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Functions of bounded fractional differential variation: A new
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Abstract Prajapati and Kachhia [10] introduced the concept of functions of bounded
fractional differential variation and proposed an open problem whether the class of func-
tions of bounded fractional differential variation on a closed bounded interval is a Banach
algebra. We have given a solution to this problem. For a sequence of functions, we have
discussed a condition for the convergence of sequence of Caputo fractional derivatives to
the Caputo fractional derivative of the limit function. We have proved an additive property
of the total fractional differential variation with respect to closed intervals and given an
equivalent condition for vanishing of the total fractional differential variation of a function.
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1 Introduction

Functions of bounded variation have drawn the attention of several re-
searchers. Bhatt et al. [2] defined functions of bounded differential variation
on a closed interval of R and studied its various properties. Prajapati and
Kachhia [10] introduced a new concept of functions of bounded fractional
differential variation on a closed interval of R and showed that the space of
functions of bounded fractional differential variation on a closed, bounded
interval is a normed algebra.

In this paper, we have proved that the total fractional differential varia-
tion is homogeneous with respect to functions and additive with respect to
closed intervals. As an application of the additive property, we have proved
that if a function f is absolutely fractional differentiable function on a closed
bounded interval, then f is of bounded fractional differential variation. An
equivalent condition for vanishing of the total fractional differential vari-
ation is also proved. We have established relationships between the total
fractional differential variation of a function and the total variation of its
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2 Sudhir Kumar, Jyotindra C. Prajapati

Caputo fractional derivative. For a sequence of functions, we have given a
condition for the convergence of sequence of Caputo fractional derivatives
to the Caputo fractional derivative of the limit function. As an application
of these results, we have proved that BF DV [a,b] is a Banach algebra.

Notations :

N : The set of natural numbers

Z : The set of integers

R : The set of real numbers

C : The set of complex numbers

R(a) : Real part of a complex number «

[a,b] : The closed and bounded interval with end points a,b € R

P : A partition of [a, b]

¢D%f : Caputo fractional derivative of order « on [a, b]

Cla,b] : The class of real valued continuous functions on [a, b]

V(f,P) : The variation of f with respect to P

V(f,|a,b]) : The total variation of f on [a,b]

BVla,b] : The class of functions of bounded variation on [a, b]

FDVi(f,P) : The left fractional differential variation of f with respect
to P

FDV,(f,P) : The right fractional differential variation of f with respect
to P

FDVi(f,[a,b]) : The total left fractional differential variation of f on
0,8]

FDV,(f,[a,b]) : The total right fractional differential variation of f on
0,0

FDV(f,la,b]) : The total fractional differential variation of f on [a,b]

BFDV]a,b] : The class of functions of bounded fractional differential
variation on [a, b]

AFDla,b] : The class of absolutely fractional differentiable functions on
[a,b].

Definition 1.1 (/3], [7], [9]) Let « € C and R(«) > 0. The Caputo frac-
tional derivative of order « on [a,b] is defined as

¢ ma _ 1 f(")(T)dT
Da(f)(t)_F(n—a)/(t—T)a“—”’ (n—1<R(a) <n).

a

The following mean value theorem for Caputo fractional derivatives ([5],
[8]) will be useful for further study.

Theorem 1.2 Let 0 < a <1, a <b and f € Cla,b] be such that °DS(f) €
Cla,b]. Then, there exists some & € (a,b) such that

O-f@ 1
(b_a)a - F(a+1) Da(f(g)) (1.1)
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Functions of bounded fractional differential variation: A new Banach algebra 3

Functions of bounded variation is defined in ([1], [11]). BVa,b] is a Ba-
nach algebra relative to the norm (Appell et al. [1] and Carothers [4])

A llBv = l[fllee + V() (1.2)

Bhatt et al. [2] defined functions of bounded differential variation as

Definition 1.3 Let f: [a,b] — R be a differentiable function and
P :={xg,x1,...,2,} be a partition of [a,b]. Define the left differential vari-
ation of f with respect to P by

fxy) = f(er—1)

Tk — Tk—1

- f/(lkal)

)

DVi(f,P) =)

k=1

and the right differential variation of f with respect to P by

flar) = f(@p-1)

T — Tk—1

DV,(f,P)=)_ _f/(xk)"

k=1

Define the total left differential variation of f on [a,b] by
DVi(f) = sup{DV,(f, P) : P a partition of [a,b]},

and the total right differential variation of f on [a,b] by
DV,.(f) = sup{DV,.(f, P) : P a partition of [a,b]}.

f is said to be of bounded left differential variation on [a,b] if DVi(f) < cc.
Similarly, f is said to be of bounded right differential variation on [a,b] if
DV,.(f) < co. f is said to be of bounded differential variation on [a,b] if
DVi(f) < o0 and DV, (f) < cc.

The total differential variation of f on [a,b] is defined as

DV(f) = DVi(f) + DV..(f).

Prajapati and Kachhia [10] defined the function of bounded fractional
differential variation by using Caputo fractional derivatives instead of first-
order derivatives as follows:

Note that the number « satisfying 0 < o < 1 is fixed throughout the

paper.

Definition 1.4 Let f: [a,b] = R be a Caputo fractional differentiable func-
tion and P := {xo,21,...,2n} be a partition of [a,b]. Define the left frac-
tional differential variation of f with respect to P by

flar) = f(@p—1)

(x)p — xp—1)”

n

FDV|(f,P) =

k=1

)

> —°Dg f(wp-1)

I'a+1) (
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and the right fractional differential variation of f with respect to P by

() — xp—1)”

n

FDV,(f,P) =)

k=1

) - Dista)

Define the total left fractional differential variation of f on [a,b] by
FDVi(f) =sup{FDV|(f,P): P a partition of [a,b]},

and the total right fractional differential variation of f on [a,b] by
FDV,.(f) =sup{FDV,(f,P) : P a partition of [a,b]}.

f is said to be of bounded left fractional differential variation on [a,b] if
FDVi(f) < oo. Similarly, f is said to be of bounded right fractional differ-
ential variation on [a,b] if FDV,(f) < co. f is said to be of bounded frac-
tional differential variation of on [a, b] if FDVi(f) < oo and FDV,(f) < cc.
The total fractional differential variation of f on [a,b] is defined as

FDV(f) = FDVi(f) + FDV;(f).

The class of functions of bounded fractional differential variation on [a,b] is
denoted by BFDV [a,b].

Definition 1.5 (/6/) Let 0 < oo < 1. A Caputo fractional differentiable func-
tion f is said to be absolutely fractional differentiable function on interval
1, if for a given € > 0, there exists a 6 > 0 such that
. bi) — flai
> [ra+ v (F210)) —npirenn| <
(bi — a;)

" g rla+ 1) (TG2200) —epa(rmn| <

whenever {(a;, b;)}?_, is a disjoint collection of open intervals in (a,b) sat-

isfying > (bi — a;) < 0.

=1

AFDla,b] denote the class of absolutely fractional differentiable functions
on [a,b].

We will need the following results for further study.
Theorem 1.6 (Prajapati and Kachhia [10]) A function f is of bounded

fractional differential variation on [a,b] if and only if DS f is of bounded
variation on [a,b).

Theorem 1.7 (Rudin [12]) Suppose {fn} is a sequence of functions, differ-
entiable on [a,b] such that {fn(x0)} converges for some point xg on [a,b]. If
{fl} converges uniformly on [a,b], then {f,} converges uniformly on [a,b],
to a function f, and

F'(e) = Tim fi(z), (a<z<b)
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Functions of bounded fractional differential variation: A new Banach algebra 5

2 Certain properties of the total fractional differential variation

Various properties (homogeneous, additive, vanishing point) of the total
fractional differential variation have been discussed in this section.

Proposition 2.1 If f: [a,b] — R is a Caputo fractional differentiable func-
tion of order a, 0 < a <1, and r € R, then

FDV(rf,|a,b)) = |r|FDV(f,[a,b]).

Proof. Let P ={xg,z1,...,%,} be a partition of [a,b]. Then

n

FDV|(rf,P,[a,b]) =Y

i=1

rf(@i) —rf(wi-1)

I'a+1) <

n

— rT(o f(l’z) f(a:i_l) DY (s
— ; I'(a+1) ( @ —210)° > D% f(2i1)
= |r| i I'a+1) f((ij;l)_ x{(j;l)) DR f(an 1)

= |r|FDV(f, P, a,]).

Similarly,
FDV.(rf, P, [a,b]) = |[r[FDV(f, P, [a, b]),

is proved in precisely the same way. Taking the supremum over all partitions
P of [a,b] yields

FDVZ(Tf’ [avb]) = ‘T|FD‘/l(f’ [a’vb])v

and
FDV.(rf,a,b]) = [r[FDV,(f, [a,b]).

Consequently,

FDV(rf,|a,b]) = FDV|(rf,[a,b]) + FDV,(rf, [a,b])
= [r[F'DVi(f, [a,b]) + [r|FDV,(f, [a, b])
= |r|FDV(f,][a,b]).

O

Proposition 2.2 If f: [a,b] — R is a Caputo fractional differentiable func-
tion of order a, 0 < @ <1, and a < ¢ < b, then

FDV(f,la,b)) = FDV(f,[a,c]) + FDV(f,c,b]).
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6  Sudhir Kumar, Jyotindra C. Prajapati

Proof. Let Py = {xg,z1,...,2;} and Py = {xk, Xk11,-..,2n} be partitions
of [a, c] and [c, b] respectively. Consider the partition P = {xzg, ..., Zk,...Zn}
of [a,b]. Then,

FDV|(f, P,[a,b]) = )
=1
k

=2

=1

fxi) — f(wiz1)

(:If'z — Ti— 1)
(

flai) = f(zic1)

(xz — Ti— 1)

o) (@) = F@)) epag,
i_;ﬂ I( +1)< o) ) D f(xi_1)

= F-sz(prlv [CL?CD +FDW(fa P27 [C, b])a

I'(a+1) ( ) —“Dg f(zi-1)

+

F(a—i—l)(

n

) —“Dg f(zi-1)

taking supremum over all partitions P; of [a, c¢] and Ps of [c,b] gives

FDVi(f,la,c]) + FDVi(f,[c,b]) < FDV((f,[a,b]). (2.1)
Let P = {zg,x1,..., Ty} be a partition of [a,b]. Form the partitions P; =
{zo,21,...,2,¢} of [a,c] and Py = {¢,Tk41,...,2Tn} of [c,b)].
k
PV P o) = 3| 1) (IO e s
— (zi — @i-1)
> |ra+1) (f(éi,)_;(x;;l)> — D f(wi-1)|,
i=ht1 vl

adding two non-negative terms, this can be written as

SUEERCT

(2 — 24—-1)® +

k
FDV(f, P }:

) DG

\na w0 (LOZTE epg |+
rlasy (D=0 epgjo)
zn: Ia+1) (W) —“Dgf(wi-1)|,

i=k+1
= FD‘/l(fvpla [a,c}) +FDV2(f7P27 [67 b])7

taking supremum over all partitions P of [a, b] gives

FDV((f,[a,b]) < FDV((f,[a,c]) + FDVi(, [c, b]). (2.2)

108



Functions of bounded fractional differential variation: A new Banach algebra 7

Combining inequalities (2.1) and (2.2) together results in
FDV((f,[a,b]) = FDV|(f,[a,c]) + FDVi(f, [c, b]).
Next,
FDV,(f,[a,b]) = FDV,(f,la,c]) + FDV,(f, e, b)).
is proved in precisely the same way. This leads to
FDV(f,[a,b]) = FDVi(f,[a,b]) + FDV,(f,[a,b])
= FD‘/l(fv [CL, C]) + FD‘/l(fa [07 b})_l_
FDV.(f,a,c]) + FDV,(f, [¢,b])
= FDVi(f,la,c]) + FDV,(f, a, c)+

FDV(f,[c,b]) + FDV,(f, [c, b])
= FDV(f,[a,c]) + FDV(f,|c,b]).

Using Proposition 2.2, we prove the next proposition.
Proposition 2.3 If f € AFDla,b], then f € BFDV]a,bl.

Proof. Let € = 1. There exists a 6 > 0 such that for any pairwise disjoint
n

intervals {(a;,b;)} in [a, b] satisfying > |b; — a;| < d, we have
i=1

> [+ (LG=H8D) —eppany| <1

and
n

> |t 1) (P20 ) —epair)| <1

(bi — a;)~

=1

Choose n € N such that b_T“ < d. Let b; :a—Q—i(b;—a), 1=20,1,...,n. For a
given partition P = {yo,y1,...,yk} of [bi_1,b;], we always have

k

> - |<—b_a<6

: Yj —Yj—1 " .

Jj=1
Fori=1,2,...,n, we have

FDV|(f,[bi-1,bi]) <1

and
FDV,.(f,[bi—1,bi])) <1
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8 Sudhir Kumar, Jyotindra C. Prajapati

Therefore, for i =1,2,....n

EDV(f, [bi1,bi])) = FDVi(f, [bi1,bi]) + F DV (f, [bi1,bi]))
<2.

By Proposition 2.2, we conclude that

FDV(f,a,b]) = ZFDV(f, [bi—1,bi])

n 2.3
<32 (2.3)
i=1
=2n < o0,
hence, f € BFDV|a,b).
O

Proposition 2.4 Let f: [a,b] — R be a Caputo fractional differentiable
function of order a,, 0 < a < 1. Then FDV (f,[a,b]) = 0 if and only if °DS f
is a constant function.

Proof. Assume first that F DV (f, [a,b]) = 0. By definition of FDV(f,[a,b]),
FEDV(f,[a,b]) =0 and FDV,(f,[a,b]) =0

Let z,y € [a,b] be given. For x = y, °D% f(z) = °DS f(y). Without loss
of generality assume that x < y. Consider the partition P = {a,z,y,b} of
[a,b]. By our assumption,

FDVi(f,P)=0 and FDV,(f P)=0,

consequently,
‘F(a o (W) - CDS‘f(y)’ =0
::(t 'F(a o <f((?/)— 53)) ~“Dgf(x)| = 0.

°Dg f(y) — DG ()] = |“DE () ~ T(a+1) "M>+
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Functions of bounded fractional differential variation: A new Banach algebra 9

therefore,
‘Dgfly) —“Dgf(z) =0,
hence,
‘Dgfly) =Dy f(z); (z,y € [a,0])

ie., °D%f is a constant function.

Conversely, we assume that “D¢ f is a constant function. Consider a par-
tition P = {xg,x1,...,2,} of [a,b]. By the mean value theorem for Caputo
fractional derivatives (Theorem 1.2), there exists ¢; € (xj_1, ;) such that

f(%) - f(xifl)

(i — 1)

F(a—l—l)( >—CDgf(<,-); (i=1,2,...,n).

The fact that D% f is a constant function gives

(i — 1)

o+ 1)( > = DO f(x;) = °Df(xi1); (i=1,2,...,n).

For each i =1,2,...,n, we have

f(@i) = f(wio1)

(i — xi-1)

F(a+1)( )—CDgf(xi) =0

and
F@i) = F@i1)\ _epapp )
rlas 1) (B ZHEC)) Cepgge —o
Consequently,
>[rieen (SR - pasea| <o
and

i=1

ie., FDVi(f,P) = 0 and FDV,(f,P) = 0 for all partitions P of [a,b].
Evidently,

FDVi(f,[a,b]) = 0 and FDV,(f,[a,b]) = 0,

hence,

FDV(f7 [aab]) = FD‘/l(fa [avb]) +FD‘/T(JC7 [a7b])
= 0.
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3 Completeness of BFDVa,b]

In this section, we proved some results as Lemma 3.1 to Lemma 3.3. These
results are useful to prove that BFDV]a,b] is a Banach algebra.

Lemma 3.1 If f: [a,b] — R is a Caputo fractional differentiable function
of order o, 0 < a < 1, then

V(°Dgf) < FDV(f).

Proof. Let P = {xg,x1,%2,...,Tn} be a partition of [a,b]. Then

V(D f, P) Z 1°D§ f (i) — “Dg f(2i-1)|
_ Z CDgf(LUZ') —F(a—i— 1) <f(x’)_f(‘r’1)> +

(i — xi-1)

Ia +1)(f($z‘) fwie 1)) D s 1)

Tij— 1)

-t ()

; Het )< Ty 1)>CD”f($z )

<[

n

taking supremum over all partitions P of [a, b] results in

V(D3 [, [a,b]) < sup (FDVr(ﬂ P)+ FDV|(f, P))
P
< sup FDV,(f, P) + sup FDV|(f, P)
P P

= FDV,(f) + FDVi(f)
= FDV ().

O

Lemma 3.2 If f: [a,b] = R is a Caputo fractional differentiable function
of order o, 0 < a < 1, then

FDV,(f) <V(°D(f))

and
FDV.(f) < V(D3 (f)).
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Proof. Let P = {xg,x1,...,%,} be a partition of [a,b]. By the mean value
theorem for Caputo fractional derivatives ([5,8]), there exists ¢; € (z;—1, ;)
such that

f(xl) _f(xifl) _cpa . s
I'(a+1) (W) = “Dg(f(ci)), (i=1,2,...,n).
Consider the partition P = {xg, 1,21, ¢2,Z2,...,Tn_1,Cn, Tpn} of [a,b].
Then
= f( l) — f( i— ) c o
FDVi(f,P) =) |I(a+1) <M> = “Dg(f(xi-1))

= 3 IDE (@) ~ D )
<VEDE(P), P

and

n

FDV,(f,P)=)_
i=1

= 3 IDE () ~ DS (S )

<V(EDG(f), P).-

Ia+1) <f(lg)—f(@ﬂ> _cpa

e )]

For a given partition P of [a,b], there is a partition Py of [a, b] such that
FDVi(f, P) < V(°Dg(f), P1),

and
FDV,(f,P) <V(°D3(f), P1)),

taking supremum over all partitions P of [a, b] gives

FDV((f) < V(°Dg(f))

and
FDV.(f) < V(D3 (f)).

O

Ezample 3.1 Take a = 1 and f(z) = 2% with [a,b] = [0, 1]. The formula for
total variation of a monotone function in conjunction with the fact that f’(x)

113
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is a monotone function gives V(f’) = |f'(1) — f/(0)| =
1.3 of [1]). Let P = {zo,x1,...,x,} be a partition of [0, 1]. Now,
2 _ .2
x;) — flx;— T, —I;_
f( Z) f( 2 1) —f/($i71) — 1 21:1_71
Li — Ti—1 Ti — Ti—1
=Tj — Ti—1
@)~ e
5 .

Similarly, one can show that

f(xi) = flwiq) —f'(@i) + f'(xi-1)

ri— w1 fes) = 2 ’
Next,
Fovi(r,p) =Y | (x;):iﬁxf U i)
=1 v
*Zlf i) = f'(%i-1)|
7V(fla P)
Similarly,

1
FDM“(f?‘P) = §V(flap)v
taking supremum over all partitions P of [0,1] yields
1 1
FDVi(f) = JV(f') and FDV.(f) = 5V (f).
The fact that V(f’) # 0 implies

FDVi(f) <V (f)

and

FDV,(f) <V(f).

i.e., a strict inequality in Lemma 3.2 for « = 1 and f(z) = 22. Next,
FDV(f) = FDVi(f") + FDV.(f")
I SV
v+ v
=V(f)
2

gives an equality in Lemma 3.1 for o = 1 and f(z) = x~.
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Functions of bounded fractional differential variation: A new Banach algebra 13

Remark 3.1 We have V(f,[0,1]) = 1 and FDV (£,[0,1]) = 2 for f(z) = 22
and a = 1. Therefore, the total variation and the total fractional differential
variation are different for f(z) = 2% and [a, b] = [0, 1].

Lemma 3.3 Let {f,} be a sequence of Caputo fractional differentiable func-
tions defined on [a,b], 0 < a < 1 such that {f,(x0)} converges for some
point o on [a,b]. If {°DS fn,} converges to some function g, relative to the
supremum norm || - ||eo, then go = DS f.

Proof. For a = 1, we have D% (f,)(z) = f/(x). By our assumption, {f/}
converges to g; relative to the supremum norm ||-||o. We see from Theorem
1.7 that g1 = f/, i.e.,

lim f, = f’

n—oo
Since {f],} converges uniformly to f’, we interchange limit and integration
to obtain

D) =t L [T )
i “D2(A) = Ji s [

_ 1 /fr 7}1_)11;0 fa(t)

ST ), @opn &
1 T f(t)
“Ti-a) / @t
=“Dg(f)
and hence,
Ga = CDgf-

Theorem 3.4 BFDV]a,b| is a Banach algebra relative to the norm

I lBrDv = [ fllc + [1“DG (F)lloe + V(f) + FDV(f). (3.1)

Proof. Prajapati and Kachhia [10] proved that BFDV][a,b] is a normed
algebra. Let {f,} be a Cauchy sequence in BFDVa,b]. (3.1) implies

| fullBv < ||fullBFDV; (n=1,2,3,...),

so that {f,} is a Cauchy sequence in BV'[a, b]. The fact that BV [a, b] is com-
plete relative to the norm || - || gy defined in (1.2) (cf., e.g., [[1], Proposition
1.10]), gives {fn} converges to some f in BV[a,b]. (3.1) shows that

||CDg(fn)||OO "_FDV(fn) < an||BFDV§ (Tl = 1,2,3,...).

Lemma 3.1 gives
1Dy (fu)llBv < || fnllBFDV
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14 Sudhir Kumar, Jyotindra C. Prajapati

so that {°D%(f,)} is a Cauchy sequence in BV[a, b]. Consequently, the func-
tion sequence {D%(f,)} converges to some g, € BV][a,b].

Since ||f|lo < IfllBV, {fn} converges to f and {°D%f,} converges to
Ja, relative to the supremum norm || - ||s. By Lemma 3.3, g, = “DS(f).
°D%(f) € BV]a,b] because g, € BV [a,b]. Theorem 1.6 combined with the
fact that °D%(f) € BV|a,b] gives f € BFDV|a,b|.

Let € > 0 be given, then there exists a natural number N; such that
n > Ny implies

1o = Flloo+V(Fa = £) < 5
There also exists a natural number N5 such that n > Ny implies

1°Dg (fn) = “Dg (Nl + V (“DG(fn) — “Da(f)) < i

Evidently, n > N5 implies
C (07 C (07 € C «
190G (fa) = “DG(Hllc <y and  V(Dg(fu = f)) <
We see from Lemma 3.2 that n > N5 implies

FDVi(fo—f) <= and FDVi(f,—f) <

€
4

)
NI )

Therefore, n > N5 implies
FDV(fn_f):FDVl(fn_f)‘i‘FDV;(fn_f)

cfpe_ €
4 4 2

For N = max{N;, N2} and n > N,

lfn = fllBEDV = [fn = flloo + 1“Dg (fn = F)lloct
V(fa=f)+FDV(fa—f)
€ € € -
< 1 + Z + 5 =€,

therefore, {f,} converges to some f in BF DV |a,b]. Therefore, BF DV [a, b]
is a complete normed algebra. Hence, BF DV[a, b] is a Banach algebra.

Let f: [a,b] — R be the constant function f = 1. Evidently, ||1||cc = 1.
The fact that the total variation of a constant function is 0 gives V(1) = 0.
Since the Caputo fractional derivative of a constant function is 0, we have
[|¢D31]|oc = 0. Proposition 2.4 combined with the fact that ‘DS f is a
constant function gives FDV (1) = 0.

Consequently,

IHlBrov = [[[1lec + |1 “Dg(Dlleo + V(1) + FDV (1)
=1+040+0
=1,

and hence, BFDVa,b] is a Banach algebra with identity.
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