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Abstract In this paper we consider the following generalized Skorohod problem with singular input:

{
dx (t) + ∂ϕ (x (t)) dt+ ∂Cφ (x (t)) dt+G(t, x (t))dt 3 dm (t) , t ∈ [0, T ] ,
x (0) = x0,

(1)

where m is a continuous function, ∂Cφ is the Clarke subdifferential operator associated to a function φ,
∂ϕ is the subdifferential of a convex, lower semicontinuous function ϕ and G is a multivalued operator
which is upper semicontinuous with respect to x and measurable with respect to t. We provide existence
and uniqueness results for the solution of the deterministic problem, and, as applications, SDEs driven
by a Clarke subdifferential are also envisaged.

Keywords Clarke subdifferential · Skorohod problem · Stochastic variational inequalities ·
Multivalued operators
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1 Introduction

Since the early sixties, the Skorohod problem was studied, starting with its simplest
form, by many authors. We mention, for instance: Skorohod [20], McKean [12],
Watanabe [22], Chaleyat-Maurel, El Karoui and Marchal [5]. Roughly speak-
ing, the simplest form of the Skorohod problem was as follows: Given a continuous
function m : R+ → R with m (0) ∈ R+, find two continuous functions x, k : R+ → R
such that

i) x (t) + k (t) = x0 +m (t) , t ≥ 0,
ii) x (t) ≥ 0, t ≥ 0,
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2 Anouar M. Gassous

iii) k is a nondecreasing function, k(0) = 0 and k(t) =
∫ t
0

1{x(s)=0}dk(s).

The function k is a feedback which forces the solution x to remain in the positive
half space. Later the problem was considered on multidimensional spaces and then
for infinite dimensional spaces. Moreover, the complexity of the domain on which
the solution is forced to remain was steeply generalized, as we can see in Tanaka
[21], Lions and Sznitman [10], Saisho [18], Dupuis and Ishii [7], Cépa [4]. The
Skorohod problem proved to be useful in practical applications, becoming important
when modeling different phenomena from molecular dynamics, financial mathematics,
games theory, queueing networks and control theory.

In [16], Răşcanu considered the Skorohod problem in the following equivalent form

{
dx (t) + ∂I[0,∞[ (x (t)) (dt) 3 dm (t) ,

x (0) = x0 ∈ R+,

where ∂I[0,∞[ denotes the subdifferential operator of I[0,∞[, which is the convex indica-
tor function. Some generalizations were fully analyzed by considering the multivalued
Skorohod problem driven by the subdifferential operator of a proper lower semicon-
tinuous function ϕ, as we can see below

{
dx (t) + ∂ϕ (x (t)) (dt) 3 f(t, x (t))dt+ dm (t) ,

x (0) = x0.
(1.1)

Moreover, he proved an existence and uniqueness result for the more general problem

{
dx (t) +Ax (t) (dt) 3 f(t, x (t))dt+ dm (t) , t ∈ [0, T ] ,

x (0) = x0,
(1.2)

where A : Rd ⇒ Rd is a maximal monotone operator, not necessary a subdifferential
operator and m, f are as above (see [16]). This short history of the Skorohod problem
and its generalizations, considered on convex domains, can not omit the recent results
obtained by Răşcanu, Rotenstein [15] and Gassous, Răşcanu, Rotenstein [8].
In the first paper, the authors provided a new approach when dealing with Eq.(1.2), via
convex optimization problems. In the second one, the generalization of the Skorohod
problem with oblique reflection to the form of a variational inequality was studied, in
both the deterministic and the stochastic case. Another interesting generalization have
been made by Maticiuc et al. [11] that have proved the existence and uniqueness of
a solution for Eq. (1.2) with the singular input being generated by a càdlàg function
m.

The non convex set-up for the Skorohod problem was recently studied by Buckdahn
et al. in [3] where the generalized Skorohod equation (1.1) is considered with the
Fréchet subdifferential ∂−ϕ, and by Qin and Xue in [14], where they considered the
classical subdifferential operator with a Clarke subdifferential operator, by considering
the following equation:

{
dx (t) + ∂Cφ (x (t)) (dt) +G(t, x (t))dt 3 0, t ∈ [0, T ] ,

x (0) = x0.
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A Skorohod problem driven by Clarke subdifferential 3

Our goal is to obtain a generalization of their results, by studying a multivalued
equation, driven by a classical and Clarke subdifferential at the same time, as follows:





dx(t) + ∂ϕ(x(t))(dt) + ∂Cφ(x(t))(dt)

+G(t, x(t))dt 3 dm(t), t ∈ [0, T ],

x(0) = x0.

(1.3)

Adding the singular input dm (t) allowed us to consider more general entrance data.
This will permit us to study a multivalued stochastic differential equation driven by
Clarke subdifferential operator.

The paper is structured as follows. In the first section we introduce the main as-
sumptions, hypothesis, notations and also we recall several useful results which will
be used in the sequel. In the second section we define the notion of solution for our
main equation and we present the theorems of existence and uniqueness, together with
complete proofs. In the last section we study, as applications, a multivalued stochastic
differential equation driven by the Clarke subdifferential operator.

2 Preliminaries and notations

a) Notations
We will consider on the space Rd, with the norm |.| and the scalar product 〈., .〉, the

maximal monotone operator A : Rd ⇒ Rd. We denote by ‖x‖s,t
def
= sups≤r≤t |x (r)| ,

‖x‖T
def
= ‖x‖[0,T ] , lhlT = lhl[0,T ] the total variation of a function h : [0, T ] → Rd;

i.e., if we denote by ∆ (s, t) the set of subdivisions of the time interval [s, t] of the
form s = t0 < t1 < .... < tn = t, we have

l h l[s,t]= sup

{
n−1∑
i=0

|h(ti+1)− h(ti)| : (s=t0 < t1 < . . . < tn=t)∈∆(s, t)

}
.

By BV
(
0, T ;Rd

)
we will denote the space of function with finite total variation.

b) Multivalued operators
Since the main equation (1.3) contains a multivalued operator as a drift, we start

by recalling some useful definitions and properties concerning those operators.

Definition 2.1 A multivalued operator G from a topological space U to another topo-
logical space V is said to be upper semicontinuous if:

- for all u ∈ U, Gu is a compact subset of V;
- for all u ∈ U, for every V ∈ VV (Gu), there is a U ∈ VU (u) such that for all z ∈ U

we have Gz ⊂ V , where VX (x) denote the set of neighborhoods of x in X.

Definition 2.2 A multivalued operator Θ : U ⇒ V is said to be measurable, if Θ−V :=
{u ∈ U : Θ (u) ∩ V 6= ∅} is measurable, for every closed V ⊂ V.

c) Clarke subdifferential
We recall the definition of the Clarke subdifferential operator, then we present some

of its properties. For more details, the interested reader can consult Clarke [6] or
Guillaume [9].
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4 Anouar M. Gassous

Definition 2.3 Let V be a Banach space, f : V → R be Lipschitz near a given
point x0 ∈ V, and v a vector from V. We denote by fo (x0, v) the generalized di-

rectional derivative of f at x0 in the direction v, defined as follows fo (x0; v)
def
=

lim supy→x0,δ↓0
f(y+δv)−f(y)

δ . The Clarke subdifferential of f at x0 is defined by

∂Cf (x0)
def
= {ξ ∈ V ∗ : 〈ξ, v〉 ≤ fo (x0; v) for all v ∈ V} .

Lemma 2.4 Let f : V→ R be Lipschitz near a given point x. Then
(a) The function v → fo (x, v) is finite, positively homogeneous additive and Lips-

chitz.
(b) The function fo (., .) is upper semicontinuous.
(c) ∂Cf (x) is nonempty, convex, weak*-compact subset of V∗ and ‖ξ‖∗ ≤ K for

every ξ ∈ ∂Cf (x), where K is the Lipschitz constant of f near the point x.
(d) For every v ∈ V, we have fo (x0, v) = max {〈ξ, v〉 : ξ ∈ ∂Cf (x0)} .

Remark 2.1 When f is smooth (continuously differentiable), the Clarke subdiffer-
ential ∂Cf (x) reduces to the singleton {∇f (x)}, and, when f is convex, ∂Cf (x)
coincides with the classical ∂f (x).

Definition 2.5 We say that a function f is regular at x, if
(i) for all v, f

′
x (x; v) exists;

(ii) for all v, f
′
x (x; v) = fo (x, v), where f

′
x (x; v) = limt→0

f(x+tv)−f(x)
t is the usual

directional derivative.

Remark 2.2 Any locally Lipschitz and convex function is regular, and if f1 and f2
are regular at x, then ∂C(f1 + f2)(x) = ∂Cf1(x) + ∂Cf2(x).

We remind the following Lemma from Schirotzek ([19], Proposition 7.3.8).

Lemma 2.6 The Clarke subdifferential mapping ∂Cf (x) : V ⇒ V∗ is norm-to-weak∗

upper semicontinuous, that is for any x ∈ V and U a weak* open subset of V∗ contain-
ing ∂Cf (x) , and xn a sequence of V, with xn −→ x as n −→∞, one has ∂Cf (xn) ⊆ U,
for n large enough.

d) Variational inequalities in Skorohod problem
We will recall a result of existence and uniqueness for the generalized Skorohod

problem below, written under the form of a variational inequality, for details we invite
the reader to see the papers of Barbu, Răşcanu [2] or Răşcanu [16]:

{
dx (t) + ∂ϕ (x (t)) (dt) 3 dm (t) , t ∈ [0, T ] ,

x (0) = x0 ∈ D (∂ϕ) = D (ϕ),
(2.1)

where m : [0, T ]→ Rd is a continuous function, ϕ : Rd → ]−∞,+∞] is a convex lower
semi-continuous function, with ∂ϕ : Rd ⇒ Rd its subdifferential operator, defined

by ∂ϕ
def
=
{
x∗ ∈ Rd : 〈x∗, z − x〉+ ϕ (x) ≤ ϕ (z)

}
. Denote Dom(ϕ) = D(ϕ) = {x ∈

Rd : ϕ(x) < +∞} and Dom(∂ϕ) = D(∂ϕ) = {x ∈ Rd : ∂ϕ(x) 6= ∅}. We have

Dom(ϕ) = Dom(∂ϕ) and int(D(ϕ)) = int(D(∂ϕ)).
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A Skorohod problem driven by Clarke subdifferential 5

Definition 2.7 A pair (x, j) is a solution of the generalized Skorohod problem (2.1)
(and we denote it by (x, j) = GS (∂ϕ;x0,m)) if

(a) x, j : [0, T ]→ Rd are continuous,

(b) x (t) ∈ D (ϕ), j ∈ BVloc
(
0, T ;Rd

)
, j (0) = 0,

(c) x (t) + j (t) = x0 +m (t) , t ∈ [0, T ] ,

(d)

∫ t

s
〈y (r)− x(r), dj (r)〉+

∫ t

s
ϕ (x (r)) dr ≤

∫ t

s
ϕ (y (r)) dr,

for all 0 ≤ s ≤ t ≤ T and all y ∈ C
(
[0, T ] ;Rd

)
.

Proposition 2.8 Let ϕ be a convex function as above and we suppose that, in ad-
dition, it satisfies H(ϕ) : int(D(ϕ)) 6= ∅. Then the variational inequality (2.1) has
a unique solution (x, j). Moreover, if M is a bounded and equicontinuous subset of
C
(
[0, T ] ;Rd

)
, then one can find a positive constant CM (for explicit form of this

constants see [13], Proposition 4.16) such that:
1. If m ∈M and (x, j)=GS (∂ϕ;x0,m), then

‖x‖2T + ljlT ≤ CM. (2.2)

2. If m, m̂ ∈M, (x, j) = GS (∂ϕ;x0,m) and (x̂, ̂) = GS (∂ϕ; x̂0, m̂), then ‖x− x̂‖2T ≤
CM(|x0 −x̂0|2 +‖m− m̂‖T ).

3. The mapping m 7→ x
def
= Fx0(m) is a continuous one from C([0, T ];Rd) into

C([0, T ];D(ϕ)).

3 Generalized Skorohod problem with Clarke subdifferential operator

In this section we recall the main multivalued differential equation (1.3), we give the
definition of its solution and we present the assumptions on the function φ and on the
multivalued operator G, then we will provide the existence and uniqueness results.

Consider the multivalued equation
{
dx(t)+∂ϕ(x(t))dt+ ∂Cφ(x(t))dt+G(t, x(t))dt 3 dm(t), t ∈ [0, T ],

x(0) = x0 ∈ D(∂Cφ) ∩D(ϕ),
(3.1)

where ∂Cφ is the Clarke subdifferential operator associated to the function φ, ∂ϕ is
the classical subdifferential operator associated to a convex, l.s.c function ϕ, G (t, x)
is a time dependent multivalued operator on Rd and m : [0, T ] → Rd is a continuous
function.

We suppose that there exist positive constants c and M such that




i) |∂Cφ (x)| ≤ c(1 + |x|), for all x ∈ Rd;
ii) ∀x1, x2 ∈ Rd, ∀y1 ∈ ∂Cφ (x1) , ∀y2 ∈ ∂Cφ (x2) ,

〈x1 − x2, y1 − y2〉 ≥ −M |x1 − x2|2
(3.2)

and {
i) ϕ : Rd →]−∞,+∞] is a proper convex l.s.c. function

ii) int(Dom(ϕ)) 6= ∅. (3.3)
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6 Anouar M. Gassous

Definition 3.1 A multivalued mapping G : [0, T ] × D (ϕ) ⇒ Rd is said to satisfy
conditions (R), if the following conditions hold:

(a) for almost all t in [0, T ] , the mapping x→ G (t, x) is multivalued u.s.c. from D (ϕ)
to Rd, with convex values.
(b) for all x ∈ D (ϕ), the mapping t→ G (t, x) is multivalued measurable from [0, T ] to

Rd (i.e., for all χ ∈ Rd and all x ∈ D (ϕ), the function υx,χ : t→ sup {〈y, χ〉 : y ∈ G(t ,
x)} is measurable on [0, T ]).
(c) there exist two functions γ and δ from Lploc (0, T ), with 1 ≤ p ≤ ∞, such that for

almost all t ∈ [0, T ] and all x ∈ D (ϕ), supy∈G(t,x) |y| ≤ γ(t)|x|+ δ(t).

We suppose that the multifunction G : I × D (ϕ) → Rd satisfies both the con-
dition (R) and the following one-sided Lipschitz continuous condition: there exists
η ∈ L1 ([0, T ] ,R+) such that, for every x, y ∈ Rd, t ∈ [0, T ] and u ∈ G (t, x) ,
v ∈ G (t, y) we have

〈v − u, y − x〉 ≥ −η (t) |x− y|2 . (3.4)

We introduce now the notion of solution for our equation.

Definition 3.2 Given two functions x, l : [0, T ]→ Rd and a locally Lipschitz function
f , we say that dl(t) ∈ ∂Cf(x(t))(dt), if for all T ≥ 0,

(a) x, l : [0, T ]→ Rd are continuous,
(b) l ∈ BVloc

(
R+;Rd

)
, l (0) = 0,

(c)

∫ t

s
〈v (r) , dl (r)〉 ≤

∫ t

s
fo (x (r) , v (r)) dr,

for all 0 ≤ s ≤ t ≤ T and v ∈ C
(
[0, T ] ;Rd

)
.

(3.5)

Definition 3.3 Given two functions x, g :[0,+∞)→Rd we say that dg(t)∈∂ϕ(x(t))(dt)
on R+ if, for all T > 0,

(a) x ∈ C([0, T ];Rd), g ∈ BV ([0;T ];Rd), g(0) = 0;

(b)
∫ T
0
ϕ(x(t))dt <∞, for all T ≥ 0,

(c)
∫ t
s 〈y(r)− x(r), dg(r)〉+

∫ t
s ϕ(x(r))dr ≤

∫ t
s ϕ(y(r))dr,

for all 0 ≤ s ≤ t ≤ T and y ∈ C([0, T ];Rd).

By fo (x (r) , v (r)) we denoted the generalized directional derivative of f at x (r) in
the direction v (r), that is

fo (x (r) ; v (r)) = lim sup
y→x(r),δ↓0

f (y + δv (r))− f (y)

δ
.

Definition 3.4 A triplet of function (x, j, l) is called a solution of the evolution in-
clusion with Clarke subdifferential (3.1) if x, j, l : [0, T ]→ Rd are continuous, and

i) x (t) ∈ D (ϕ),∀t ≥ 0,
ii) j, l ∈ BV

(
[0, T ] ;Rd

)
, with j (0) = l (0) = 0,
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A Skorohod problem driven by Clarke subdifferential 7

iii) x (t) + j (t) + l (t) +
∫ t
0
β (s) ds = x0 +m (t) ,

iv) dj(t) ∈ ∂ϕ(x(t))(dt), dl(t) ∈ ∂Cφ(x(t))(dt) and β(t) ∈ G(t, x(t)).

Remark 3.1 Assertion (3.5−c) is equivalent to

〈z, l (t)− l (s)〉 ≤
∫ t

s
fo (x (r) , z) dr, for all z ∈ Rd,

because
∫ t
s 〈v(r), dl(r)〉 = limn→∞

∫ t
s 〈v( bnrcn ), dl(r)〉 and

∫ t
s f

o(x(r),

v(r))dr = limn→∞
∫ t
s f

o(x(r), v( bnrcn ))dr, where bxc represents the integer part of x.

In order to prove the existence and uniqueness of the solution for the multivalued
equation (3.1), we first prove the following auxiliary theorem.

Theorem 3.5 Let G be a time dependent multivalued operator on Rd satisfying con-
ditions (R), ϕ satisfying (3.3) and m ∈ M (M defined in Proposition 2.8). Then the
following variational inequality admits a solution (x, j) on [0, T ] :

dx (t) + ∂ϕ (x (t)) dt+G (t, x (t)) dt 3 dm (t) , x (0) = x0. (3.6)

More precisely:
(1) there exists a measurable selection β : [0, T ] → Rd such that β (t) ∈ G (t, x (t))

almost everywhere in [0, T ];
(2) (x, j) is a solution of dx (t) + ∂ϕ (x (t)) dt 3 dm (t)− β (t) dt, x (0) = x0, in the

sense of Definition 2.7.

Proof. We give just the main lines of the proof since it is very similar to the one from
the smooth case found in Attouch and Damlamian [1].

We define the operator Gp : Lp
(
0, T ;Rd

)
⇒ Lp

(
0, T ;Rd

)
with y ∈ Gp (x) , meaning

that x (t) ∈ D (ϕ) a.e. on (0, T ) and y (t) ∈ G (t, x (t)).
Step 1. First we suppose in the conditions (R) , γ ≡ 0. The main idea consists in

proving that the multivalued operator Gp is upper semi-continuous, with nonempty
convex compact values from Lp

(
0, T ;Rd

)
into w − Lp

(
0, T ;Rd

)
, which allowed us

to apply the Kakutani-Glicksberg-Fan fixed point theorem (see the Annex) for an
adequate multivalued equation. First we obviously see that Gp takes its values on
Xδ = {f ∈ Lp

(
0, T ;Rd

)
: |f (t)| ≤ δ (t) a.e.}, which is a bounded closed convex subset

of Lp
(
0, T ;Rd

)
. Consequently, it is compact in w − Lp

(
0, T ;Rd

)
for all p > 1. For

p = 1, the Dunford-Pettis criterion affirms also that Xδ is compact in w−L1
(
0, T ;Rd

)
.

To prove that the operator Gp is nonempty and upper semi-continuous we adopt the
same idea from Attouch and Damlamian [1], Proposition 3.5. Since Rd is separable
we need to prove only that its graph is closed in Lp(0, T ;Rd)× w − Lp(0, T ;Rd) (the
interested reader can consult the proof of Attouch and Damlamian [1], Proposition
3.4).

We remark that a solution of the inequality (3.6) is equivalent to a solution of the

inequality β ∈ G1(Fx0(m −
∫ t
0
β(s)ds)). Since the operator G1 is a multivalued u.s.c

one from Xδ into itself and it has nonempty convex compact values, we can apply the
Kakutani-Glicksberg-Fan fixed point theorem for multivalued upper-semicontinuous
mappings in order to get the result.
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8 Anouar M. Gassous

Step 2. In the general case γ 6≡ 0 we consider O a bounded closed convex neighbor-
hood of x0. Clearly int(O)∩D(∂ϕ) 6= ∅, so, using the result of Rockafellar for maximal
monotone operators (see Rockafellar [17]), we have that (∂ϕ+IO) is again a max-

imal monotone operator and |G(t, x(t))| ≤ γ(t) × sup{|x| : x ∈ O} + δ(t)
def
= δ̂(t) ∈

L1
loc(0, T ). According to the first part of the proof, we obtain a solution x for the

following equation dx(t) + (∂ϕ + ∂IO)(x(t))dt + G(t, x(t))dt 3 dm(t), x(0) = x0, for
t ∈ [0, T ]. From the continuity of x there exists a T1 ≤ T, such that for every t ∈ [0, T1],
x(t) ∈ intO and x is a solution on [0, T1] of dx(t) + ∂ϕ(x(t))dt + G(t, x(t))dt 3
dm(t), x(0) = x0. Using (2.2), one can extend the solution to the right side of T1,
which concludes the proof. ut

Theorem 3.6 If φ satisfies the assumptions (3.2), ϕ satisfies (3.3) and G verifies con-
dition (R) and (3.4), then there exists at least one solution (x, j, l) for the multivalued
equation (3.1). Moreover, ifM is a bounded and equicontinuous subset of C([0, T ];Rd),
then there exists a positive constant C0,M = C0(‖M‖T , n0, u0, r0) (the constants are
explained in the proof) such that:

1. If m ∈M and (x, j, l) is a solution of (3.1), then

‖x‖2T + ljlT + lllT ≤ C0,M(1 + |x0|2). (3.7)

2. If (x1, j1, l1), (x2, j2, l2) are two solutions of (3.1) corresponding respectively to the
singular inputs m1, m2 and, respectively to the initial data x1,0, x2,0, then

‖x1 − x2‖ ≤ C0,M (1 + |x1,0|+ |x2,0|) (|x1,0 − x2,0|+ ‖m1 −m2‖1/2T ). (3.8)

In particular, if x1,0 = x2,0 and m1 = m2, then we obtain the uniqueness of the
solution.

3. For every solution (x, j, l) with initial data x0 ∈ D (ϕ) and singular input dm(t),

the mapping (x0,m)→ x : D (ϕ)× C
(
[0, T ] ;Rd

)
→ C([0, T ] ;D (ϕ)) is continuous.

Proof. From Lemma 2.6 and the assumptions (3.2), the multivalued operator ∂Cφ (x)+
G(t, x) satisfies conditions (R). Therefore we can use Theorem 3.5 to obtain the exis-
tence result.

Let’s now prove the estimates (3.7). Letting (x, j, l) be a solution of (3.1) and u0 ∈
int (D (ϕ)) fixed, one has

|x (t)−m (t)− u0|2 + 2

∫ t

0

〈x (r)− u0, dj (r) + dl (r) + β (r) dr〉

= |x0 − u0|2 + 2

∫ t

0

〈m (r) , dj (r) + dl (r) + β (r) dr〉 .
(3.9)

Also, there exists r0 ∈ ]0, 1] such that B(u0, r0) ⊂ Dom(ϕ) and r0 ljlt ≤
∫ t
0
〈x(r)−u0,

dj(r)〉+
∫ t
0

[b0 + b0 |x (r)− u0|] dr, where b0
def
= sup{|û| : û ∈ ∂ϕ(u0 +u), |u| ≤ r0} (see

Pardoux and Răşcanu [13], Remark 4.15).

Using assumptions (3.4) for G, we have that, for all |v| ≤ 1, 〈β̂(t) − β(t), x −
u0 − r0v〉 ≤ η(t)|x − u0 − r0v|2, where β̂ ∈ G(t, u0 + r0v(t)), and we have |β̂| ≤
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A Skorohod problem driven by Clarke subdifferential 9

γ(t)|u0 + r0v|+ δ(t). As consequence

r0〈β(t), v〉+ 〈x− u0,−β(t)〉
≤ η(t)|x− u0 − r0v|2 + (γ(t)|u0 + r0v|+ δ(t))|x− u0 − r0v|
≤ c(η(t) + 1)(|x− u0|2 + |r0|2) + cu0,r0(γ2(t) + δ2(t))

≤ c(η(t) + 1)(|x− u0|2) + cu0,r0(γ2(t) + δ2(t) + η(t)).

Taking the supremum over |v| ≤ 1, we get that

r0|β(t)|+ 〈x− u0,−β(t)〉 ≤ c(η(t) + 1)(|x− u0|2)

+ cu0,r0(γ2(t) + δ2(t) + η(t)).

On the other hand, from Lemma 2.4−(d) and the hypotheses ((Hφ) − i), we get
|f0(x; v)| ≤ c|v|(1 + |x|). Therefore,

lllt = sup
||v||T≤1

∫ t

0

〈v (r) , dl (r)〉 ≤ sup
||v||T≤1

∫ t

0

f0 (x (r) , v (r)) dr

≤
∫ t

0

c (1 + |x (r)|) dr,

which implies

∫ t

0

〈x (r)− u0,−dl (r)〉 ≤ ‖x− u0‖t
∫ t

0

c(1 + |x(r)|)dr
∫ t

0

c[‖x− u0‖2t + (1 + |u0|)‖x(r)− u0‖t]dr.

Replacing in the last equation (equation 3.9), we obtain

|x (t)−m (t)− u0|2 + 2r0 ljlt + 2r0 lllt + 2r0

∫ t

0

|β (r)| dr

≤ |x0 − u0|2 + 2

∫ t

0

〈m (r) , dj (r) + dl (r) + β (r) dr〉

+ C

∫ t

0

(η(r) + 1)‖x− u0‖2rdr,

where C is a positive constant depending on u0, r0, b0.
We consider now the following subdivision of the interval [0, T ], 0 = t0 < t1 <
· · · < tn0 = T, ti+1 − ti ≤ T

n0−1 , such that tk = t, and T
n0

+ mM( Tn0
) ≤ r0

4 (mM(ε) =

sup{mm(ε) : m ∈M}), with m is the modulus of continuity of the continuous function
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10 Anouar M. Gassous

m. We have
∫ t

0

〈m (r) , dj (r) + dl (r) + β (r) dr〉

=
k−1∑

i=0

∫ ti+1

ti

〈m (r)−m (ti) , dj (r) + dl (r) + β (r) dr〉

+
k−1∑

i=0

〈
m (ti) , j (ti+1)− j (ti) + l (ti+1)− l (ti) +

∫ ti+1

ti

β (r) dr

〉

≤mM

(
T

n0

)(
ljlt + lllt +

∫ t

0

|β (r)| dr
)

+
k−1∑

i=0

〈m (ti) ,m (ti+1)− x (ti+1) + u0 −m (ti) + x (ti)− u0〉

≤ r0
2
ljlt +

r0
2
lllt +

r0
2

∫ t

0

|β (s)| ds+ 2n0 ‖m‖t ‖x−m− u0‖t .

We use the fact that 1
2 |x (t)− u0|2 − ‖m‖2t ≤ |x (t)−m (t)− u0|2 , to get that

1

2
|x (t)− u0|2 + r0 ljlt + r0 lllt + r0

∫ t

0

|β (r)| dr ≤ |x0 − u0|2 + ‖m‖2t

+ 4n0 ‖m‖t ‖x−m− u0‖t + C

∫ t

0

(η(r) + 1)‖x− u0‖2rdr.

It follows 1
2 |x (t) − u0|2 + r0 ljlt + r0 lllt ≤ |x0 − u0|2 + C (n0) ‖M‖2T + C

∫ t
0
(η(r) +

1)‖x− u0‖2rdr, where ‖M‖T
def
= sup {‖y‖T , y ∈M} . Using Gronwall’s inequality we

obtain the estimates (3.7).
Let’s prove now the uniqueness of the solution. Let (x1, j1, l1) and (x2, j2, l2) be

two solutions of (3.1), with dji (t) ∈ ∂ϕ (xi) (dt) and dli (t) ∈ ∂Cφ (xi) (dt) such that
dxi (t) + dji (t) + dli (t) + βi (t) dt = dmi (t) , i = 1, 2.

Then we have:

|x1 (t)−m1 (t)− x2 (t) +m2 (t)|2 = |x1,0 − x2,0|2

− 2

∫ t

0

〈x1 (r)− x2 (r) , dj1 (r)− dj2 (r)〉

− 2

∫ t

0

〈x1 (r)− x2 (r) , (dl1 (r)− dl2 (r)) + (β1 (r)− β2 (r)) dr〉

+ 2

∫ t

0

〈m1(r)−m2(r),+(dj1(r)− dj2(r)) + (dl1(r)− dl2(r)) + (β1 − β2)dr〉

≤ |x1,0 − x2,0|2 + 2

∫ t

0

(M + η (r)) |x1 (r)− x2 (r)|2 dr + 2 ‖m1 −m2‖T ×
(
lj1lT + lj2lT + ll1lT + ll2lT +

∫ t

0

(γ(r) + δ(r))dr (1+ ‖x1‖T + ‖x2‖T )

)
.
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A Skorohod problem driven by Clarke subdifferential 11

Using the inequality

|x1 (t)−m1 (t)− x2 (t) +m2 (t)|2 ≥ 1

2
|x1 (t)− x2 (t)|2 − ‖m1 −m2‖2T

and the estimates (3.7), we conclude, as in [16], (3.8) and the uniqueness clearly
follows.

Now let’s prove the assertion 3. For n ∈ N∗, we take x0,n ∈ D (ϕ), mn ∈ C([0, T ];
Rd) and (xn, jn, ln) the corresponding solution of the multivalued equation (3.1) with
initial data x0,n, and singular input mn, such that

x0,n → x0 in Rd, mn → m in C
(

[0, T ] ;Rd
)
.

Since the set M = {m,m1,m2, . . .} is a relatively compact subset of C
(
[0, T ] ;Rd

)
,

then, by (3.7), we have

‖xn‖2T + ljnlT + llnlT ≤ R = C0,M
(
1 + |x0|2

)
,

and by the estimates (3.8), it follows

‖xn − xj‖T ≤ C0,M
(
|x0,n − x0,j |+ ‖mn −mj‖1/2T

)
.

Hence there exists x ∈ C
(
[0, T ] ;Rd

)
such that xn −→

n→∞
x in C([0, T ] ;D (ϕ)).

Since llnlT ≤ R, there exists a function l ∈ BV
(
0, T ;Rd

)
such that ln

w∗→ l in

BV
(
0, T ;Rd

)
and we have, for all v ∈ C ([0, T ] ;H) ,

∫ t

0

〈v (r) , dl (r)〉 = lim
n→∞

∫ t

0

〈v (r) , dln (r)〉 ≤ lim
n→∞

∫ t

0

φo (xn (r) , v (r)) dr

≤
∫ t

0

φo (x (r) , v (r)) dr.

The last inequality derive from the Lebesgue dominated convergence theorem and the
fact that φo (., v) is upper-semicontinuous. Therefore, we get

dl (t) ∈ ∂Cφ (x (t)) (dt) .

The fact that the multivalued operator G is demi-closed in L1
(
0, T ;Rd

)
(see for in-

stance Attouch and Damlamian: 72 [1], Proposition 3.4) and the Lebesgue domi-
nated convergence theorem give us that

∫ t

0

βn (s) ds→
∫ t

0

β (s) ds, ∀t ∈ [0, T ] ,

where βn (t) ∈ G (t, xn) .
Let define now

j (t) = x0 −
∫ t

0

β (s) ds+m (t)− l (t)− x (t) .
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12 Anouar M. Gassous

We have

jn → j in C
(

[0, T ] ;Rd
)
,

where

jn = x0 −
∫ ·

0

βn (s) ds+mn − ln − xn.

By Helly-Bray theorem, we conclude that j ∈ BV
(
[0, T ] ;Rd

)
and

0 ≤
∫ t

s
〈xn (r)− y, djn (r)− y∗dr〉 →

∫ t

s
〈x (r)− y, dj (r)− y∗dr〉 ,

for all (y, y∗) ∈ ∂ϕ and 0 ≤ s ≤ t ≤ T , which means that dj (t) ∈ ∂ϕ (dt) . As
consequence, the limit (x, j, l) is a solution to the multivalued equation (3.1), which
completes our proof. ut

4 Application: stochastic variational inequality with Clarke subdifferential

In this section we formulate the result of existence and uniqueness of the solution for
the SVI (4.1). In the first theorem we prove the uniqueness, the main idea consist
of applying Proposition 5.6 for the difference of two solutions. In the second theo-
rem, we prove the existence of the solution, by making appeal to the result from the
deterministic framework (Theorem 3.6).

Let (Ω,F ,P, {Ft}t≥0) be a complete stochastic basis and {Bt, t ≥ 0} a k− dimen-

sional Brownian motion. We define, for p ≥ 0, Spd [0, T ], the space of progressively

measurable and continuous stochastic processes X : Ω × [0, T ]→ Rd such that

E sup
t∈[0,T ]

|Xt|p < +∞, if p > 0,

and Λpd (0, T ) the space of progressively measurable processes X : Ω × [0, T ] → Rd,
such that

∫ T
0
|Xt|2 dt < +∞, P− a.s. ω ∈ Ω, if p = 0 and E(

∫ T
0
|Xt|2 dt)p/2 < +∞, if

p > 0.
We consider now the stochastic variational inequality

{
dXt+∂ϕ(Xt)dt+∂Cφ(Xt)dt+G(t,Xt)dt 3 Q(t,Xt)dBt, t ∈ [0, T ],

X0 = ξ ∈ D(ϕ).
(4.1)

where φ satisfies the assumptions (3.2) and G satisfies condition (3.4). We assume
also that Q (., ., x) : Ω × [0, T ] → Rd×k is a Carathéodory function and satisfies the
following conditions: there exists ` ∈ L2

loc (R+) such that




|Q(t, x)−Q(t, y)|≤`(t)|x− y|,∀x, y ∈ Rd (Lipschitz condition),∫ T

0

|Q(t, 0)|2dt <∞, P− a.s. ω ∈ Ω (boundedness condition).
(4.2)

We introduce below the notion of solution for the stochastic variational inequality
(4.1).
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Definition 4.1 A quadruple (X, J,K, β) of Rd−valued stochastic processes is a solu-
tion of (4.1) if the following conditions are satisfied, P− a.s. ω ∈ Ω, for every T > 0 :

d1) X,J,K, β ∈ S0
d [0, T ] , J0 = K0 = 0,

d2) Xt ∈ D (ϕ), a.e., lJlT <∞ and lKlT <∞,
d3) βt ∈ G (t,Xt), a.e.,

d4) Xt + Jt +Kt + βt = ξ +
∫ t
0
Q (s,Xs) dBs, ∀t ≥ 0,

d5)
∫ t
sφ

o (Xr, v (r)) dr ≥
∫ t
s 〈v (r) , dKr〉 ,∀v ∈ C

(
[0, T ] ,Rd

)
,∀0 ≤ s ≤ t ≤ T,

d6)
∫ t
s 〈y (r)−Xr, dJr〉 +

∫ t
sϕ (Xr) dr ≤

∫ t
sϕ (y (r)) dr, ∀y ∈ C

(
[0, T ] ,Rd

)
, ∀0 ≤ s ≤

t ≤ T.
Theorem 4.2 (Uniqueness) Let the assumptions (3.2), (3.4) and (4.2) be satisfied

and suppose that (X, J,K, β) , (X̂, Ĵ , K̂, β̂) are two solutions of the SVI (4.1), cor-

responding, respectively, to the initial conditions ξ, ξ̂ ∈ L0(Ω,F0,P;D (ϕ)). Letting

p ≥ 1, if ξ = ξ̂, P− a.s. ω ∈ Ω, then P–a.s. ω ∈ Ω
Xs = X̂s, Js = Ĵs, Ks = K̂s, βs = β̂s, for all s ∈ [0, T ] .

Proof. Taking in account assumptions (3.4), the stochastic differential inequality (4.1)
can be written in the following form:

dXt + dJt + dKt + βtdt 3 Q(t,Xt)dBt,

where Jt,Kt are two bounded variation stochastic processes such that dJt∈∂ϕ(Xt)(dt),
dKt ∈ ∂Cφ(Xt)(dt) and βt ∈ G(t,Xt),∀t ∈ [0, T ],P− a.s.ω ∈ Ω.

Consider (X, J,K, β) and (X̂, Ĵ , K̂, β̂) two solutions of the SDE (4.1) and we can
write

Xt − X̂t = ξ − ξ̂ +

∫ t

0

dKr +

∫ t

0

QrdBr,

where

Kt = −(Jt − Ĵt)− (Kt − K̂t)−
∫ t

0

[
βr − β̂r

]
dr and

Qr = Q (r,Xr)−Q(r, X̂r).

Using the assumptions (3.2), (3.4) and (4.2), we obtain
〈
Xr − X̂r, dKr

〉
+

1

2
|Qr|2 dr ≤ |Xr − X̂r|2dVr,

where

Vt = Mt+

∫ t

0

(
η+ (r) +

1

2
`2 (r)

)
dr.

Finally, using Proposition 5.6, we infer that

E
e−2Vs |Xr − X̂r|2
1 + e−2Vs |Us|2

≤ E
e−2V0 |ξ − ξ̂|2

1 + e−2V0 |ξ − ξ̂|2
,

and, by the continuity of X and X̂, we conclude that, P− a.s. ω ∈ Ω,

Xt = X̂t, for all t ∈ [0, T ] ,

which yields also that βt = β̂t, Jt = Ĵt and Kt = K̂t. ut
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Proposition 4.3 Let ξ ∈ L0(Ω,F0, P ;D (ϕ)). If M ∈ S0
d [0, T ] , M0 = 0, then the

stochastic differential equation
{
dXt + ∂ϕ (Xt) dt+ ∂Cφ (Xt) dt+G(t,Xt)dt 3 dMt, t ∈ [0, T ] ,

X0 = ξ.
(4.3)

admits a unique solution (X, J,K, β) ∈ S0
d [0, T ]×S0

d [0, T ]×S0
d [0, T ]×L0(Ω;L1([0, T ]

; Rd)). In the particular case when M is an Itô integral (i.e. Mt =
∫ t
0
Q(s,Xs)dBs :=∫ t

0
QsdBs), if there exist p ≥ 2 and u0 ∈ int (Dom (∂ (ϕ))) satisfying

E |ξ|p + E
(∫ T

0

|βt,u0 | dt
)p

+ E
(∫ T

0

|Q (t, u0)|2 dt
)p/2

< +∞, (4.4)

with βt,u0 ∈ G(t, u0), then (X,K, β)∈Spd [0, T ]×(S
p/2
d [0, T ]∩Lp/2(Ω;BV ([0, T ], Rd)))×

Lp(Ω;L1([0, T ];Rd)).
Proof. For ω ∈ Ω fixed, we conclude, using Theorem 3.6, that there exists a unique

solution (X. (ω) , J. (ω) ,K. (ω) , β. (ω)) ∈ C
(
[0, T ] ;Rd

)
×
(
C
(
[0, T ] ;Rd

))2×L1([0, T ];

Rd). Since the process M is progressively measurable and the mapping (ξ,M) →
X : D(ϕ) × C([0, t]; Rd) → C([0, t];D(ϕ)) is continuous, for each t ≤ T , then X is
progressively measurable. Therefore X ∈ S0

d [0, T ] and J,K ∈ (S0
d [0, T ])2.

If Mt =
∫ t
0
QsdBs then we can write the equation (4.3) under the following equivalent

form

Xt = ξ +Kt +

∫ t

0

QrdBr, where Kt = −Jt −Kt −
∫ t

0

βrdr.

According to Proposition 5.3, one can find 0 < r0 ≤ 1, with B (u0, r0) ⊂ Dom (∂ (ϕ))
such that

r0d lJlt ≤ 〈Xt − u0, dJt〉+ b0 |Xt − u0|+ b0.

Also, from assumptions (3.4) we have

〈Xt − u0,−βtdt〉 = 〈Xt − u0, βt,u0 − βt〉 dt+ 〈Xt − u0,−βt,u0〉 dt
≤ η (t) |Xt − u0|2 dt+ |βt,u0 | |Xt − u0| dt,

and finally, similar to the proof of Theorem 3.6, we can prove

〈Xt − u0,−dKt〉 ≤ c |Xt − u0|2 dt+ c (1 + |u0|) |Xt − u0| dt.
We have, for all p ≥ 2 and λ > 1,

dDr + 〈Xr − u0, dKr〉+

(
p− 1

2
+ 9pλ

)
|Qr|2 dr ≤ dRr + |Xr − u0| dNr,

where

Dt = r0 lJlt , Rt =

∫ t

0

(b0 +
(p−1

2 + 9pλ
)
|Q(r, u0)|2)dr,

Lt =

∫ t

0

(b0 + |βt,u0 |+ c (1 + |u0|)) dr and

Vt =

∫ t

0

(
c+ η (r) +

(p−1
2 + 9pλ

)
`2 (r)

)
dr.
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Finally, using Proposition 5.7, with λ = 2, we prove that

E sup
t∈[0,T ]

|Xt − u0|p + r
p/2
0 E lJlp/2T

≤ C (p, η (r) , `)

[
E |ξ − u0|p + E

(∫ T

0

(b0 + |βt,u0 |+ c (1 + |u0|)) dt
)p

+E
(∫ T

0

(
b0 +

(p−1
2 + 9pλ

)
|Q (t, u0)|2

)
dt

)p/2]
.

Taking into account assumption (4.4) it follows X ∈ Spd [0, T ], and K ∈ Sp/2d [0, T ] ∩
Lp/2(Ω;BV ([0, T ],Rd)). ut

Theorem 4.4 If assumptions (3.2), (3.4) and (4.2) are satisfied, then the SVI (4.1)
has a unique solution (X, J,K, β) ∈ S0

d [0, T ]×(S0
d [0, T ])2×L0(Ω;L1([0, T ];Rd)). More-

over, if there exist p ≥ 2 and u0 ∈ int(Dom(∂ϕ)) such that, for all T ≥ 0,

E |ξ|p + E
(∫ T

0

|βt,u0 | dt
)p

+ E
(∫ T

0

|Qt|2 dt
)p/2

< +∞, (4.5)

then (X,K) ∈ Spd [0, T ]× (S
p/2
d [0, T ] ∩ Lp/2

(
Ω;BV

(
[0, T ] ,Rd

))
).

Proof. The uniqueness was proved in Theorem 4.2. For the existence of the solution
we will split the proof in two steps.

Step 1. We assume that condition (4.5) holds. Let U ∈ Spd [0, T ]. Clearly we have

Q (·, U.) ∈ Λpd (0, T ). Considering the previous Proposition with M. =
∫ ·
0
Q (s, Us) dBs,

the equation




Xt + Jt +Kt +

∫ t

0

βrdr = ξ +

∫ t

0

Q(r, Ur)dBr, t ∈ [0, T ] ,

dJt ∈ ∂ϕ (Xt) dt, dKt ∈ ∂Cφ (Xt) dt, βr ∈ G(t,Xt).
(4.6)

admits a unique solution (X, J,K, β) ∈ Spd [0, T ] × (S
p/2
d [0, T ] ∩ Lp/2(Ω;

BV ([0, T ],Rd)))2 × Lp(Ω;L1([0, T ];Rd)).
Define Γ : Spd [0, T ] → Spd [0, T ], by Γ (U) = X, where X ∈ Spd [0, T ] is the solution

of (4.6). We will prove that Γ is a contraction on Spd [0, T ]. Letting U, Û ∈ Spd [0, T ],

we take X = Γ (U) and X̂ = Γ (Û) and we have X − X̂ = Kt +
∫ t
0
QrdBr, where

Kt = −(Jt − Ĵt) − (Kt − K̂t) −
∫ t
0
[βr − β̂r]dr and Qr = Q(r, Ur) − Q(r, Ûr). We can

write now〈Xr−X̂r, dKr〉+ 1
2 |Qr|2dr ≤ dRt+|Xr−X̂r|2dVr, with Vt = Mt+

∫ t
0
η+ (r) dr,
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and Rt =
∫ t
0
1
2`

2 (r) |Ur − Ûr|2dr. Let a > 0. Using Proposition 5.7, we obtain

e−pat × E
∥∥∥e−V (X − X̂)

∥∥∥
p

t

≤ e−pat × CpE
(∫ t

0

e−2V (r)l2 (r) |Ur − Ûr|2dr
)p/2

≤ e−pat × CpE
(∫ t

0

l2 (r) ||e−V (U − Û)||2rdr
)p/2

≤ e−pat × Cp
(∫ t

0

e2are−2arl2 (r)
(
E||e−V (U − Û)||pr

)2/p
dr

)p/2

≤ ρ (a) sup
r∈[0,T ]

(
e−patE||e−V (X − X̂)||pr

)
,

where

ρ (a) = Cp sup
t∈[0,T ]

(
e−2at

∫ t

0

e2arl2 (r) dr

)p/2
.

Consider the supremum over t ∈ [0, T ] and we get

|||Γ (U)− Γ (Û)||| ≤ (ρ (a))1/p |||U − Û |||,

where the norm |||.||| is defined by |||X||| = supt∈[0,T ] e
−at[(E||e−VX||pt )1/p].

Since lima→∞ ρ (a) = 0 then Γ is a strict contraction for a large enough. Using
the Banach’s fixed point theorem, we conclude that there exists a unique solution for

the equation (4.1) such that (X, J,K, β) ∈ Spd [0, T ]× (S
p/2
d [0, T ] ∩ Lp/2(Ω; BV ([0, T ],

Rd)))2 × Lp(Ω; L1([0, T ]; Rd)).
Step 2. We will prove the existence on S0

d [0, T ]×(S0
d [0, T ])2×Lp(Ω; L1([0, T ] ;Rd)).

For n ∈ N∗, we consider the stopping time given by

θn = inf

{
t ≥ 0 : |ξ|+

∫ t

0

[
|βr,u0 |+ |Qr|2

]
dr ≥ n

}
.

It is obvious that θn go increasingly to infinity, so accordingly the first step there
exists a unique solution (Xn,Kn, βn) for the following approximating equation




Xn
t + Jnt +Kn

t +

∫ t

0

1[0,θn] (r)βnr dr = ξ1θn>0 +

∫ t

0

1[0,θn] (r)Q(r,Xn
r )dBr,

dJnt ∈ ∂ϕ (Xn
t ) dt, dKn

t ∈ ∂Cφ (Xn
t ) dt, βnr ∈ G(t,Xn

t ), t ∈ [0, T ] .

We have that, for all l ∈ N∗,(Xn+l, Jn+l,Kn+l, βn+l)1θn>01[0,θn] = (Xn ,Jn, Kn,
βn)1[0,θn]1θn>0, which concludes that the processes given, for 0 ≤ t < θn (ω), by
(Xt(ω), Jt(ω),Kt(ω), βt(ω))=1θn>0(Xn

t (ω), Jnt (ω),Kn
t (ω), βnt (ω)) represents a solu-

tion of equation (4.1) and it belong to the space S0
d [0, T ]×(S0

d [0, T ])2×Lp(Ω;L1([0, T ];

Rd)). ut
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5 Annex

Theorem 5.1 (Kakutani-Glicksberg-Fan fixed point theorem) Let K be a non-
empty, compact and convex subset of a locally convex topological vector space. Let
ϕ : K ⇒ K be a multivalued upper-semicontinuous function. If for all x ∈ K, ϕ (x) is
non-empty, convex and compact. Then ϕ has a fixed point.

Theorem 5.2 If A1 and A2 are two maximal monotone operators defined on a real
Hilbert space H and if int(D (A1)) ∩ D (A2) 6= ∅, then A1 + A2 is also a maximal
monotone operator.

Proposition 5.3 Let ϕ : Rd →]−∞,+∞] be a proper convex l.s.c. function such that

int (Dom (ϕ)) 6= ∅. Let (u0, û0) ∈ ∂ϕ, r0 ≥ 0 and b0
def
= sup{ϕ(u0 + r0v) : |v| ≤ 1}.

Then, for every continuous functions x, k : R+ → Rd, with k ∈ BV
(
R+,Rd

)
, such

that dk (t) ∈ ∂ϕ (x (t)) dt, we have, for all 0 ≤ s ≤ t,

r0 (lklt − lkls) +

∫ t

s
ϕ(x(r))dr ≤

∫ t

s
〈x (r)− u0, dk (r)〉+ (t− s) b0, (5.1)

and

r0 (lklt − lkls) +

∫ t

s
|ϕ(x(r))− ϕ (u0)| dr ≤

∫ t

s
〈x (r)− u0, dk (r)〉

+

∫ t

s
(2 |û0| |x(r)− u0|+ b0 − ϕ (u0)) dr. (5.2)

Proposition 5.4 Let k ∈ N∗, consider xk, x continuous function from [0, T ] into Rd
and let nk ∈ BV

(
[0, T ] ;Rd

)
, n : [0, T ] → Rd. If xk → x ∈ C([0, T ] ;Rd), nk (t) →

n (t) , ∀t ∈ [0, T ] and sup lnklT = R <∞, then n ∈ BV
(
[0, T ] ;Rd

)
, lnlT ≤ R, and

∫ t

s
〈xk (r) , dnk (r)〉 →

∫ t

s
〈x (r) , dn (r)〉 , as k −→∞,

for all 0 ≤ s ≤ t ≤ T .

5.1 Useful inequalities

Proposition 5.5 Let x ∈ BVloc
(
[0,∞[ ;Rd

)
and V ∈ BVloc ([0,∞[ ;R) be two contin-

uous functions. Consider R, N : [0,∞[→ [0,∞[ two continuous increasing functions.

If 〈x (t) , dx (t)〉 ≤ dR (t) + |x (t)| dN (t) + |x (t)|2 dV (t) as signed measures on [0,∞[,
then for all 0 ≤ t ≤ T ,

||e−V x||[t,T ] ≤ 2

[
|e−V (t)x (t) |+

(∫ T

t
e−2V (s)dR (s)

)1/2

+

∫ T

t
e−V (s)dN (s)

]
. (5.3)
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If R = 0 then, for all 0 ≤ t ≤ s,

|x (s)| ≤ eV (s)−V (t) |x (t)|+
∫ s

t
eV (s)−V (r)dN (r) . (5.4)

Remind from Pardoux and Răşcanu [13] an estimate on the local semimartingale
X ∈ S0

d of the form

Xt = X0 +Kt +

∫ t

0

GsdBs, t ≥ 0, P− a.s. ω ∈ Ω, (5.5)

where K ∈ S0
d , K· ∈ BVloc([0,∞[;Rd), K0 = 0,P-a.s. ω ∈ Ω and G ∈ Λ0

d×k. For p ≥ 1

denote mp
def
= 1 ∨ (p− 1) and we have the following important result.

Proposition 5.6 Let X ∈ S0
d be a local semimartingale of the form (5.5). Assume

there exist p ≥ 1 and V a P-measurable, with bounded variation, continuous stochastic
process, V0 = 0, such that, as signed measures on [0,∞[,

〈Xt, dKt〉+
1

2
mp |Gt|2 dt ≤ |Xt|2dVt, P− a.s. ω ∈ Ω. (5.6)

Then, for all δ ≥ 0, 0 ≤ t ≤ s, we have

EFt
|e−VsXs|p

(1 + δ|e−VsXs|2)p/2
≤ |e−VtXt|p

(1 + δ|e−VtXt|2)p/2
, P− a.s. ω ∈ Ω. (5.7)

The next proposition is a generalization of the previous one (for more details see
also Pardoux and Răşcanu [13]).

Proposition 5.7 Let X ∈ S0
d be a local semimartingale of the form (5.5). Assume

there exist three P−measurable, increasing, continuous, stochastic processes D,R,N,
p ≥ 1, λ ≥ 0 and a P−measurable, with bounded variation, continuous stochastic
process V , D0 = R0 = N0 = V0 = 0, such that, as signed measures on [0,∞[, P −
a.s. ω ∈ Ω,

dDt + 〈Xt, dKt〉+ (
1

2
mp + 9pλ) |Gt|2 dt ≤ 1p≥2dRt + |Xt|dJt + |Xt|2dVt.

Then, for all 0 ≤ t ≤ s, we have, P− a.s. ω ∈ Ω,

EFt‖e−VX‖p[t,s] + EFt

∫ s

t
e−pVr |Xr|p−2dDr

+ EFt

(∫ s

t
e−2Vr(dDr + |Gr|2dr)

) p

2

≤ Cp,λ
[
e−pVt |Xt|p + EFt

(∫ s

t
e−2Vr1p≥2dRt

) p

2

(5.8)

+EFt

(∫ s

t
e−VrdNr

)p]
.
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15. Răşcanu, A.; Rotenstein, E. – The Fitzpatrick function-a bridge between convex analysis and
multivalued stochastic differential equations, J. Convex Anal., 18 (2011), 105–138.
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