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On Jordan ideals and semigroup ideals in 3-prime near-rings
with multiplicative derivations
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Abstract The aim of this article is to prove certain properties of multiplicative deriva-
tions verifying certain algebraic identities on Jordan ideals and semigroup ideals of a 3-
prime near-ring. The results obtained characterize the relationship between the structure
of this type of near-rings admitting this kind of maps. Additionally, we present examples
to show that our assumptions imposed on the various theorems cannot be omitted.
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1 Introduction

In this document, A/ will be a left near-ring. For all z,y € N, the symbol
[z,y] stands for the commutator xy — yx and the symbol z o y stands for
the anti-commutator zy + yx. A near-ring A is called a zero-symmetric if
0.z = 0 for all z € N (recall that left distributive gives x.0 = 0). The set
ZWN) ={x € N| zy = yx for all y € N'} is called a multiplicative center
of M. Recall that N is said to be 2-torsion free if whenever 2z = 0 implies
z = 0, and know as 3-prime if N has the property that for all z,y € N,
2Ny = {0} implies z = 0 or y = 0. An additive subgroup J of N is said
to be a Jordan ideal of N'if jon € J andnoje J forall j€ J, neN;
more details about Jordan ideal and its properties can be found in [9]. A
nonempty subset Z of A/ is said to be a semigroup left ideal (resp. semigroup
right ideal) if NZ C 7 (resp. ZN C I); note that Z is said to be semigroup
ideal if I is both a semigroup left ideal and a semigroup right ideal of N.
A derivation d : N' — N is an endomorphism of (N, +) with the property
that d(zy) = d(z)y + zd(y) for all z,y € M. The concept of derivation has
been generalized in different directions by various authors, for example see
(1], [4], [6], [7], [11], [13], [16], [17], [18], [19], [20], [21], [22] and [23], where
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2 Slimane El Amrani, Abderrahmane Raji

further references can be found. In [10], the notion of multiplicative deriva-
tion on ring was introduced by Daif as follows: A mapping d : N' — N,
which is not assumed to be additive, is called a multiplicative derivation if
d(xy) = xd(y) + d(z)y holds for all z,y € N. Clearly, any derivation is a
multiplicative derivation, but the converse is not true in general.

The literature contains many results on commutativity in prime and semi
prime rings admitting suitably constrained derivations, and several authors
have proved comparable results on near-rings. Historically, the study of the
relationship between the commutativity of a 3-prime near-ring A and a
derivation d on N was initiated in 1987 by Bell and Mason [2]. After this,
a lot of work about commutativity of prime near-rings based on the behav-
ior of different additive mappings, as derivations, generalized derivations,
semiderivations and generalized semiderivations had been done (see refer-
ences for a partial bibliography).

In [14], Hongan proved some results by assuming that the commutativity
condition is imposed on an ideal rather than on the whole ring. Motivated
by this idea, we pursue this research path and study the structure of 3-
prime near-rings in which multiplicative derivations satisfy certain identi-
ties involving Jordan ideal and semigroup ideal on A. The results obtained
are very precise, unify and complement several results and cover others
known in the literature while neglecting an important property marked in
the hypotheses of various subsequent works, that is the additivity property
considered in the different maps used.

2 Preliminary results

We introduce the following lemmas, which are essential for developing the
proof of our results.

Lemma 2.1 Let N be a 3-prime near-ring and T be a nonzero semigroup
ideal of N.

(i) [3, Lemma 1.4(1)] If z,y € N and 2Zy = {0}, then x =0 or y = 0.

(1) [3, Lemma 1.3(1)] If x € N and 2Z = {0} or Zx = {0}, then x = 0.

Lemma 2.2 [12, Lemma 4] Let N be a near-ring and d : N — N is a
multiplicative derivation of N'. Then, (zd(y) + d(z)y)z = xd(y)z + d(x)yz
for all z,y,z € N.

Lemma 2.3 Let N be a 3-prime near-ring and J a nonzero Jordan ideal

of N.

(7) |9, Lemma 3] If N is 2-torsion free and J C Z(N), then N is a com-
mutative ring.
(i3) If 2T = {0}, then x = 0.

For the proof of (ii), we can use the same approach as used in the proof of
[9, Lemma 1].
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On Jordan ideals and semigroup ideals in 3-prime near-rings 3

Lemma 2.4 [12, Lemma 5| Let N be a 3-prime near-ring. If N' admits a
nonzero multiplicative derivation d such that ad(N') = {0} or d(N')a = {0},
then a = 0.

Lemma 2.5 Let N be a 3-prime near-ring.

(i) [3, Lemma 1.2(iii)] If z € Z(N) \ {0} and zz € Z(N), then x € Z(N).
(i7) [3, Lemma 1.5] If N C Z(N), then N is a commutative ring.

Lemma 2.6 [15, Lemma 2.1] A near-ring N admits a multiplicative deriva-
tion if and only if it is zero-symmetric.

3 Main results

In this section, we give some new results and examples concerning the com-
mutativity of a 3-prime near-ring which satisfy some identities on semigroup
ideals and Jordan ideals involving multiplicative derivations. We begin by
recalling an important result due to Bell and Mason published in 1987, see
[2], in which the authors showed that a 2-torsion 3-prime near-ring AV is com-
mutative ring if it admits a nonzero derivation d satisfying d(N) C Z(N).
In 2017, Bedir and Golbasgi [12] proved the same result by using the no-
tion of multiplicative derivation. Our objective in the following theorem is
to generalize and improve these results in less assumptions by treating the
case in which d is a nonzero multiplicative derivation and J is a Jordan
ideal of NV instead of NV.

Theorem 3.1 Let N be a 2-torsion free 3-prime near-ring and J be a
nonzero Jordan ideal of N'. If N' admits a nonzero multiplicative deriva-
tion d, then the following assertions are equivalent

i) d(Z(N)) # {0} and d(J) € Z(N),

it) N is a commutative ring.

Proof. i) = i) Let z be an element of Z(N') such that d(z) # 0. By
hypotheses given, we have

d((zz) o j)t =td((xz) o j) for all z, t e N,j € J.

So that,
d((xoj)z)t =td((xoj)z) forall z,t e N,j € J. (3.1)

In virtue of Lemma 2.2 and after simplification, we get
(xoj)d(2)t =t(xoj)d(z) forall z,t e N,j € T
which means that

(xoj)d(z) e Z(N) forallz e N,j e J. (3.2)
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4 Slimane El Amrani, Abderrahmane Raji

Now, returning to (3.1) and using the fact that z € Z(N'), we infer that
d(z(z o))t =td(z(xoj)) forall z,t e N,j € J.

Again invoking Lemma 2.2, we obtain
d(z)(zoj)t =td(z)(zoj) forall z,t e N,j € T,

and hence

d(z)(xoj)e ZN) forallz e N,j € J. (3.3)
Replacing z by jz in (3.2), we get

j(woj)d(z) € ZWN) forallz e N,j € J.
Taking to account of Lemma 2.5(4) together with (3.2), the last result yields

(xoj)d(z)=0o0rje ZWN)forallz e N,jeJ. (3.4)
Case 1: Assume that
(xoj)d(z)=0forallz e N,je J. (3.5)

Left multiplying (3.5) by md(z), where m € N, we find that
md(z)(zoj)d(z) =0 for all z,m e N,j € J.

From (3.3), we have d(z)(z 0 j) € Z(N), then the previous equation can be
written as

d(z)(z o j)Nd(z) = {0} forall z e N, j € J.
Using the 3-primeness of A and the fact that d(z) # 0, we infer that
d(z)(zoj)=0forallz e N,j € J, (3.6)
which implies that
d(z)z(—j) =d(z)jz for all z e N',j € J. (3.7)
Substituting zt for = in (3.7), where t € N/, and using it again, we arrive at
d(z)xt(—j) = d(z)x(—j)t for all z,t € N',j € J.

Putting —j instead of j in the last expression, we obtain d(z)xtj = d(z)xzjt
for all z,t € N, j € J which can be written as

d(2)NTt,j] = {0} for all t € N, j € 7.

In view of Lemma 2.1(i) and d(z) # 0, we find that j € Z(N) for all j € J
and hence A is a commutative ring by Lemma 2.3(7). From (3.6) and 2-
torsion freeness of N, we obtain d(z)Nj = {0} for all j € J. Invoking
Lemma 2.1(z) and taking into account that d(z) # 0, we conclude that
J = {0}, a contradiction.

Case 2: Suppose that there are xy € N and jo € J such that (zgojo)d(z) #
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0, then (3.4) assures that jo € Z(N) and jo # 0. Replacing j by jo in (3.3),
we obtain
d(z)(z + )jo € Z(N) for all z € N.

In virtue of Lemma 2.5(3) and jo # 0, the previous relation forces
d(z)(x +2) € ZWN) for all x € N. (3.8)
Taking (xq o jo)r instead of x in (3.8), where r € N, we find that
d(z)(xgojo)(r+7r)€ Z(N) for all r € N.
Again, applying Lemma 2.5(i), we get
d(z)(zgojo) =0o0rr+re ZWN)forall r e N. (3.9)

Now, we prove that d(z)(zgojo) # 0. Indeed, suppose that d(z)(zgojg) =0
and right multiplying this equation by d(z)m, and using the fact (xg o
Jo)d(z) € Z(N), we find that

d(z)m(zg o jo)d(z) =0 for all m € N.

It follows that
d(Z)N(.’EO Ojo)d(z) = {O}

In the light of the 3-primeness of N and d(z) # 0, we find that (x¢0jo)d(z) =
0 which contradicts our assumption of the statement. Consequently, (3.9)
gives 7 + 1 € Z(N) for all » € N. Replacing r by 72 in the last relation,
we obtain r(r +r) € Z(N') which, because of Lemma (2.5)(i), means that
r+r=0orre Z(N) for all r € N. But, the first condition with 2-torsion
free yield r = 0 and therefore in the both cases, we get r € Z(N) for all
r € N, and hence N is a commutative ring by Lemma (2.5)(i7).

Clearly, we have i) = 4). This completes the proof of our Theorem.

O

Our goal in the following theorems is to study the relationship between
the structure of A and the existence of a nonzero multiplicative derivation
d on N. For this, it is interesting to assume that d(Z(N)) # {0}. It is
easy to see that if d(Z(N)) = {0}, then the multiplicative law of A/ cannot
be commutative. In fact, suppose that the law “.” is abelian, in this case
N = Z(N) and therefore d(N') = {0}, which means that d = 0.

Theorem 3.2 Let N be a 2-torsion free 3-prime near-ring, Z be a nonzero
semigroup ideal of N and J be a nonzero Jordan ideal of N'. If N admits a
multiplicative derivation d verifying any one of the following conditions:

(1) [d(j),z] € ZWN) forallz €I, j€ T,
(i7) |z,d(j)] € ZN) forallz €, j€ J,

then N is a commutative ring or d*(J) = {0}.
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6 Slimane El Amrani, Abderrahmane Raji

Proof. (i) Assume that
[d(j),z] € ZN) for all j € T,z € T. (3.10)

Replacing by d(j)z in (3.10), where = € Z, we get d(j)[d(j), z] € Z(N) for
all j € J,z € Z. By application of Lemma 2.5(¢), the latter relation shows
that

[d(j),z) =0o0rd(j) € ZN) forall j € T,z €T. (3.11)

Suppose that there is an element j, € J such that d(jo) ¢ Z(N). In this
case, (3.11) assures that d(jo)z = xd(jo) for all x € Z. Taking xt instead of

x in the preceding equation, where ¢t € N, we find that Z[d(jo), t] = {0} for
all t € V. According to Lemma 2. 1(11) we conclude that d(jo) € Z(N), a
contradiction. Consequently, (3.11) gives d(J) C Z(N). So, if ( (N)) #

{0}, we conclude that N is a commutative ring by Theorem 3.1, else we
infer that d*(J) = {0}.
(#4) Using similar techniques as above, we get the required result.

As an application of Theorem 3.2, we get the following results.

Theorem 3.3 Let N be a 2-torsion free 3-prime near-ring, I be a nonzero
semigroup ideal of N and J be a nonzero Jordan ideal of N'. If N admits a
multiplicative derivation d verifying any one of the following assertions:

(1) [d(j),z] ot € ZN) forallte Nyx eL,j€ T,
(i1) [z,d(j)] ot € Z(N) forallt e Nz €TL,j€ T,

then N is a commutative ring or d*(J) = {0}.
Proof. Suppose that the condition () holds, then
[d(j),z]ot € ZN) forallt e Nz €Z,j € J. (3.12)

If Z(N) = {0}, it is straightforward to verify that d?(J) = {0}. Now,
suppose that Z(N) # {0} and let z an element of Z(N) \ {0}. Replacing ¢
by z in (3.12), we obtain

2([d(5), 2] + [d(j),x]) € ZN) forall z € Z,j € J.

Since z # 0, the last relation together Lemma 2.5(i) prove that

[d(j), =] +[d(j),z] € ZWN) forallz € Z,j € J. (3.13)
Now, taking ¢t = [d(j), z] in (3.12), we find that
[d(5), z]([d(7), x] + [d(j),z]) € ZN) forallz € Z,j € J. (3.14)

In virtue of Lemma 2.5(¢) and 2-torsion freeness of N/, from (3.13) and (3.14)
it follows that

[d(j),z] € ZN) or [d(j),z] =0forallz € Z,j € J,
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which leads to [d(j),z] € Z(N) for all x € Z,j € J. And therefore N is a
commutative ring or d?(J) = {0} by Theorem 3.2().
For the second condition, we can using similar approach as above with
suitable changes.

O

Theorem 3.4 Let N be a 2-torsion free 3-prime near-ring, J a nonzero
Jordan ideal of N and d a multiplicative derivation of N. If J has any one
of the following properties:

(i) d(j)ox € Z(N) forallj € T, x €N,
(it) xod(j) € ZN) forallj € T, x €N,
(it7) (d(j)oz)ot € Z(N) forallje J, z,t €N,
(iv) (xod(j))ote Z(N) forallj e T, z,t €N,

then N is a commutative ring or d*(J) = {0}.
Proof. a) Assume that (i) is verified, i.e,
(d(j)ox)e Z(N) forall j € J,x e N, (3.15)

and proving that N is a commutative ring or d?(J) = {0}.

We dividing the proof into cases which exhaust all the possibilities.

Case 1: Suppose that d(Z(N)) # {0}. Let z € Z(N) such that z # 0 and
substituting z for x in (3.15), we obtain z(d(j)+d(j)) € Z(N) for all j € J.
As z # 0, by application of Lemma 2.5(7), the previous relation shows that
(d(§)+d(j)) € Z(N) for all j € J. Now, taking x = d(j) in (3.15), we find
that d(7)(d(j)+d(j)) € Z(N) for all j € J. By application of Lemma 2.5(i)
and 2-torsion freeness of A, the last expression shows that

d(j) =0or d(j) € ZN) for all j € J,

which reduces to d(J) C Z(N) and hence N’ must be a commutative ring
by Theorem 3.1.

Case 2: Assume that d(Z(N)) = {0}. In this case, putting d(j)z instead of
z in (3.15) and applying Lemma 2.5(7), we get

d(j)ox=0ord(j) € ZWN) forall j € J,x € N. (3.16)

Let j a fixed element in J. If there exists 2o € N such that d(j) o g # 0,
then from (3.16) we obtain d(j) € Z(N'). Now, suppose that

d(j)ox =0 for all z € V. 17)

(3.
Substituting xt for z in (3.17), where t € N/, we conclude that N[—d(j),t] =
{0} for all t € N. According to Lemma 2.1(ii), we conclude that —d(j) €
Z(N). Replacing x by —d(j) in (3.17), we obtain (—d(j))(d(j) + d(j)) = 0.
Left multiplying by m, where m € A, and in view of 3-primeness together
2-torsion freeness of N, we get d(j) = 0. Accordingly, (3.16) shows that
d(j) = 0 or d(j) € Z(N) for all j € J. But, both conditions give d*(J) =
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{0}

b) Suppose that the condition (i) is satisfied, so that
(d(j)ox)ote Z(N) forall j € T, t,x e N. (3.18)

If d(Z(N)) # {0}, there exists an element z € Z(N) such that z #
0. Putting z instead of ¢ in (3.18), we obtain z(d(j) o x + d(j) o z) €
Z(N) forall j € J,x € N which, in view of Lemma 2.5(i) and z # 0,
implies that

d(j)ox+d(j)ox e ZN) forall j € J,z e N.

Now, substituting d(j) o z for ¢ in (3.18), we find that (d(j) o z)(d(j) oz +
d(j)oxz) € ZWN) for all j € J,x € N. Invoking Lemma 2.5(7) and using
2-torsion freeness of A/, we find that

d(j)ox e Z(N)ord(j)ox=0foral j€ J,zeN.

It follows that d(j) oz € Z(N) for all j € J,z € N, and so from the part
(a) we conclude that A is a commutative ring or d?(J) = {0}.
If d(Z(N)) = {0}, reasoning as in the case of (a) with the appropriate
changes, we obtain d?(J) = {0}.
For conditions (i7) and (iv), arguing in the same way as in the cases (a) and
(b), we find the desired result.

O

The following example shows that the 3-primeness imposed in the hy-
potheses of Theorem 3.1, Theorem 3.2, Theorem 3.3 and Theorem 3.4 is
necessary.

Example 3.1 Let S be an unitary 2-torsion free zero-symmetric left near-
ring. Define N/, 7, Z and d : N — N by:

0z 00z
N—{<00g>|0,x,y,265}, j—{(000>|0,x68},
000 000
00 0 00 y?
I:{<080>|0,x68} and d(ogg):<ooyo>.
000 000 000

Then N is a 2-torsion free non 3-prime left near-ring, Z is a nonzero semi-
group ideal of A/, J is a nonzero Jordan ideal of N' and d is a nonzero
multiplicative derivation of A/ for which d(Z(N)) # {0}. Further, we can
also verify that d satisfies the following properties:

L dd(g])) iZ(AZQ,N 6. d(J)oC € Z(N),
3 sE EEN;N , 8. (d(J) o C)o B € ZN),
5. [Ad(J)]oBe ZEN;, 9. (Cod(J))oB e Z(N),

152



On Jordan ideals and semigroup ideals in 3-prime near-rings 9

forall A€ Z,J € J,B,C € N. However, neither d*(J) = {0} nor \ is a
commutative ring because the additive law of N is not commutative.

Theorem 3.5 Let N be a 2-torsion free 3-prime near-ring and J be a
nonzero Jordan ideal of N'. There is no multiplicative derivation d satis-
fies any one of the following conditions:

(¢) d(j) =+j forall j € T,

(i1) d(ij) = +ij for alli,j € J.

Proof. (i) Suppose that A admits a multiplicative derivation d such that

d(j)=jforall jeJ. (3.19)
Substituting jz o j for j in (3.19) and using it again, we arrive at
jxj+jjr=0forall j€ J,xeN. (3.20)

Taking 2t instead of z in (3.20), where t € N, and using (3.20), we find that
jat(—j) = ja(—j)t for all j € J,x,t € N. Putting —j instead of j in the
last equation, we obtain

(—))NTt,j] = {0} for all j € T, t € N.

By 3-primeness of A/, we get the conclusion J C Z(N') and therefore N
is a commutative ring by Lemma 2.3(7). In this case, returning to (3.20)
and using the 2-torsion freeness and 3-primeness of N, we conclude that
J = {0}, which contradicts our original assumption that J # {0}.

(#4) Assume that A has a multiplicative derivation d such that

d(ij) =ij for alli,j € J. (3.21)

Substituting j o j for j in (3.21) and noting that j + j € J, we arrive at
2d(i)j? = 0 for all i, j € J. By 2-torsion freeness of N, it follows that

d(i)j*> =0 for all 4,5 € J. (3.22)
Writing jx o j instead of j in (3.21), where z € N, we find that
id(j(xoj))+di)j(xoj)=ij(xroyj) foralli,je T zeN.

Using (3.21) together (3.22) and solving the preceding equation, we infer
that
d(i)jej=0for alli,j € J,x € N,

that is d(i)jNj = {0} for all i, j € J. By 3-primeness of N, the last relation
shows that d(i)j =0 or j =0 for all 4, j € J which reduces to d(i)J = {0}
for all 4 € J and hence d(J) = {0} by Lemma 2.3(i7). Now, returning to
(3.21) and applying the property defining of d, we find that 7 = {0} for
all i € J; again in view of Lemma 2.3(ii), we conclude that J = {0}, a
contradiction.
For the two cases d(j) = —j and d(ij) = —ij for all 4,j € J, we can us the
same arguments as used above.

O
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10 Slimane El Amrani, Abderrahmane Raji

The following example demonstrates that the 3-primeness of A/ in Theo-
rem 3.5 is crucial.

Example 3.2 Let (Z,+) and (M2(Z),+) be the group of integers and the
usual additive group of 2 x 2 matrix, respectively. Let N = Z x Ms(Z),
then (N, +) is a group. Define the multiplicative law, denoted %, on N by:
(z1,91)*(x2,y2) = (0,det(y1)y2) for all (x1,y1), (z2,y2) € N. It is obvious to
prove that (N, +,x) is 2-torsion free, non 3-prime left near-ring. We define
j, dl and d2 by:

J=Zx {0}, di(z,y)=(x,0) and da(z,y) = (—=,0).

So that, J is a nonzero Jordan ideal of A, d; and dy are nonzero multi-
plicative derivations of A'. However, the following situations hold:

1. di(J)=J forall J € J, 3. di(AB)=ABforall A,Be J,
2. da(J) = —J for all J € 7, 4 dy(AB) = —AB for all A, B € 7.

Open Question: In [8, Corollary 3|, it was proven that if a 2-torsion
free 3-prime near-ring N admits a nonzero Jordan ideal J and a derivation
d such that d(J) = {0}, then d = 0 or the elements of J commute under
the multiplication of A/. Also, as indicated in [5, Lemma 2.7], the second
previous condition brings us back to J is commutative. Does these results
remain true when d is a multiplicative derivation of N satisfying d?(J) =

{0}7.

Acknowledgements The authors thank the reviewer for valuable suggestions and com-
ments.
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