (z,) be a se-
quence in Wol’wLM(QT) such that,

2z — 2z in Wy Ly (Qr) for o(ITLa(Qr), HEw7(Qr)),  (4.9)

(a(,t, 20, Vzn))n is bounded in (Ly7(Qr))™, (4.10)

/ {a(x,t, Zns Vin) — a(x, t, 2, VZXS)} [Vzn — szs} dedt — 0, (4.11)

T
as n and s tend to +0o, and where xs is the characteristic function of

Qs = {(x,t) €Q; |Vz| < 3}.

Then,
Vz, = Vz ae. inQ. (4.12)

1i_>m a(x,t,zn,Vzn)Vzndxdt:/ a(z,t,z,Vz)Vzdx dt, (4.13)
e JQr T

M(|Vzn]) = M(IVz]) in LY(Qr), (4.14)

Proof. Using the same argument in [5] we get the result.
O
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5 Solution of unilateral problem

Our goal now is to show the following existence theorem.

Theorem 5.1 Let assumptions (A1 )-(As) and (B1)—(B4) be satisfied, then
there exists at least one solution of the problem (4.1) in the sense of Defini-
tion 1.1.

5.1 Uniform estimates. Part I

Let us introduce the following regularization of the data,

an(z,t,r, &) = a(z,t,Th(r),&) ae (z,t) € Qp,Vr e R,VE € RY, (5.1)

D, (x,t,r) = P(x,t,T,(r)) ae (z,t) €Qp,Vr €R, (5.2)

fa € C32(Q1) | fallr < [Ifllpr and fr — f in LY(Qr) | (5.3)

as n tends to +oo.
Uno € C(2) + |lunollzr < |luollz: and upg — ug in LI(Q)7 (5.4)

as n tends to +oo.
Let us now consider the following regularized problem

Up € Kw,

Qup, . . P
B dw(a(w,t,un,Vun)> — dw(@n(x,t,un)> = fn in Qr, (5.5)
Up = O on (O’T) X 897

Up(x,t =0) = upp in £2.

The problem (5.5) can be written as follows

6&# — diV(Fn(l',tyUn, Vup)) = fn inQr

un(2,0) = upp () in 2 (5.6)
Uy =0 on 92 x (0,T),
with Fy,(z,t, un, Vuyp) = a(z, t, up, V) + (P(z, t, up).

Note that F;, satisfies the assumptions (A1), (A2) and (As) as in [23].
Indeed, using (4.4), (4.5) and (B3) we deduce that F,, satisfies (A1), (42), it

remains to prove (As). Let u,, € I/VO1 “Lar(Qr) by (Bs) and Young inequality

and the fact that M, M is an increasing function, we obtain
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(B (@, ) Vatn| < |y(, )M M (2, | T () )| V|

<0, (QUe. ) + Q0T Mz k) V) 7

While M < Q < Q < M, we have, for all € > 0 there exists a constant
d. depending on € such that,

Q(z,t) < M(x,et) +d., Vt>0. (5.8)

Then, for € small enough, we have
(1) V] < Co (Qar 1) + MM M2, 1) + ) [Vw]. (5.9)

1

1+Ry

M(z,k) < sup esssupM(zx,t) < Ry, and since M is convex, we have
teB(0k)  z€Q

We can assume without losing generality that ¢ = <1, by way of

[Pul,tun) Vitn] < Oy sup esssup Qo ) + d.
teB(0,1) e

sup esssup M (z,t) (5.10)
teB(Ok)  zeQ )\Vu |
1+ Ry nls

while £(x,1) < sup esssup(z,t) < Rg, then
teB(0,1)  zeQ

|Pp(x,t, upn) V| < ¢C4|Vuy,|

< Cyﬁ<m, q) + C’WP(:E, |Vun|), (5.11)
Recall that by P <« M, we have for all ¢ > 0 there exists ¢y that
P(z,t) < M(z,€'t) + do for allt >0, a.ex € . (5.12)
Then
|Dy (2, t, upn) Vg | < Cvﬁ<x, q) +de + CA,M<x, e’|Vun|>, (5.13)

We can assume again that € = 5% which is ¢ <1, then by convexity of
ad

the function M (z,.), one has

|Pr(, b, up) Vg | < Cyﬁ<x, q) +do + C’We'M(x, |Vun|>7

<G+ %M(m |Vun|>, (5.14)

then,
Pp(,t,un)Vuy, > —G — SM(z,|Vugl) . (5.15)
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Using (5.15) and by (4.6), it is simple to observe that
Fo(z,t, un, Vun)Vu, > aM(x, |Vu,|) — fixed L' function.

Finally, the assumption (Ag) in ([23]) holds.
Then there exists at least one solution w,, of (5.5), (the existence of u,, can
be obtained from Galerkin solutions corresponding to the equation (5.5) as
in [23], see Theorem 1 of [1] for more details).

The first step in the proof of the Theorem 5.1 is to obtain uniform bounds
with respect to n.

Proposition 5.2 Let assumptions (A1)-(A4) and (B1) — (By) be satisfied
and let u, be a solution of the approximate problem (5.5). Then for all k > 0,
we have

1Tt =1,y < CLR), (5.16)

where C' is a constant independently of n, and

lim meas{(x,t) € Qr : |up| > kz} =0 (5.17)

k—ro0
uniformly with respect to n.

Proof
First, let see that we have from (5.5) for all v € Ky(Q7) that

<‘%{L, (un —v))q, + / a(z, t, Up, Vun)V(uy, —v) dx dt
Q- (5.18)
+/ Dy (2, t, upn)V(uy — v) do dt < f(up —v) dx dt.
. Q-

By (Bi) and (Bz), there exists vg € Ky N L(2) N W3 En(Q-).

Let take v = u, — Txk(u, — vg) as a test function in (5.18) (for more
explication concerned this test function see the appendix), we have

Ouy,

<W7Tk(un —10))Q. +/ a(z,t, Ty (un), VT (uy))VTk(uy — vg) da dt

+/ Dy (x,t, up) VT (uy — vo) dx dt

< fTe(un — vo) dx dt.

Q.
(5.19)
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Then, we get

%f (5.20)

D (x,t, up) VT (uy — vo) dx dt

< 7 FTe(un —vo) do dt —l—/ Sk (tno — vo(0))dz.
Q

2
We have
Sk(un(7) —vo(7)) >0,

and

/ Sk (tno — v9(0))dx < k/ |ttno — v0(0)| dz < k||un0||L1(Q) + ke = kdj.
(P 2

Moreover,

/ FaT(utn — v0) dz dt < K| 1l s 0r) < héh. (5.21)
Qr

And by (Bg) we get

0
(G Thlun —v0))q, < kej.

On the other hand,

/ D (2, t,un) VT (uy — vg) da dt

-

< / (s )BT, M (@, T (1)) V T (1, — o) d dit.

-

< e My, M (2, k A+ [[0o]|oo) |V (un — v0)| daz dt.

0<|un—vo|<k}
g/ e My M (2, k A+ [[00]|oo) [ V| d dt.
{0<|un—vo|<k}

+ cyﬂglM(x,k+||1}o||oo)|Vvo| dx dt.
{0<|un—vo|<k}
(5.22)
By Young’s inequality and Vg € (Epy(Qr))N, we get

/ Dy (x,t, Uy ) VT (uy — vg) dx dit

(5.23)
< cy(k) + 242 / M(z, |Vuy|) d dt,
{0 un —vo| <k}

177



22 Soufiane Kassimi, Hajar Sabiki, Hicham Moussa

with 0 < ¢ < 1.
Hence

/ a(x, t, up, Vun)Vuy, drdt
{lun—vo| <k}

<c a(z, t, up, Vun)m dx dt (5.24)
{lun—vo| <k} ¢

(k) + 202 - |<k}M(w,\Vun|) da dt.
S|Un—Vo S

By using (As), we have
c/ a(:z:,t,un,Vun)m dx dt
{0<un—vo|<k} ¢

<c / a(x, t,up, Vuy,)Vu, dzdt (5.25)
{0<|un—vo| <k}

- / a(a:,t,un,
{0<]up —vo <k}

hence, (5.24) becomes

m)(Vun - m) dx dt} ,
c c

(I1-2¢) / a(x,t, up, Vi) Vuy, dedt
{0<|un—vo| <k}

< (k) + ““4—)/ Mz, [Vup|) da dt
{05l —volk)
Vv0)| Vo

+/ la(z, t, up, — | dx dt
0<|u,, —vo|<k} c c
VU()
—|—/ la(z, t, un, —)||Vuy| dz dt.
{Og\un—vo\gk} c
(5.26)
While ¥ € (Ep(Qr))", (A2) and Young’s inequality, we get

(1—¢) / a(z, t, Up, Vip)Vuy, dedt
{0<|un—vo| <k}

< c(k) + ““;’/ M (z,|Vuy|) dz dt
{0< up —vo|<k}

+@ M (z,|Vuy|) dz dt.
{Og‘un—l)(]‘gk} ( )
5.27
Hence, by (A4), one has
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a(l— c)/ M(z,|Vun|) da dt
{0<|up—vo|<k}

< cs(k) + @/ M (z,|Vuy|) da dt.

{0<|u, —vo <k}

(5.28)
Then,
a“;)/ M(z, |Vu,|) dz dt < dy(k). (5.29)
{0< |, —vo| <k}
Which implies
/ Mz, |Vun]) dz < (k). (5.30)
{Jun—vo| <k}

Since {z € 2;|un(x)| <k} C {x € 2; |up, —vo| < k+ ||volloc}s

/ M (z, |VTi(uy)|) do = / M (z, |Vuy,|) dz
Q {|un|<k}

< M(x, |Vuy)|) dx,
{Jun—vo|<k+|lvollo }

then by (5.30), we conclude (5.16).

Lemma 5.3 Let assumptions (Ay)-(A4) and (B1) — (B4) be satisfied and
let u, be a solution of the approzimate problem (5.5). Then for all k > 0,
there exist two constants C, ¢ (which don’t depend on the n and k) such that

M (z, VT (up — Th(uy))]) de < C + ck. (5.31)
Q-

Proof. Let take v = uy, — Ti(un, — Th(uy,)) where k > h > ||vo|eo as a test
function in (5.18), then we have,

oun,
(O Ty, — Thfo).
+/ a(x, t,up, V) VT (uy — Th(uy)) de dt

+/T¢n($,t,un)VTk(un—Th(un)) dax dt (532)

< 7 FTi(up — Th(uy)) dz dt.

.
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Hence

[ St = Tt e+ P 73, — T ),
2
+

a(x, t, U, Vg ) VT (uy — Th(uy)) do dt

\

Q-
/ Dy (2, t, un ) VT (un, — Th(uy)) do dt

+

f FTi(up — Th(uy)) dx dt +/ Sk (uno — Th(up)(0)dz.
Q-

<
(5.33)
We have Sy (un — Th(up))(7) > 0 and
/ Sk (1o — Th(un)(0)dz < k(ch + B). (5.34)
Q
Moreover,
T Te(un — Th(uy)) dz dt < cgk. (5.35)

Q-
Using (B3) we get

/ B (2, £, 1)V T (1t — Th (1)) d dt

-

< / y(x,t) - M, M(, [un|)| V| do dt.
{h<|un|<h+k}

(5.36)
On the other hand by (5.11) we have

/ D (x,t, upn) VT (uy — Th(uy)) dx dt

. < /{hg|un|§h+k} CV?<3;, q) + CAYP(a:, |Vun|> dx dt,

(5.37)
Applying (5.12), we obtain
/ Dy, (z,t, up)Vuy, dr dt
{h<]un|<h+k}
<d,+ C'y/ ?(J@ q) dz dt (5.38)
{h<]un|<h+k}

+C, M(z, €' |Vuy,]|) dz dt,
{(h<|un|<h-+k}
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for € = 30- 75 Which is ¢ <1, and the convexity of M(z,.), we get
Yy

/ b, (x,t, up)Vuy, dr dt
{h< un|<h+Fk}

< d€+Cék+ny€// M(z,|Vuy|) dz dt.
{h<|un|<h+k}

(5.39)

From above, we get

/ a(z, t, up, Vun)Vuy, dr dt
{h<|un|<h+k} (5.40)

< d + ok + ;C’CM/ M(z,|Vuy|) dz dt,
{h<|un|<h+k}

with ¢y = (c¢h + h) + ¢§ + .
By using (A4), we obtain

(o - 525) / Mz, |Vun|) do dt < de + k. (5.41)
{h<|un|<h+k}

. aC
Since (a — m) >0, we get

/ M(z, |Vuy|) dz dt < C + ck, (5.42)
{(h<|un|<h+k}
then, we deduce (5.31).

O

Now, we turn to prove (5.17), let k > 0 large enough. Thanks to Lemma
3.3, there exist two positive constants  and A such that,

M (z,0|T,(un — Th(up))|)dedt < X[ M(x, |VTg(un — Th(uy))|) dz dt.

Q- Q-
(5.43)
Then, we deduce by using Lemma 5.3 that,

inf M(x,0k)meas{|u, — Tp(un)| > k}
z€N?
< / M(z, 0Tk (up — Th(uy))|) dedt
{lun =T (un)| >k}

< )\/ M (z, |V Tx(t — Ty (un))]) da dt
Q.
< N+ ck).
Hence,
XC + ck)

o < —/——=
meas({|u, — Ty (un)| > k}) < inf M(z, 0k)
xEe

(5.44)
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for all n and for all k large enough, we have

Xe(k —h) +XC
éIelJ(sz(I’ (k—h)d)

meas{|uyp| > k} < meas{|u, — Tp(up)| >k — h} <

for all n.
Finally, let tending K to infinity and using (2.2), we deduce

lim meas{(m,t) €Qr: |un| > k} =0 (5.45)
k—o0

uniformly with respect to n.

Now, we turn to prove that Ty (u,) — Tx(u) as n goes to infinity strongly
in L'(Qr), by applying the Lemma 3.2 and Proposition 5.2.

For that take a C?(R) nondecreasing function & such that & (s) = s for

ls| < g and & (s) =k for [s| > k.
Multiplying the approximating equation by & (u,), we get

ot

+ a(z, t, up, V)& (un) Vu, — div (fg(un)én(xﬁ, un))

&5 (un) P (2, b, up) Vi = fr&p(un).
Due to (A4s), (5.1) and the fact that Tj(u,) is bounded in WOI’ILM(QT),
—div(a(x,t,umVun)fl’g(un)) + a(x, t, un, Vup)&L (un)Vuy, + f€)(uy) is
bounded in LY(Qr) + Wy " L7(Qr), s0 &n(uy,) is bounded in L'(Qr) +

Wy Lt (Qr)-
Moreover since supp(&}.) and supp(§}) are both included in [—k, k] by (B3)
and (5.2) if follows that,

— div (a(:c, b, Un, Vun)ﬁ,'c(un)> (5.46)

| g;c(un)@n(x,tvun) dx dt| <
Qr

[EAr /Q (e, t) - BT, M (| Ti(un)]) dr dt

Furthermore, we have vy € L>®(Q;) and M 'Mis increasing function, hence
|/ & (up) P (z,t,un) do dt| < Of, where C} is a positive constant in-

Qr
dependent of n.
In the same way, we get

(un )P (2, t, up)Vuy, do dt] < C?, where C2 is a positive constant
4 k

mdependent of n.
Then all above implies that
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9 (un)
ot
Hence by Lemma 3.2 and using the same technics in [29], we can see that
there exists a measurable function u in L>(0,T; L'(£2)) such that for every
k>0,

is bounded in L' (Qr) + W1 Li7(Qr). (5.47)

T (up) — Ti(u) weakly in WYLy (Qr) for o(ITLys, ITEy;),  (5.48)

and
Ty (un) — Ti(u) strongly in L'(Qr) and a.e. in Qrp. (5.49)
Next step, we will use Banach-Steinhaus Theorem to prove the following
Lemma but first let remark that for all s € R, we have

it |s| <k

it |s| > k (5.50)

a(@,t,Ti(s), VIi(s)) = { g(x, t.5,Vs)

Lemma 5.4 Let u, be a solution of the approximate problem (5.5), then
for all k >0,

(a(x,t,Tk(un), VTk(un)))n is bounded in (Lyp(Qr))". (5.51)

Proof. Let ¢ € (Ep(Q7))Y be arbitrary. In view of the monotonicity of a,
one easily has

(a (LE, t, Uy, Vun> — a(m, t, Uy, 4,0)) (Vun - cp) > 0. (5.52)

Hence

/ a(x, t, Un, Vun)go dx dt < / a(ac, t, Uy, Vun> Vu, dr dt
{lun|<k} {un|<k}

(5.53)
' /{Iun<k} a(x’ bin (p) (‘p - V“ﬂ) da dt.

Using (Ag) and since Ty, (u,,) is bounded in Wy** Ly (Qr), one easily deduces
that

/ a(x,t,Tk(un), VTk(un))VTk(un) dz dt < Ck. (5.54)

Combining the fact that Tj(u,) is bounded in Wy "L (Qr), (5.53) and
(5.54), we get

/ a(ac, t, Tk (un), VTk(un))gp dx dt < Cks. (5.55)

Hence, thanks the Banach-Steinhaus Theorem, the sequence
(a(a:,t, Ti(un), VTk(un))> is a bounded in (Ly7(Q7))".
n
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5.2 Modular convergence of the gradient. Part II

In the proof of the next Proposition, we shall use Lemma 4.1, from above
we already verified the conditions (4.9) and (4.10), now our mission is to
verify the condition 4.11.

Lemma 5.5 Let u, be a solution of the approximate problem (5.5). Then,
forany k>0 :

slggo nlgn;o o [a(m,t,Tk(un),VTk(un)) — a(x,t,Tk(un),VTk(u)Xs)]
(5.56)

X [VTk(un) - VTk(u)Xs} dx dt = 0.

Proof. Let v; € D(Qr) be a sequence such that v; — u in WOI’ILM(QT) for
the modular convergence and let ¢; € D({2) be a sequence which converges
strongly to ug in L1(£2).

Let w;” = Ty (vj)u + e Tk (1p;) where Ty (vj), is the mollification with
respect to time of Tj(vj), note that wf” is a smooth function having the
following properties:

i
8wu

WJ = (T (vj) — wzﬂ‘)a ng(O) = Ty, (i), ‘wﬁﬂ <k, (5.57)
wh, ;= Tp(w), + e M Tp() in Wy Lar(Qr), (5.58)

for the modular convergence as j — oo.
Th(u), + e M T (1) — T(u) in Wy " Lar(Qr), (5.59)

for the modular convergence as p — oc.
Let us consider the function h,, defined on R by:

1 if |s]<m
hm(s){—|s|+m+1 it m<|s|]<m+1
0 if |

for any m > k.

Using the admissible test function v = u,, — cp%-’m, (for more explication
of admissibility of this test function see the appendix of article [20]) where
@Z’;m = (Ti(un) — wi;)hin(uy) as test function in (5.18) leads to

(%, @Z’;m> —I—/Q a(z, t, up, Vup ) (VT (u,) — wafj)hm(un) dz dt (5.60)

—l—/ a(x,t, un, V) (T (u,) — wfj)Vunh;n(un) dx dt

184



Ezistence of solutions 29

+/ D, t,un ) Vuphl, (un) (Ty (urn) — wl“j) dzx dt
{m<|un|<m+1} 7

-I—/ Dy, (2, t, Up) P () (VT () — wafj) dz dt = fn@%i dz dt.

Denoting by €(n, j, i1, 1) any quantity such that,

lim lim lim lim €e(n,j, u, i) = 0.
1—00 =00 J—00 N—>00

By the definition of the sequence w!'., we can establish the following

irj?
lemma.
Lemma 5.6 ([5]) Let cpz;m = (Ti(un) — wi;))him(un), we have for any
k>0: 5
(G Pl ) = eln o), (5.61)

where (,) denotes the duality pairing between L'(Qr) + W~ 5" Li7(Qr) and
L(Qr) N Wy L (Qr).

Now, we turn to prove the following results for any fixed k > 0.

fn@lri;mdiﬂ dt =€(n, j, ). (5.62)

)
2

/ o (.t ) () (VT (1) — Val')) do dt = e(n, j, 1), (5.63)

T

/ b, (x, t,un)Vunh;n(un)(Tk(un) — wfj) dz dt = e(n, j, ).
{m<|un|<m+1} ’
(5.64)

/ a(z,t, un, Vun)vunh;n(un)(Tk(un) - w;f]) dzr dt < e(n, j, i, m). (5.65)

T

Proof of (5.62): By the almost everywhere convergence of u,, we have
(T (un) — wj' ;) hm (un) converges to (Ty(u) — wy' ;) by (u) in L(Qr) weak-*
and then,

[ In(Tulan) =l o an) it = () =l () e

So that,
(T () — Wi e (w) = (Tio(w) — Tho(u)y — e~ Ti(¥5)),
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in L>*°(Qr) weak-*as j — oo and also
(T (w) — Ti(u)y — e M Th(1;)) = 0 in L®(Qr) weak-* as p — +o0.
Then, we deduce that,
Fn(Ti(up) — wf‘])hm(un) dz dt = e(n, j, ). (5.66)
Qr
Proof of (5.63) and (5.64): For n > m + 1, we have

Dy (b, up ) o (un) = P(x, t, T 1 (Un) ) o (Trnt1 (un)) aein Qp.  (5.67)

On the other hand, since P(z,0) = 0, P is convexe continuous function
and @ is a Carathéodory function and the pointwise convergence of u, to

u as n — 0o, we have P(az, qj(r’t’Tm“(u”))l:qj(z’t’T"‘“("))) — 0 a.e in Q7 and

we have v € L®(Qr), then for p large enough and n > m + 1, we obtain

D(@,t, T2 (un) = D(,t, Ty () < |Cy D, M (T () )|
[Cy MM | T ()
<2|Cy.M, M(z,(m+1))
<2C,.|M(z,1) + M(z, (m+1))|
<2C,( sup esssupM(x,t)

teB(0,1) e
+ sup  esssup M(x, t))
teB(0,(m+1)) z€Q
<2R,,C,.
(5.68)
Then,
D) qf'(x,t,Tm+1(un))qu'(:c,t,Tm+1(u)) li
P(m, - ) < HP(m,ZRmCLY) (5.69)
= Gm;
a.e. in O, with g,, € LY(Q7).
Then, by Lebesgue’s dominated convergence theorem, we obtain
D(x,t, Tint1(un)) = Pz, t, Tinr1(u)) (5.70)

with respect to the modular convergence in L5(Qr) as n — +oo.

Recall that P < M < M < P (see [22]). By applying Lemma 2.4, we
obtain @(z,t, Trt1(un)) = P(x,t, Tt (u)) in E5p(Qr).
Then by virtue of, VT (u,) — VT (u) weakly in (L (Qr))Y, then

/ B (st o (1) (T Ti (1) — V') v it

. (5.71)
— / D(x, t, u) i (u) (VT (u) — wafj) dx dt
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as n — +00.
In the other hand, by using the modular convergence of wff jasj — +00

and letting p tends to infinity, we get (5.63).
Now we turn to prove (5.64).
First, remark for n > m + 1 we have that

Vunh,, (tn) = Vi1 (un) aein Qr. (5.72)

By the almost everywhere convergence of uy,, we have (Tg(uy) — w!' ;) con-
verges to (T (u) — wfj) in L*°(Qr) weak-* and since the sequence
(@n(x,t, Trns1(un)))n converges strongly in Fq7(Qr) then,

P (@, t, Trn+1(un)) (Th(un) — wﬁj) = D(z, 1, Tinga (w) (Th(u) — wﬁj)

converges strongly in F5;(Q1) as n goes to +oc.

Using again the fact that, VT, 1(un) — V741 (u) weakly in (L (Qr))N
as n tends to +o0o we obtain

/ B (st 1) Vet (1) (T (1) — ) dl
{m<|un|<m+1} ’

— Pz, t,u)Vu(Ty(v) — wy;) du dt,
{m<|ul<m+1} ’

(5.73)

as n tends to +oo.

By using the modular convergence of wf ;a8 J — $00 and letting p tends
to infinity, we get (5.64).

Proof of (5.65): Concerning the third term of the right hand side of
(5.60) we obtain that

/ (st s Vit Vit (100 (T () — wl') do e (5.74)
fmhu|<m1) :

< 2k/ a(x, t, up, Vuy,)Vu, dr dt.
{m<|un|<m+1}
Then by (5.51) we deduce that,
a(@, t, up, Vg )Vughly, (un) (Ti(uy) — wk' ) do dt
/{mslun|§m+1} ( ) (tn) (Tioen) 9 (5.75)

< e(n, p,m),

which is the desired results.
Now, we pass to show the last step of the proof of (5.56). By means of
(5.60)-(5.65), we obtain

/ a(x,t, un, V) (VT (u,) — szj)hm(un) dx dt < e(n,p,m). (5.76)

T
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Splitting the first integral on the left hand side of (5.76) where |u,| < k and
|un| > k, we can write,

/ a(@, t,un, V) (VT (un) — Vwi ) hm (uy) do dt

T

= a(z,t, Ti(un), VI (un)) (VI (uy) — Vwéfj)hm(un) dx dt
Qr

- a(@, t, un, Vp ) Vwy hy (un) dz dt.
{lun|>k}

Since Ay, (uy) = 0 if |u,| > m 4+ 1, one has

/ a(z, t,up, Vuy) (VI (u,) — Vwﬁj)hm(un) dx dt (5.77)

T

_ / (s 1, Ti(ttn), V(1) (VT (1) — VY () dl

—/ a(@, t, Tt 1(tun ), Vi1 (un))Vwy shin (uy) de dt = I — I.
{lun|>k}

In the following we pass to the limit in (5.77) as n tends to +oo, then
j then p and then m tends to +oo. Since a(m,t,Tm+1(un),VTm_H(un))

is bounded in (L37(Q7))", we have, a(a:,t,TmH(un),VTm+1(un)> — o

weakly in Ly (Qr) in o(II Ly, ITEyy) as n tends to infinity and since
Vwéfjhm(un))({\un\>k} converges to vwéfjhm(u))({\u\>k} strongly in Ej(£2) as
n tends to infinity we have,

I, = / P VW s him (W)x (0 2y d dt +€(n).
Qr
By letting j — oo, we get,

I = / (VT — €PN T () o (W), e dt + €, 5).

Qr

So that, by letting u — 400 : Iy = / Om VT (W) whim (W) (uory o dt +
e(n, j, -
Using now the term I of (5.77) we conclude that, it is easy to show that,

/ (1. Ti 1), VT (1) ) (VT (1) — V() izt (5.78)

:/ [a(m,t,Tk(un),VTk(un)) —a(x,t,Tk(un),VTk(Uj)Xﬁ)}

T
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X [VTk (un) — VT (vj)xﬂ him (uy) da dt
+ / ) a(ac,t, T (un), VTk(vj)Xj) [VTk(un) — VTk(vj)Xﬂ B (uy) d dt
+/ a(m, £, Ti (un), VTk(un))VTk(uj)thm(un) dz di

—/ a(x,t,Tk(un), VTk(un))ngfjhm(un) do dt = Jy + Jo + J5 + Ji,
where x; denotes the characteristic function of the subset
2 ={(@,0) € Qr + |VTi(vy)| < s},

In the following we pass to the limit in (5.77) as n tends to 400, then j
then p then m tends and then s tends to +oo in the last three integrals of
the last side. Starting with Js. Remark first that,

Jy = / (3,1, Teum), VTG ) VT () (1) e
_/ a(a:,t,Tk(un),VTk(vj)X§>VTk(vj)thm(un) dx dt.

Since a(a?,t,Tk(un),VTk(vj)X‘j)hm(un) — a(w,t,Tk(u),VTk(vj)xj)hm(u)

strongly in (Egp)Y and VTi(un,) — VTi(u) weakly in (L (Qr))N for
o(ITLyy, IT E57), moreover, it is easy to show that,

/ a(x,t,Tk(un), VTk(vj)Xj) VT (v5)x;hm(un) dz dt

T

= [ (et Thlw), VT(09)X} ) V(o) o () da d,

Qr

as n tends to +o0o0. We get
Jy = / a(:mt, Ty (u), VTk(vj)Xj-) [VTi(u) = VTi(vj) x5 hm(u) do dt+e(n).

Since VT (vj)x;hm(u) — Vi (u)Xshm(u) strongly in (Ex(Qr)N as j —
oo and a(x,t, Ty (u), VTk(Uj)Xj) — a(x,t,Tk(u), VTk(u)XS) strongly in

(L37(Q7))N as j goes to oo, we have

Jo =¢e(n, j). (5.79)
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About J3, we have by letting n — oo and since a(z,t, Tg(un), Vg (up)) —
or, weakly in (Ly7(Qr))Y and since b, (un) =1 in {(2,1) ; |un| < K},

Jo= [ oI do di+ o),
which gives by letting 7 — oo,
J3 = /Q VT (u)xs dz dt + e(n, j). (5.80)
For what concerns J; we can write,
Jy = —/ e Vwy's phm (u) da dt + €(n), (5.81)
which implies that, by letting j — oo
Jy=— /Q r[VTi(u) — e MV T (¢;)] do dt + e(n, j). (5.82)
So that, by letting u — oo
Jy = f/ e VTi(u) de dt + €(n, j, p, s). (5.83)
We conclude then that,

/ a(x,t,Tk(un),VTk(un)> [VTk(un) — Vol | () dr dt - (5.84)

T

- / [, Tilt), VT(un) — (a1, Teun), VTk(0)x)|

x|V Tk(un) = VTk(03)X [ () d dt + e(n, . 5).

Now remark that,

/ [a(m,t,Tk(un) VTi(uy)) — (l(fE,t,Tk(un),VTk(u)Xs)}

T

“J,

VTk () — VTk(u)Xs]hm(un) dz dt
1' t, T} Un) VTk(un)) - a(mathk(u")7VTk(vj)X;)]

Q

T

[VTk Up) — VTk(vj)XJhm(un) dz dt

+

alx,t, T (uy) VTk(U])X]) [VTk(un) - VTk(vj)Xﬂ hom () dx dt

],
/Q a(:r t, Ty (un) VTk(u)XS) [VTk(un) — VTk(u)xS} B (uy) dz dt
I

+

alx,t, T (uy) VTk(un)) [VTk(vj)Xj) - VTk(u)XS} b (uy,) da dt.

T
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We shall pass to the limit in n and j in the last three terms of the right
hand side of the last inequality, we get

/ a(x,t, T (un), VTk(vj)X;) [VTk(un) - VTk(vj)Xj] B () daz dt

f/ a<x, t, Tk (un), VTk(u)XS) [VTk(un) — VTk(u)XS} B (uy) dzx dt
= e(n j),

and

/ a(m, t, Tk (un), VTk(un)) [VTk(vj)xj» - VTk(u)xs} B (uy) dx dt

= ¢€(n, j).
(5.85)
This implies,

/ [a(m,t,Tk(un),VTk(un)) — a(x,t,Tk(un),VTk(u)xsﬂ (5.86)

T

x [VTk(un) - VTk(u)Xs} hon (1) dz dt

:/ [a(x,t,Tk(un),VTk(un)) —a(x,t,Tk(Un),VTk(Uj)Xi)}

X [VTk(un) - VTk(vj)Xjf] hn(uy) dz dt + €(n, 7).

On the other side, we have

/ [a(x,t,Tk(un),VTk(un)) — a(x,t,Tk(un),VTk(u)Xsﬂ (5.87)

T

<[VTitwn) = VI = [ oot Taun), V()

—a(x,t,Tk(un),VTk(u)Xs)} x [VTk(un) - VTk(u)Xs} B () da dt

+/ a(x,t, T (un), VTk(un)) [VTk(un) - VTk(u)XS] (1 = hyn(up)) dz dt

—/ a(:&t, T (un), VTk(u)Xs> [VTk(un) — VTk(u)Xs} (1 — hm(uy)) dz dt.
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Since Ay, (urn) = 1 in {|u,| < m} and since {|u,| < k} C {|u,| < m} for m
large enough, we deduce from (5.87)

/QT [a(x,t,Tk(un),VTk(un)) — a(m,t,Tk(un),VTk(u)xs)}
<[t = VT 0] = [ [a 0, Tl 9Tt

—alz,t, Ty (uy), VTk(u)xsﬂ {VTk(un) - VTk(u)Xs}

+ (.t Thlun), TT(w)s ) V()Xo (1 = o () de .
{un >4}

It’s easy to see that, the last terms of the last inequality tends to zero as
n — +oo, which implies that,

/QT [a(x,t,Tk(un),VTk(un)) — a(m,t,Tk(un),VTk(u)Xs)]

x| VT (n) = VTk(w) :/ [, Ty(w), VT (w))
fa<:v, t, Tk (u), VTk(u ﬂ [VTk VTk(u)XS} B (uy) dz dt + €(n, 7).
Combining (5.61), (5.78), (5.79), (5.80), (5.83) and (5.87) we deduce,

/ [a (.. T4 m). VT () ) = (.1, T4 (). VTR () ) | (5.88)

T

X [VTk(un) — VTk(u)XS] dx dt < e(n, j, u,m,s).

When we pass to the limit in (5.88) as n, u, j, m, s tend to infinity, we
obtain

Sll)rgonll)rgo o, [a(x,t,Tk(un),VTk(un)) - a(x,t,Tk(un),VTk(u)xs)]
(5.89)
x [VTk(un) - VTk(u)xs} dz dt = 0.
O

Proposition 5.7 Let u, be a solution of the approzimate problem (5.5).
Then, for any k >0 :

Vin = Vu ace. in Qr, (5.90)
a(a:,t,Tk(un),VTk(un)) - a(a:,t,Tk(u),VTk(u)) (5.91)

weakly in (Lyy(Qr))™
M (2, |[VTy(un)|) = M(x,|VTy(u)|) strongly in L'(Qr), (5.92)

as n tends to +oo.
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Proof. By using (5.16), Lemma 5.4 and the Lemma 5.5 all the desired state-
ment are fulfilled of the Lemma 4.1, hence the proof of Proposition 5.7 is
achieved.

5.3 Proof of Theorem 5.1

In this step, we pass to the limit.

Let v € WYLy (Qr) N L®(Qr) such that
%Y helongs to W12 Lir(Qr) + LY (Qr) and v > ¢ a.e in Q7.

By Lemma 5 and Theorem 3 in [13], there exists a prolongation 7 = v on
Qr, v € WH Ly (2 x R)NLY 2 x R) N L>(2 x R), and

Ov g
5 €W Y02 x R) + L' (2 x R).

There exists also a sequence (wj) C D(£2 x R) ([13]) such that

wj — v in W&’ILM(QXR), and

%o 00 iy WL (2 x R) + LY(2 x R).

(5.93)

For the modular convergence and ||w;l|oc,0r < (N + 2)|0]|0,Qr-
Now, let us take v = wu, — Ty (un — w;) - X(0,r) as a test function in (5.18),
thus for every 7 € [0,T], we get

ouy,
<WaTk(Un —wj))Q,
-l—/ a(z,t, Tic(un), VI (un)) VT (un — wj) do dt

’ 5.94
+/ D(x,t, Tic(un)) VI (up — wj) do dt (5:94)

= f Tk (up — wj) da dt,

-

where K = k + C/||v]|00,0r, Which implies

Ouy,
<W’Tk(un - Wj»QT

+/ a(x,t, Tic(up), VT (un))Vuy, d
QrN{|un—w;|<k}

- a(z,t, Tic(un), VI (un))Vw; dz - (5.95)
QN {lun—w; | <k}

+/ D(x,t, Tic(un)) VI (up — wj) do dt

-

= InTk(un — wj) da dt.
Q-
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By Fatou’s lemma and the fact that
a(z, t, Tic(un), VI (un)) — a(z, t, Tic(u), VI (u))
weakly in (L37(Qr))Y for o(II Ly7, ITEyr), one easily sees that

/ a(x,t, Tic(up), VT (un))Vuy, dz
QrN{|un—w;|<k}

- a(z,t, Tic(up), VIx(un))Vw; dx
Q,—ﬁ{"un—wjlﬁk}

> a(z,t, T (u), VIx(u))Vu dx
Q-N{lu—w;|<k}

- a(z,t, T (u), VI (u))Vw; dx.
Q-N{lu—w;|<k}
(5.96)

As in (5.68), we obtain ®(z,t,Ti(un)) = P(x,t,Tic(u)) in Eqp(Qr) as
n — +oo and using the fact that VTj(u, —wj) = VI (v —w;) in Ly (Qr),
as n — 400, we can easy see that

/ B, t, T () VT — ) d it

(5.97)
— D(x,t, Tic(u)) VT (u — wj) dz dt.
Q-
Since Ty (up — wj) — Ti(u — wj) weakly™ in L™ as n — +o0, we have

Tk (up — wj) do dt — [T (u — wj) da dt.
Q- Q-

Turn now to see the first term of (5.94),

ouy, Oow
(G Tiun =, = | Selua =)o + (G4, Tilun =)o,
—/ Sk (uno —w;(0))dz.
2

First, let see that u, — u in C([0,T]; L'(£2)) (see [13]). Moreover, since
Sk(un — w;)(1) < Elup(T)| + E|lw;(7)|, we have by Lebesgue Theorem

/Q St — w;)(7)da — /Q Si(u — w;) (7)da,

as n — +oo. Then, we can pass to the limit in (5.98) as n — 400 we obtain

(5.98)

. 8un 8W'
Jim (G Tl =), = [ Sulu—w))dn+ (G Tulu =)o,

—/ Sk(up — w;(0))dz.
2
(5.99)
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Now, let n goes to infinity in (5.94), we get

Ow;
| Silu=wpda + (G2 Tiw - wy)lo,
0
+/ a(z,t,u, Vu) VT (u — w;) dr dt
- (5.100)
+ [ D(z,t,u)VT(u—wj) do dt

< f [Ti(u — w;) de dt + /Q Sk(up — w;(0))dz.

-

By (5.93), as j tends to +o0o we have

Oow; ov
<67;,Tk(u —wi))q, = <8*,Tk(u —v))Q,-

Moreover, for every 7 € [0, 7], we have [|w; —v(7)||11(2) — 0 as j — +oo.
Therefore, we pass now to the limit as j — 400 in (5.100), we get

av

/Q Si.(u —v)dz + <E)t’Tk(u —v))q,

+/ a(x,t,u, Vu)VTi(u —v) dx dt

. (5.101)
—l—ﬁ &(x,t,u)VT(u —v) de dt
< j fTe(u—v) de dt +/ Sk(ug — v(0))dz.
. 0
The proof of theorem 5.1 is complete.
O

5.4 Appendix

The function v = u,, — Ty (u, —vo) is an admissible function i.e that v € Ky,
first, it is clear that v € WH* L/ (Q,) it remains to verify that v > 1)
indeed, we have

U, +k if u, —vg < -k
v =y — Ti(un —v0) = 4§ Vo it up —wo| <k , (5.102)
Uy — k if wu, —vg >k

and the fact that u,, vy € Ky and k > 0, we can easy deduce that v >
a.e in Q),, then v € Ky.
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