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On the summability of random Fourier—Jacobi series

Partiswari Maharana - Sabita Sahoo

Abstract This article explores the summability of random Fourier—Jacobi series

Z bq;Bi(w)qE%é) (y): ye [717 1}

1=0

in various functions spaces, where qﬁ"s)(y)7 v,0 > —1 are the orthonormal Jacobi polyno-
mials and b; are scalars. The random coefficients B;(w) are the Fourier—Jacobi coefficients
of a symmetric stable process Z(t,w) of index x € [1,2]. It is established that the random
Fourier series in Jacobi polynomials is summable in 7 means, Cesaro means, Rogosinski
means, etc., in the sense of probability if b; are the Fourier-Jacobi coefficients of a func-
tion f € C[(jf;] space, under different conditions on the Jacobi parameters ~,d,n and 7.

Further, the Norlund summability, generalized Noérlund summability and lower triangular
summability of random Jacobi series associated with the symmetric stable process Z(t, w)
of index one is established for functions belonging to the L[l;(;' ’15]) space. It has been noted
that the conditions on the Jacobi parameters for random series differ from that of the
Fourier—Jacobi series.

Keywords Cesaro summability - convergence in probability - Jacobi polynomials - lower
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1 Introduction

In the early 19th century, the Fourier series was developed to solve the
problem of heat diffusion in a continuous medium and has since been widely
applied across various branches of science. It is extended to random series of
functions in the year 1930 with the pioneering works of Paley and Zygmund
[17,18] and opened up a new direction in mathematical science to investigate
Fourier series with random coefficients. Kahane, Marcus, and Pisier have
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made significant contributions to the study of random Fourier series, yet
many problems remain open today. Random Fourier series play a vital role
in electrical engineering, signal processing, optics, and other fields because
white noise, which is inherently present in all these areas, is a random signal.
It is also used for the generation of random noise [5]. Most of the random
series that have been studied are formed of independent random coefficients.
Rademacher [21], Steinhaus [24,25], Hunt [7], Paley, and Zygmund [17,18],
Paley et al. [19] discussed random series in the form

o0

Z an X (w)e™. (1.1)

n=-—oo

The random coefficients X, (w) are independent, identically distributed ran-
dom variables, such as Rademacher functions, Steinhaus functions, etc. Hide
et al. [6] investigated the series (1.1) in the context of the study of “White

Noise.” The model for white noise was taken to be T where W (t) is the

Brownian motion. It is also known as Wiener process, which is a continuous
stochastic process with independent increments, such that

E(W(t) - W(s)) = 0 and B[W (1)~ W(s) VRN

Since W (t) is nowhere differentiable, this model seems meaningless and can
be assigned in a weak sense. It is observed that the stable process Z(t, w) are
better models for white noise than the Wiener process. Stochastic process
are useful in modeling extremal events. Recently, it has been found that the
stable process Z(t,w) is applied to the analysis of systems under heavy—
tailed noise, such as in assessing wind power fluctuations [9].

The random Fourier series converges to the stochastic integral

b
/f(t)dZ(t,w), (1.2)

if the random coefficients are Fourier coefficients of a symmetric stable pro-
cess Z(t,w) for f belongs to the function spaces. According to [13], the
stochastic integral (1.2) exists in probability if f is a continuous function
in [a,b] C R and Z(t,w),t € R is a continuous stochastic process with in-
dependent increments. The stochastic integral (1.2) is a random variable.
Moreover, if f € Lﬁl’b], p>1and Z(t,w) is a symmetric stable process of
index x € [1,2], then the integral (1.2) exists in probability for p > x > 1
(c.f. [16]). If f(t) := €2™™ n € N, then the integral (1.2) exists and are
dependent random variables. These integrals denoted as A, (w), are known
as Fourier—Stieltjes coefficients of Z(t, w). Further, Z(¢, @) can be expressed
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as a series expansion

i An (w)€27rint'

n=—oo
Nayak et al. [16] discussed on random Fourier—Stieltjes series

o

> anAn(w@)e”™ (1.3)

n=-—oo

associated with symmetric stable process Z(t,w). The coefficients a,, and
A, (w) are scalars and random variables respectively. The scalars a,, are the

Fourier—Stieltjes coefficients of a function f € Ll[)o,wp > 1.

As we know, the L’[’a o P > 1 space is defined as the set of all measurable

functions f on [a, b], such that fab |f(®)Pdt < oo.

They established different stochastic convergence of the random series
(1.3), such as convergence in probability, convergence in pth mean, quadratic
convergence, and almost sure convergence. They also discussed the Cesaro
summability in probability of the random series (1.3). It is interesting to look
into the random series (1.3) if the orthogonal functions e*™ are replaced
by other orthogonal functions.

Further, the orthogonal polynomials, which originated in the 19th cen-
tury, play an essential role in mathematical physics. Extensive studies have
been conducted on the Fourier series in orthogonal polynomials. Marian
and Marian [15] have studied power series involving orthogonal polynomi-
als that occur in problems of quantum optics. The Jacobi polynomials hold
great importance in the hierarchy of orthogonal polynomial classes and have
found widespread use in all areas of science and engineering. Kvernadze [10],
Prasad and Hayashi [20], among others, have discussed the convergence
property of Fourier—Jacobi series. However, research on random Fourier se-
ries involving orthogonal polynomials has not been extensively explored.
The complexity involved in handling such series and the limited availabil-
ity of literature on their application in physical problems are among the
primary reasons for this lack of attention.

In 2007, Liu and Liu [11,12] defined the random Fourier-Hermite trans-
form in the form of random Fourier series in Hermite polynomials as

R[f(y)] = Z CnR(An)Qpn(y)v (1'4)
n=0

where R(\,) := exp[im Random(n)] are randomly chosen values on the unit
circle in C. The scalars ¢,, defined as

Cn 1= /Oo fW)en(y)dy
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are the Fourier-Hermite coefficients of f and ¢, (y) are Hermite Gaussian
functions. They applied it in the fields of image encryption and decryption,
and expected its applications in optics, information technology, and other
areas. Further, Imekraz et al. [8] studied the integrability and continuity
properties of random series in Hermite functions. This raises the question
of what would happen if the random coefficients R(A;,) selected from the
unit circle in C are replaced by other random variables in the random series
(1.4). All these works motivated us and provide a way to study random
Fourier series involving orthogonal polynomials.
We study the random Fourier series of the form

> airi(@)a" (y) (1.5)
=0

in orthonormal Jacobi polynomials qi(ﬂ”(s)(y), where 7;(w) are random vari-
ables and a; are scalars. This series is called as random Fourier—Jacobi se-
ries. In our recent work [14], the different modes of convergence of random
Fourier—Jacobi series (1.5) in various functions spaces are investigated.

Generally, a Fourier series does not always exist for all functions. Even
if such representation exists, the convergence of Fourier series for such a
function may not be possible. However, convergence may be achievable in
certain cases by using specific summability methods, such as Cesaro, Riesz,
Norlund, and similar techniques. Summability techniques are useful tools for
soft computing problems, such as system stabilization and filtering of audio
and image signals represented in the form of series (infinite series, Fourier
series, etc.). As a result, summability theory can be utilized to assess the
degree and precision of approximation in audio and image signal in digital
filters and other applications. Furthermore, some summability methods can
enhance the quality of the filters [23].

In this article, various summabilities, like Cesaro, Riesz, Norlund, etc.,
of the random Fourier—Jacobi series (1.5) are established. The random co-
efficients r;(ew) in the random series (1.5) are chosen to be the Fourier
coefficients of a symmetric stable process Z(t,w) of index x € [1,2] with
respect to the Jacobi weights v, > —1 and 5,7 > 0. The random Jacobi
series is found to be summable to a stochastic integral. The existence of
stochastic integral (1.2) in probability for f € Lfa,b]’ p > 1 (c.f. [16]), im-

T)
’

plies the existence of the integral in probability for n,7 > —1if f € Lf;(gl]

ie., fo7) € L][il 1]’ where o("7) is the Jacobi weight. This result is stated
in Theorem 1.1 below for future reference.
The two weighted functions spaces used in this article are C’[(:"lT)” space

va(an)

and (1,1]

space (see Definition 2.1 and 2.2 in Section 2).
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On the summability of random Fourier—Jacobi series 5

Theorem 1.1 If Z(t,w) is symmetric stable process of index x € [1,2] and

fe LI[);(Z’;]), p>1,n,7 > —1, then the stochastic integral (1.2) is defined in

probability for p > x > 1.

Specifically, when f(¢) is the orthonormal Jacobi polynomials qlh’&) (t),~,6 >

—1, then qzm’&) (t)o7)(t) belongs to the space Lf;(?’;]), since o"7)(t) is con-

tinuous in [—1, 1] for all n,7 > 0. Consequently, the integrals

Bi(w) = / 1 0 (1)o7 (1)dZ (t, w) (1.6)

exist and are random variables, which are not independent for each i =
1,2,.... We call B;(w) as the Fourier—Jacobi coefficients of symmetric sta-
ble process Z(t,w), and Z(t,w) has the Fourier—Jacobi series expansion

o0
> Bi(w)qz(’y’a) (t). The various type of summability of random Fourier—
i=0

Jacobi series

> biBi(w)a("" (v) (1.7)

in the sense of probability are established, if the scalars b; are Fourier—Jacobi

coefficients of a function f in the spaces C’[(f’f)u and LI[’;(?’;]) defined as

1
biim [ 10077000 O, 7,6 > -1 (1.8)
-1

Not only from a mathematical point of view, but also from the appli-
cation of Fourier series and random Fourier series in orthogonal polyno-
mials in various fields of science and technology, gives important to study
on these random series in orthogonal functions. Although the methodol-
ogy is straightforward, it provides insights into the summability of random
Fourier—Jacobi series across various function spaces, an area that has not
been explored so far.

The summability in the space C[(il,lT)l} is discussed using the summation

matrix 7, which is a lower triangular infinite matrix. Various summabil-
ity methods are considered based on different entries of the matrix 7. The
summability of the random series (1.7) depends on specific conditions re-
lated to this summation matrix 7. Norlund summability and its variants
are established for the random Fourier—Jacobi series in connection to the
L[lf;’ ’15]) space. Each of these summability depends on particular conditions
on the parameters +,d, which differ from those conditions for the Jacobi

1,(7,9)
[7111] ’

The Fourier-Jacobi series is summable in the Nérlund sense for —1/2 <
v < 1/2 and § > —1/2 (see [2]). However, the random series is summable

series of functions f € L
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in the Norlund sense for 0 < v < 1/2 and ¢ > 0. The generalized Norlund
summability of Fourier—Jacobi series hold when v > 0,6 —~ > 1 and § +~ >
—1 (c.f. [22]). But, it hold for the random case when v > 0, 6 —v > 1
and § + v > 0. The Fourier—Jacobi series is lower triangular summable for
-1/2 < v <1/2 and § > —1/2 (see [4]), where as the random series is
summable in the lower triangular sense when 0 <~ < 1/2 and ¢ > 0.

After presenting the preliminaries in Section 2, different cases of summa-
bility, such as 7', Ceséro Riesz Rogosinski, etc., of the series (1.7) in con-
nection to the space C 1] are discussed in Sectlon 3. Section 4, presents

the Norlund summablhty, generalized Norlund summability, and lower tri-
angular matrix summability of the series (1.7) in connection to the space
L2009 ¢ a specific point only.

[_171]

These summability methods and some results of the Fourier—Jacobi series
are presented in the following section to better understand and develop our
results in random cases in the subsequent sections.

2 Preliminaries

Chripké [3] discussed the 7-summability of Fourier—Jacobi series of the

form
Zb q(%‘;) (21>

in the space C[(j’f)l] of continuous functions.

Definition 2.1 The space C’[(ﬁ’f)l] 1s the class of real valued continuous func-
tions f defined on (—1,1) satisfying

lim (f"7)(y) = 0.

ly|—1

It is a linear space and is equipped with the norm

1/l = [1£ 7] := max [(fo™7)(y)],

ye[-1,1]

where
o (y) == (1 —y)"(1+y)"
is the Jacobi weight with parameters n,7 > 0.
The matrix T is
Vo1

Jo,2 V1,2

i [Vos Vs tes | (2.2)
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On the summability of random Fourier—Jacobi series 7

where 9; j; € R. The -sum of the Fourier series (2.1) in Jacobi polynomials
is defined as

T(A/,é) Zﬁl kbqu’Y 5) (23)

where b; are the Fourier—Jacobi coefficients of f € C, 7717)1] andye [-1,1], ke
N.

Chripko discussed some possible cases of the summation matrix 7, which
are stated below.

Case-1 If ¥, :==1 (1 =0,1,2...,k — 1,k € N), then the kth Jacobi series (2.3)
of f is equal to the kth partial sum of the Jacobi series (2.1).

Case-2 Let ¢ : [0,1] — R be a given function with ¢(0) = 1 and ¢(1) = 0.
The summation matrix 7" can be represented by ¥, = ¢ % (i =
0,1,2,...,k — 1,k € N). This case is called g-summation of the Fourier—
Jacobi series (2.1).

Case-3 Let )
;1 ::1—% (i=0,1,....k— 1,k eN).
Then 7 := ¥,y is the Fejér summation matriz and equal to ¢(t) =
1 —t, t €[0,1]. The kth Fejér means of the Fourier—Jacobi series (2.1) is
defined as
k—1 5
=3 (1) b ve L
=0
Case-4 Let
B
igyi= —st, (620, i=0,....k—1, kEN),
Bk—l

m+¢) _ (¢+1)...(¢+m)
m - m!

Then 7 := (0, ) is the Cesaro summation matriz and the Cesdaro sums of

Fourier—Jacobi series (2.1) is

where B(()¢) =1, B = , (m € N).

()76 < 1B/(c¢) (7,6)
b e 1 bl
oW =) g e W), yelFLIL keN  (24)
i=0 k—1
1
SR ST ERIOT? (25)
where
(¢),7,6 k_lBl(f) 1 (7,0) (7,8)
B0y 1) o= % =g ()07 (y).
=0 1—1
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If ¢ = 0, then it is same as in the Case-1. For ¢ > 1, the sum (2.4) is
known as Cesaro (C, ¢) sum of Jacobi series (2.1). In particular, if ¢ =1,
then the Jacobi series (2.1) is Fejer summable.

Case-5 The (R, v, 1) Riesz summation of the Fourier-Jacobi series (2.1) is defined
by the summation function

Cuuly) =1 -y, yel0,1],

where v, p > 0 are real constant numbers.
Case-6 The de la Vallée Poussin summation is defined by the summation function

1, ifo<t<u
(s —1)

where u € (0,1).
Case-7 The Rogosinski summation is defined by the summation function

t
©(t) := cos %, t €10, 1].

Choudhary [2] discussed the regular Norlund summability (also known as
Norlund summability) of the Fourier—Jacobi series (2.1) of a function f in

the Lfﬁ’f]) space for p = 1.

Definition 2.2 The space L][J;(K’f])

the segment [—1, 1] with Jacobi weight o079 (t) := (1—t)Y(14+1)°, ~,8 > —1,
such that

is the class of all measurable functions in

[ 150 wpa < oo

-1
The norm endowed in this space is

1 1
1Al ={ [ 1H@e D 0P orp =1,
~1,1 1

The regular Norlund sum of a series is defined below:
oo
Let {s;} be the kth partial sum of the series ) a;. Consider the sequence
i=0
{ug} of constants, real or complex and define Uy, = ug+uq +- - - +ug. Define
the transformation h; as

k k
1 1
hp i= — 8 = — iSp_;, U 0.
k nguk iSi Uk;msk i» U #

The hy, is said to be Norlund sums of {si}, generated by {uy}. The series

> a; is said to be Norlund summable to the sum s if klim hy, exists and
1=0 —00
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On the summability of random Fourier—Jacobi series 9

equal to s.
The Norlund sums of the Fourier series in Jacobi polynomials at y =1 is

h’Y(S) Zuk 28(75 ’

where Sgw’é)(l) is the i¢th partial sum of the Fourier—Jacobi series (2.1) at
y = 1. We use the symbol (N, uy,) for it. The following theorem is established
by Choudhary.

Theorem 2.3 [2] Let {uy} be the real non-negative monotonic non-
increasing sequence, such that Uy tends to oo as k tends to oco. If

t
= /0 |F(4)|dip = O [S((ll//?)t@m)} ast — 0, (2.6)
where - .
+ +
F(y) := [f(cosw) - A} (sin %) ! (cos %) ,
A is a constant and
0 k'y+1/2
Ux < o0, (2.7)
k=0

then the Jacobi series (2.1) of [ € L[_?f]) is (N, uy,) summable at y =1 to

the sum A with —1/2 <~y < 1/2, § > —1/2 and the condition

/b (14 8)273/4 £ (1) |dt (2.8)

18 finite for fized b.

Raghuvanshi [22] discussed the generalized Noérlund summability of the
Fourier series (2.1) in Jacobi polynomials. The generalized Norlund summa-
bility of a series is defined as follows:

Let {r;} and {qx} be positive real constants sequences with Ry and Qy as
their kth partial sums respectively, and let

k k
(q*r)p = Z%—m = Z QiTk—i — O
i=0 i=0

as k — oco. As in [1], define the transformation as

= — q*r qu iliSi-
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oo
If t}" — s as k — oo, then the infinite series ) aj, is said to be general-

k=0
ized Norlund summable to s. We use the notation |N, qg, ri| for generalized
Nérlund summation. The |N,qg, 1| means of the Fourier series (2.1) in
Jacobi polynomials at y = 1 is

k
(30 gy . L )
uk (1) A (q % r)k; Zz:% qlrk—lsz (1)7

where sgﬂ”ﬁ)(l) is the i¢th partial sum of the Fourier—Jacobi series (2.1) at

the point y = 1. Following is the result on generalized Nélund summability
of the Fourier-Jacobi series (2.1) by Raghuvanshi.

Theorem 2.4 [22] Let {qi}, {rx} be the non—negative real constants se-
quences and let v > —1/2, 6 —v > 1, § + v > —1 such that

k
(g*r)i 7 (a*1)e
;ﬂﬂl/”logi _O<k7+(1/2)>a8k_>oo' (2.9)
Also suppose that
¢ t
—Aldu=0(—F— t 2.1
/1_t|f(u) |du O(log(l/t)) ast — 0, (2.10)
and the condition
b
/ (14 )OO =D2| f(t)|dt < oo, b fized, (2.11)
-1

are satisfied, then the series (2.1) is |N,qg, 1| summable to the sum A at
y=1.

Dhakal [4] studied the lower triangular matrix summability of Jacobi se-
ries. This method is defined as follows:
Let M=(by, ;) be an infinite lower triangular matrix satisfying the Silverman—
Toeplitz conditions [26] of regularity, i.e.,

k
Zbkvi — 1lask — oo,
i=0

k
where by ; =0, ¢ > k and ) |bg ;| < C, for a finite +ve constant C.
i=0

Let {tx} be the lower triangular matrix sums of {s;}, generated by (by;),
i.e., the transformation is

k
tp 1= Z by is;.
=0
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o0
If t, — s as k — oo, then the series > ay is said to be lower triangular

k=
matriz summable to s. Use the notation (T) for lower triangular matrix
summation.
The (T) summation of Jacobi series (2.1) at y =1 is

k
£ (1) = mesg%(s)(l),
i=0

where 557’6)(1) is the ith sum of Fourier—Jacobi series (2.1) at y = 1. The

following result is established by Dhakal.

Theorem 2.5 [4] Let M = (by;) be an infinite lower triangular reqular
matriz such that (by;) is positive, monotonic increasing in i, 0 < i < k,

k
Dpr= Y bri, Dy =1 forallk, (2.12)
i=k—T1
and
kw+l/2Dk,[1/m = 0(1),0 <p<mask— 0, (213)

1 1
where T = Integral part of 5 = [g} and 0 < ¢ < 7. For —1/2 < v <
1/2, 6 > —1/2, if

! t
/1t|f(u)_A|duzo<§(l/t)log(1/t)> ast— 0, (2.14)

then the Jacobi series (2.1) is (T) summable to the sum A att =1 provided
&(t) is positive monotonic non—decreasing function of t such that

i Dy 1
Z i(27+3)/2§7(i) log i - O(k(2v+1)/2)’ (2.15)

1=a

and satisfy the condition

[

/’“t5—5|f(—cost)—Adt:o(1) as k — . (2.16)
0
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3 Summability of random Jacobi series in the space C[("’lTi]

3.1 T-Summability

The random Fourier—Jacobi series that we consider here is
Z biBi(w)g ™" (y), (3.1)

where the scalars b; are Fourier—Jacobi coefficients of a function f in C 7717 )1],
7,7 > 0 defined as in (1.8), and the random variables B;(w) deﬁned as in
(1.6) are Fourier—Jacobi coefficients of the symmetric stable process Z(t, w)
of index y, 1 <y <2.

The T-sum of the random series (3.1) is
ST 219 B0 (1), (32

We will use the following notations on 7—-summation matrix same as in
Chripké [3].

Ty : lim (1 — ;%) =0 for all fixedi =0,1,2,....

k—o00
1
Ty g1k = O(E)’ (k€ N).
1 .
Tg:AQﬁi,lvk:O<ﬁ>, (i=1,2,....k— 1,k €N).
Ty : AQﬁi,Lk (t=1,2,...,k— 1,k € N) is of constant sign.
T5 : sgn A2 Vicip =sgn Vp_1 (0 =1,2,...,k =1,k € N),

where Azﬁi,k = Aﬁi-ﬁ-l,k — Aﬁ@;w A'ﬁm = 19i+1,]€ — 191',]€7 (19ka = 0).
Furthermore, the following notations will be used.

(A) if (Ty), (T2) and (T3) hold,

(B) if (T1), (T2) and (T4) hold,

(C) if (Tq), (T5) hold.

The convergence of T—sum (3.2) of the random Jacobi series (3.1) is proved
in Theorem 3.2 by imposing some restrictions on ~,d,n,7 and the en-
tries of summation matrix 7. This theorem uses the notation f(y,t) :=

Z b; q(7 %) (y)q 76)(t), which is Y-summable and Cesaro summable for f €

C’[(f’l )1], since ql(% (y) are bounded in (—1,1). In the subsequent section, this
notation f(y,t) will also be used with the space LZ[’ (7, }) as it is summable

in some means there.
To prove this theorem, we require the following result.
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On the summability of random Fourier—Jacobi series 13

Lemma 3.1 [16] Let Z(t,w) be a symmetric stable process of index x, 1 <
X <2 and f(t) be any function in Lﬁ;,b]» p > 1, then for all € > 0,

Oox+1
(x+1) ’X/|f IV,

where C' is a positive constant and € < e.

f t)dZ(t, w)

Theorem 3.2 Let Z(t,w) be a symmetric stable process of index x, 1 <
X < 2. The T-sum (3.2) of random series (3.1) converges to the stochastic
integral

[ 00" )z (1) (3.3)

in probability if the parameters v,6 > —1/2,m,7 > 0 satisfy the following

conditions

v 1 v 3 0 1 o 3
- - Z 4+ Zand= — - 4= 3.4
5 4<77<2—|-4an2 4<7’<2+4, (3.4)

with the entries of Y —matriz satisfying either (A), (B) or (C).

Proof. Consider the kth 7—sum of the random Fourier series (3.1) involving
Jacobi polynomials as

Sy (y }:ﬁmbB )a " (). (3.5)
The integral form of kth sum (3.5) is
ST(V‘;) Zﬁzka "15)( )

_Zmbzqf% / V(1)) (Daz (1, )

1k1

/ > bt a7 ()¢ (8)6" (H)dZ ¢, )

1
= [ SO0 0zt ),
where

SZ,(W Zﬁzkbzq’ws) (75 ( )

is the kth partial sum of the FOlll“lel"*JaCObl series of f.
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Now

1)
Sy (g, @) - S50y, )
1
X, (7,6 T
— [ (50 w0 - 00 w0) 07 (02 1)
1

By inequality in Lemma 3.1,
P(‘ng,a) Y, t) — ST’(”"S)(y,t)’ > 6)
1)
= P(| (st (w,0) = sEOD 1)) o7 (a1, )| > )

02X+1 ! Y.(~.8 - X
< 7()( X / ’(sk’(% )(y,t) — sﬁ(%‘s) (y,t))g("’ )(t)’ dt, for € < e.
-1

Invoking Chripké result (See [3, Theorem 3.2]), we know that s, Leo)

verges uniformly in C’ (7) it b; are the Fourier—Jacobi coefficients of a func-

—1,1]
tion in C’(n’T)} and 7, 5 n, T satisfy the conditions in equation (3.4). Hence

sg’(%ls)( ) is a Cauchy sequence. This yields, for x € [1,2] and f € C 77717)1],

1
tim [ (5507 .0) - 500(0.0)) o0 (0)] it = 0.

k,m—oo J_q

This result holds uniformly for all y,¢ in the range [—1, 1], implying that

SZ’(WS) (y, ™) is a Cauchy sequence that converges in the sense of probability.

Hence, it will converge to a random variable. Now we will show that the
sequence SZ’(WS) (y, @) converges to the integral f_ll fly, ) o™ (t)dZ(t, ™)
in probability. We know that the integral (3.3) exists in probability according
o [13]. By Lemma 3.1,

P(\Si’”%,w) -/ 11 fly "7 (02t )| > )
- P(‘ / 1009 (. 4) — f(y, t))gW> (H)dZ(t, w)‘ > e)

Coxtl 1 .(7.,6) Y
D ——— — (7777-) !/
= (x + 1)ex /_1 ‘(Sk (y,t) f(yﬂf))g (t)‘ dt for € < e.

If 7, 8, n, T satisfy the conditions in (3.4), then by Chripké [3, Theorem 3.2],

lim 11 }(s{’”"”(t) - f(t)) ) (t)‘dt ~0.

k—oo J_
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Hence, for y € [1,2],
1

X
lim ’(sg’(%ﬁ)(y,t) - f(y,t))gw(t)] dt = 0.
k—so00 —1
This proves that the 7-sum (3.2) of random Fourier-Jacobi series (3.1)
converges in probability to the integral (3.3).
O

3.2 (C, ), ¢ > 1 summability

The following theorem establishes the (C, ¢), ¢ > 1 summability of the ran-

dom Jacobi series (3.1) if b; are the Fourier—Jacobi coefficients of a function

f in the space C[(j’f)l].

Theorem 3.3 The random Fourier series (3.1) in Jacobi polynomials is
Cesaro (C, @), ¢ > 1 summable in probability to the integral (3.3), if n, T >
0,7, > —1/2 and entries of the T —matriz satisfy the conditions (3.4) in

Theorem 3.2.
Proof. The kth (C, ¢), ¢ > 1 means of random Fourier—Jacobi series (3.1) is

56 —i— 0
Q" (y, @) ==Y s (y, ), (3.6)
i—0 Bi
r 1
where B! = F(m(:': ;—)Irﬁ(—; +) 0 and Slﬁ’&)(y,w) is the ith partial sum of

random series (3.1). The (C,¢) means of (3.6) can be expressed in the
integral form as

(6)7,0 kz_l By 1 ()
Qk " (va) = (_(;)_ Si% (y,W)
1=0 Bk?—l

1

- / a1 (y, )0 (1)dZ (t, w),

-1

where
(é):7.6 B 0
o8y 1) = 3 B oo
i—o Br
and sgv’ﬁ) (y) is the ith partial sum of Fourier-Jacobi series (2.1).
Now

50
Q" (y, @) — QY (y, w)

1
Y50 T
— [ (#9700 - 0079 (w.0)) 7 002,
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By the inequality in Lemma 3.1, we obtain Q](j))"y’é(y,w) is a Cauchy se-
quence. With the help of Chripké result (see [3, Corollary 3.4]) on (C, ¢), ¢ >
1 summation and the Lemma 3.1, the random series 3.1) is Cesaro summable
in probability to the stochastic integral (3.3).

O

4 Example

Cesaro (C, 1) summability:

Ezample 4.1 Let f(y) =1, y € [-1,1] and f is in the space C[ | 1] ;0,7 > 0.
The Fourier—Jacobi coefficients of f are

bo=1,b.=0fork >1.
The Fourier—Jacobi series of f is
s (y) = boq(% )( ), where v, > 0.
Since, q(% )( ) =1forv,5 >0, s (y) = by = 1 and hence the kth partial

sum s
st (y) =1, k e NU{0}.

The kth (C,1) sums of the Fourier-Jacobi series s(7%)(y) is
al(f))’v’g(y) =1for¢p =1, k e NU{0}.

Consider the kth partial sum of the random Fourier—Jacobi series

S(’Y(S ZbB ’Y(S) )

—BO( )

= /_ 11 dZ(t, ).

The kth (C, 1) sums of the random Fourier-Jacobi series S(9 (y, @) is
1
Q" (y, @) = / dZ(t, @) for ¢ = 1 and k € NU {0}.
-1
Now,

Plw: ’Q;l)’"y"s(y,w) - /1 dZ(t,w)) > 6)
-1

(
= P(w: ‘Bo(w) —/1 dZ(t,w)’ > e)
— 0,

-1
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since {w : ’Bo(w) — f_ll dZ(t,w)’ > €} is a null set.

Ea:ample 4.2 Let f(y) =y, y € [-1,1]. The function f is in the space
C(n’ LT > 0. For v =0 and § = 0, we obtain the Jacobi polynomials

Q(y) =1,

u(y) =y,

a2(y) = %(Sy2 - 1),

s(y) = 5(59° ~ 3y),

0s(9) = (359" ~ 30y +3).

The Fourier—Jacobi coefficients of f are

bp=0,b =1, bo=0, b3 =00bs =0.
The Fourier—Jacobi series of f is

s (y) := by q(% (y) for v = 0,6 = 0.

Since qf”é)(y) =y for v = 0,6 =0, sO9(y) = by = y and hence all kth

partial sum s,(CO’O)(y) =y, ke NU{0}.
The kth (C, 1) sums of the Fourier-Jacobi series s(:9)(y) is

O-](;ﬁ)’(%(s)(y) =y for (Z) = 1, k e N U {0} and Y= 0,6 =0.

Consider the kth partial sum of random Fourier—Jacobi series

k

0 )
SV (@) =Y biBi(w)a " (1)
1=0

For v =0,0 =0 and k = 0, the value of S((JO’O) (y,w) = 0. For all kth partial
sum of the random Fourier—Jacobi series for k > 1 is

k
Z @)a " (y)
B()

/detw

S(o 0)
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The kth (C, 1) sums of random Fourier-Jacobi series $(7:9) (y, w) is

1
fo)’(%‘s)(%w) _ / dZ(t,@), forp =1, y=0,6 = 0 and k € NU {0}.
-1

Now,

1

P(w: ’Q,(ﬁl)’ws(y,w) —/ dZ(t,w)) > e)

-1
1

= (w: ‘Bl(w)—/_le(t,w)’ >6>
=0.

1
Since {w : ’Bl(w) -/ de(t,w)‘ > €} is a null set.
1

Note:
The summability of random Fourier—Jacobi series (3.1) in the sense of prob-
ability to the stochastic integral (3.3) can be established in some other sums
like:
(a) Riesz (R, p,v) for p,v > 1,
(b) de la Vallée Poussin for every s € (0,1),
(c)Rogosinski
under the same conditions (3.4) in Theorem 3.2, and using the Lemma 3.1
and Corollary 3.4 in [3] for f in C[(j’f)l],n,T >0and~v,§ > —1/2.

1,(7,9)
1

5 Summability of random Jacobi series in L[_ 1] space

Consider the random Fourier series in Jacobi polynomials (3.1), where b;
are the Fourier—Jacobi coefficients of a function f € L[l;(f ’15]), ~v,6 > 0 and

Bi(w) are Fourier—Jacobi coefficients of symmetric stable process Z(t,w)
of index 1 defined as (1.6). In the next theorem it is shown that the (N, uy)
sums of random series (3.1) converges to the stochastic integral

/1 ApO)(£)dZ(t, w) (5.1)

in probability, where A is a positive fixed constant.

Theorem 5.1 If Uy is the sum of the first k terms of the non-—negative,
non—increasing sequence {uy}, which tends to 0o as k — oo satisfying the
conditions (2.6), (2.7) along with the condition (2.8) stated in Theorem 2.3
for 0 <~ < 1/2; § >0, then the random series (3.1) is (N, uy) summable
in probability to the stochastic integral (5.1) at the point one.
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Proof. Let
S(% ZbB "/,5) (y) (5.2)

be the kth partial sum of the random Fourier-Jacobi series (3.1). For y = 1,
the integral form of Sfj’é)(l, w) is
k

S,(J’é)(l, w) = Z bz'Bz‘(W)qi(W;)(l)
1=0
- / sy (1,100 (HdZ(t, ), (5.3)

where

k
0 8 8
s (1, 0) = D big "V (0g " (1),
i=0
The (N, ug) sums of the random series (3.1) at the point y =1 is

k
1
H(1w) = - Y uniS) " (Low). (5.4)
=0

The integral form of (N, uy) sums (5.4) is

1) é
H,(:) = ZukZW)lw)

1
- / RO (1, 1000 (1)dZ (t, ),

-1

where
h('Yv‘S) 1 t Zuk 15(776) 1 t

By Lemma 3.1, for x =1,
P(‘H,(j"”u,w) - Hfg’é)(l,w)‘ > e)
2C

= )

dt.

(b7 (1,6) = nG(1,)) e (1)

If the equations (2.6) and (2.7) are satisfied by Uy with the condition (2.8),
then the Norlund (N, uy) sums of the Fourier-Jacobi series (2.1) at the

point y = 1 converges to A. So, {hgg’é)(l,t)} forms a Cauchy sequence.
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This implies H](J’(s)(l, w) is a Cauchy sequence and hence will converge in
probability to a random variable. With the help of Lemma 3.1, we obtain

1
P(’H,(J’&)(l,w) —/ AQ('V"s)(t)dZ(t,w)‘ > e)
-1
20 (!

< —

g ‘ (h,(]*”(l, t) — A) g(%‘”(t)‘dt.
—1

By Theorem 2.3,

1
lim ] (h;j"”a, t) — A) g(%‘s)(t)‘dt —0.

k—o0 —1

This completes the proof of theorem.
O

The following two theorems state the generalized Norlund summability
and lower triangular summability of the random Fourier—Jacobi series (3.1).
These can be proved by following the same steps as in Theorem 5.1 and using
Lemma 3.1.

Theorem 5.2 If v > 0, 6 —v > 1, § +v > 0 and {qi}, {rx} are the
non—negative real constants sequences satisfying the conditions (2.9), (2.10)
and (2.11) stated in Theorem 2.4, then the random series (3.1) is |N, qg, rg|
summable in probability to the stochastic integral (5.1) at y = 1.

Theorem 5.3 If 0 < v < 1/2, 6 > 0 and the infinite triangular regular
matric M = (by;) be such that its entries (by;) are positive, monotonic
increasing in i, 0 < i < k, and satisfy the conditions (2.12), (2.13), (2.14)
and (2.15) with (2.16) stated in Theorem 2.5, then the (T) sums of random
Fourier—Jacobi series (3.1) converges in probability to the stochastic integral
(5.1) at y = 1.

Remark

We discussed the summability in the sense of probability of random Fourier—

Jacobi series in the functions spaces C[(f’f)l] and LZ[)L(J ’f}) for p = 1 and the

parameters 1,7 > 0, v,0 > —1. We expect the summability in the sense of

mean of random Fourier—Jacobi series (3.1) for the function f € C[(j’f)l].

Acknowledgements I am thankful to University Grant Commission (National Fellow-
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