An. Stiing. Univ. Al I. Cuza Iasi Mat. (N.S.)
Tomul LXII, 2016, f. 2, vol. 1

A Skorohod problem driven by Clarke subdifferential and
applications to SDEs

Anouar M. Gassous

Received: 15.V1.2012 / Accepted: 20.1X.2012

Abstract In this paper we consider the following generalized Skorohod problem with singular input:

{dx (t) + 0 (x (t)) dt + Oc (x (t)) dt + G(t,x (t))dt > dm (t), te€[0,T7], (1)
z (0) = xo,

where m is a continuous function, dc ¢ is the Clarke subdifferential operator associated to a function ¢,
Oy is the subdifferential of a convex, lower semicontinuous function ¢ and G is a multivalued operator
which is upper semicontinuous with respect to x and measurable with respect to t. We provide existence
and uniqueness results for the solution of the deterministic problem, and, as applications, SDEs driven
by a Clarke subdifferential are also envisaged.
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Multivalued operators
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1 Introduction

Since the early sixties, the Skorohod problem was studied, starting with its simplest
form, by many authors. We mention, for instance: SKOROHOD [20], MCKEAN [12],
WATANABE [22], CHALEYAT-MAUREL, EL KAROUI and MARCHAL [5]. Roughly speak-
ing, the simplest form of the Skorohod problem was as follows: Given a continuous
function m : R* — R with m (0) € RT, find two continuous functions =,k : RT — R
such that

i) x(t)+ k(1)

=x0+m(t),t >0,
i) x(t) >0, t>
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2 Anouar M. Gassous

iii) k is a nondecreasing function, k(0) = 0 and k(t) = fg Liz(s)=01dk(s).

The function k is a feedback which forces the solution = to remain in the positive
half space. Later the problem was considered on multidimensional spaces and then
for infinite dimensional spaces. Moreover, the complexity of the domain on which
the solution is forced to remain was steeply generalized, as we can see in TANAKA
[21], LioNs and SzNITMAN [10], SaisHO [18], Dupuls and IsHil [7], CEpA [4]. The
Skorohod problem proved to be useful in practical applications, becoming important
when modeling different phenomena from molecular dynamics, financial mathematics,
games theory, queueing networks and control theory.

In [16], RASCANU considered the Skorohod problem in the following equivalent form

{dx (t) 4 OI1g oo[ (z (1)) (dt) > dm (1),
z(0) =9 € RT,

where 1y o[ denotes the subdifferential operator of Ijg [, Which is the convex indica-
tor function. Some generalizations were fully analyzed by considering the multivalued
Skorohod problem driven by the subdifferential operator of a proper lower semicon-
tinuous function ¢, as we can see below

{da? (t) + 0 (x (t)) (dt) > f(t,z (t))dt +dm (1), (1.1)
z (0) = xo. '

Moreover, he proved an existence and uniqueness result for the more general problem
dz (t) + Az () (dt) > f(t,z (t))dt +dm (t), t € [0,T],

(1.2)
z (0) = xo,

where 4 : R = R? is a maximal monotone operator, not necessary a subdifferential
operator and m, f are as above (see [16]). This short history of the Skorohod problem
and its generalizations, considered on convex domains, can not omit the recent results
obtained by RASCANU, ROTENSTEIN [15] and GASSOUS, RASCANU, ROTENSTEIN |[8].
In the first paper, the authors provided a new approach when dealing with Eq.(1.2), via
convex optimization problems. In the second one, the generalization of the Skorohod
problem with oblique reflection to the form of a variational inequality was studied, in
both the deterministic and the stochastic case. Another interesting generalization have
been made by MATICIUC ET AL. [11] that have proved the existence and uniqueness of
a solution for Eq. (1.2) with the singular input being generated by a cadlag function
m.
The non convex set-up for the Skorohod problem was recently studied by BUCKDAHN
ET AL. in [3] where the generalized Skorohod equation (1.1) is considered with the
Fréchet subdifferential 9~ ¢, and by QIN and XUE in [14], where they considered the
classical subdifferential operator with a Clarke subdifferential operator, by considering
the following equation:

{dx (t) + 0c¢ (z (t)) (dt) + G(t,z (t))dt 30, tel0,T],
z (0) = xo.
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A Skorohod problem driven by Clarke subdifferential 3

Our goal is to obtain a generalization of their results, by studying a multivalued
equation, driven by a classical and Clarke subdifferential at the same time, as follows:

dx(t) + 0p(x(t))(dt) + dop(x(t))(dt)
+G(t,z(t))dt > dm(t),t € [0,T], (1.3)
z(0) = zo.

Adding the singular input dm (¢) allowed us to consider more general entrance data.
This will permit us to study a multivalued stochastic differential equation driven by
Clarke subdifferential operator.

The paper is structured as follows. In the first section we introduce the main as-
sumptions, hypothesis, notations and also we recall several useful results which will
be used in the sequel. In the second section we define the notion of solution for our
main equation and we present the theorems of existence and uniqueness, together with
complete proofs. In the last section we study, as applications, a multivalued stochastic
differential equation driven by the Clarke subdifferential operator.

2 Preliminaries and notations

a) Notations

We will consider on the space RY, with the norm |.| and the scalar product (.,.), the
def

maximal monotone operator A : R? = R%. We denote by [|z[,, = sup,c.<; |z (r)|,
d L .

|z, 2] 1zlljo,71» Thlr = Thljo 1 the total variation of a function h : [0,T] — RY;

i.e., if we denote by A (s,t) the set of subdivisions of the time interval [s,] of the

form s =tg <t1 < .... < tp, =t, we have

n—

T h 3= sup { ‘ :’h(ti_l,_l) —h(t)|: (s=tg <t1 <...< tn:t)eA(s,t)} .

1=

By BV (0, T, Rd) we will denote the space of function with finite total variation.

b) Multivalued operators

Since the main equation (1.3) contains a multivalued operator as a drift, we start
by recalling some useful definitions and properties concerning those operators.

Definition 2.1 A multivalued operator G from a topological space U to another topo-
logical space V is said to be upper semicontinuous if:

- for all w € U, Gu is a compact subset of V;

- for alluw € U, for every V € Vy (Gu), there is a U € Vy (u) such that for all z € U
we have Gz C V', where Vx (x) denote the set of neighborhoods of x in X.

Definition 2.2 A multivalued operator @ : U =V is said to be measurable, if OV :=
{ueU:0(u)NV #0} is measurable, for every closed VC V.

c) Clarke subdifferential

We recall the definition of the Clarke subdifferential operator, then we present some
of its properties. For more details, the interested reader can consult CLARKE [6] or
GUILLAUME [9].
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4  Anouar M. Gassous

Definition 2.3 Let V be a Banach space, f : V — R be Lipschitz near a given

point xg € V, and v a vector from V. We denote by f°(xg,v) the generalized di-
rectional derivative of f at xg in the direction v, defined as follows f°(xo;v) def

limsup, ., 510 w. The Clarke subdifferential of f at xq is defined by

dcf (wo) < {¢ € V™ (6.v) < f° (wov) for allv € V}.

Lemma 2.4 Let f:V — R be Lipschitz near a given point x. Then

(a) The function v — f°(x,v) is finite, positively homogeneous additive and Lips-
chitz.

(b) The function f°(.,.) is upper semicontinuous.

(¢) Ocf (x) is nonempty, conver, weak*-compact subset of V* and ||£||, < K for
every £ € Oc f (z), where K is the Lipschitz constant of f near the point x.

(d) For every v € V, we have f°(z¢,v) = max{(&,v) :§{ € dcf (zo)}.

Remark 2.1 When f is smooth (continuously differentiable), the Clarke subdiffer-
ential dcf () reduces to the singleton {Vf ()}, and, when f is convex, dcf (z)
coincides with the classical 0f (z).

Definition 2.5 We say that a function f is regular at x, if

(i) for all v, f, (z;v) exists;

(ii) for all v, f, (x;v) = f°(x,v), where f, (z;v) = lim;_,q M is the usual
directional derivative.

Remark 2.2 Any locally Lipschitz and convex function is regular, and if fi; and fo
are regular at z, then do(f1 + f2)(x) = Oc fi(z) + Oc f2(x).

We remind the following Lemma from SCHIROTZEK ([19], Proposition 7.3.8).

Lemma 2.6 The Clarke subdifferential mapping Oc f () : V.= V* is norm-to-weak*
upper semicontinuous, that is for any x € V and U a weak* open subset of V* contain-
ing dc f (x), and x,, a sequence of V, with x, — x asn — 0o, one has ¢ f (xy,) C U,
for n large enough.

d) Variational inequalities in Skorohod problem

We will recall a result of existence and uniqueness for the generalized Skorohod
problem below, written under the form of a variational inequality, for details we invite
the reader to see the papers of BARBU, RASCANU [2] or RASCANU [16]:

(2.1)

{dm (t)+ 0p (z(t)) (dt) > dm(t), t €[0,T7],
z(0) = zo € D (0p) = D (p),

where m : [0, T] — R? is a continuous function, ¢ : R — |—oc, +0oc] is a convex lower
semi-continuous function, with d¢ : R = R? its subdifferential operator, defined
by O def {z* e R?: (z*, 2 — ) + ¢ (z) < ¢ (2)}. Denote Dom(p) = D(p) = {z €
RY : p(z) < +oo} and Dom(d¢) = D(9p) = {x € R? : dp(z) # 0}. We have
Dom(p) = Dom(d¢) and int(D(yp)) = int(D(0y)).

288



A Skorohod problem driven by Clarke subdifferential 5

Definition 2.7 A pair (
(and we denote it by (x

z,j
(a) , j:[0,T are continuous,
(b) 37(75) €D (p), j€ BV (0,T;RY), j(0)=0,
© i =m im0
@ [ -am)di)+ [ o< [oue)a
’ forallOSsSiST cmdallyseC([O,T};Rd).

, ) a solution of the generalized Skorohod problem (2.1)
= (8SO7 Zo,m )) Zf
R

8
¢

Proposition 2.8 Let ¢ be a convex function as above and we suppose that, in ad-
dition, it satisfies H(p) : int(D(¢)) # 0. Then the variational inequality (2.1) has
a unique solution (x,7). Moreover, if M is a bounded and equicontinuous subset of
C ([O,T} ;Rd), then one can find a positive constant Caq (for explicit form of this
constants see [13], Proposition 4.16) such that:

1. If m € M and (z,7)=GS (0p; xg,m), then

)7 + 3537 < O (2.2

2. If mym € M, (x,5) = GS (Dp; w0, m) and (%,7) = GS (Op; 2o, ), then ||z — &7 <
Crm(lwo —Zol? +lm — ml|r).

3. The mapping m — x = Fyo(m) is a continuous one from C([0,T];RY) into

C((0,T1; D(p))-

~—

3 Generalized Skorohod problem with Clarke subdifferential operator

In this section we recall the main multivalued differential equation (1.3), we give the

definition of its solution and we present the assumptions on the function ¢ and on the

multivalued operator G, then we will provide the existence and uniqueness results.
Consider the multivalued equation

{mﬁﬂ@ﬂﬂﬂMhH%MdﬂMHG@w@MﬁammmteMTL
(

0) = zo € D(0cd) N D(y), (3.1)

where Jc¢ is the Clarke subdifferential operator associated to the function ¢, dyp is
the classical subdifferential operator associated to a convex, l.s.c function ¢, G (t, z)

is a time dependent multivalued operator on R? and m : [0,T] — R? is a continuous
function.
We suppose that there exist positive constants ¢ and M such that

i) |0c¢ (x)] <c(1+|z]), forall x € R%
’LZ) V.’L‘l, To € Rd, Vyl c chb (%1) R Vyg S 8C¢ (.%'2) s (32)
(z1 — 2,51 — y2) = —M |21 — 22|

and

ii) int(Dom(yp)) # 0. (3.3)

{z) ¢ : R? -] — 00, +00] is a proper convex ls.c. function
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6 Anouar M. Gassous

Definition 3.1 A multivalued mapping G : [0,7] x D (p) = R? is said to satisfy
conditions (R), if the following conditions hold:

(a) for almost all ¢ in [0, 7], the mapping # — G (¢, z) is multivalued u.s.c. from D (y)
to R%, with convex values.

(b) for all z € D (), the mapping t — G (¢, z) is multivalued measurable from [0, T’ to
R? (i.e., for all x € R? and all x € D (), the function v, , : t — sup {{y,x) : y € G(¢,

x)} is measurable on [0, 7).
(c) there exist two functions v and ¢ from Lj  (0,T), with 1 < p < oo, such that for

almost all ¢ € [0,T] and all z € D (¢), supye,q) [yl < v(E)|z] + 5(2).

We suppose that the multifunction G : I x D (¢) — R? satisfies both the con-
dition (R) and the following one-sided Lipschitz continuous condition: there exists

n € LY([0,T],R*) such that, for every z,y € R4 t € [0,T] and v € G (t,z),
v € G (t,y) we have
(v —u,y—z) > —n(t) |z -y (3.4)

We introduce now the notion of solution for our equation.

Definition 3.2 Given two functions x,1: [0,T] = R? and a locally Lipschitz function
f, we say that di(t) € Oc f(x(t))(dt), if for all T > 0,

(@) x,01:[0,T] — R? are continuous
(b) 1€ BV (R+,Rd =0,

(0) / (o / f" () dr. (3:5)

forallO<s<t<T andvEC’([O,T];]Rd).

Definition 3.3 Given two functions z, g:[0,400) —R? we say that dg(t) € dp(x(t))(dt)
on Ry if, for all T > 0,

(a) z € C([O T;R%),g € BV([0; T|;R?), g(0) = 0
bfogo ))dt < oo, for all T > 0,

(©) [oly(r) —a(r),dg(r)) + [ ¢(a(r)dr < [ e(y(r))dr,
forallO<3<t<Tcmdy€C([0T]Rd)

By f°(z (r),v (r)) we denoted the generalized directional derivative of f at x (r) in
the direction v (r), that is

7@ ()50 () = limsup LTI = F @),

y—ax(r),0]0 J

Definition 3.4 A triplet of function (x,j,1) is called a solution of the evolution in-
clusion with Clarke subdifferential (3.1) if x,4,1:[0,T] — R? are continuous, and

i) x (t) € D(p),Vt >0,
i) 3,0 € BV ([0,T];R?), with j(0) =1(0) =0,
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A Skorohod problem driven by Clarke subdifferential 7

iii) @ (t) + 5 (t) +1(t) + [38(s)ds = zo +m (1),
) dj(t) € Op(z(t))(dt), di(t) € ded(z(t))(dt) and B(t) € G(t, z(t)).

Remark 3.1 Assertion (3.5—c) is equivalent to

(z,1(t) = 1(s)) < / fo(z(r),z)dr, forall ze R

because [ (v(r),dl(r)) = lim, o0 f;(v(LT ), di(r)) and [*fo(a(r),
v(r))dr = lim, o0 fstfo(x(r), o(2L))dr, where |z represents the integer part of z.

n

In order to prove the existence and uniqueness of the solution for the multivalued
equation (3.1), we first prove the following auxiliary theorem.

Theorem 3.5 Let G be a time dependent multivalued operator on R satisfying con-
ditions (R), ¢ satisfying (3.3) and m € M (M defined in Proposition 2.8). Then the
following variational inequality admits a solution (x,7) on [0,T] :

dz (t) + 90p (z (t))dt + G (t,z (t))dt > dm (t), z(0)= xo. (3.6)

More precisely:

(1) there exists a measurable selection B : [0,T] — R® such that B (t) € G (t,z (t))
almost everywhere in [0,T];

(2) (z,j) is a solution of dx (t) + Op (z (t)) dt > dm (t) — S (t) dt, x (0) = zo, in the
sense of Definition 2.7.

Proof. We give just the main lines of the proof since it is very similar to the one from
the smooth case found in ATTOUCH and DAMLAMIAN [1].

We define the operator G, : LP (O, T, Rd) = L? (0, T; Rd) with y € G, (x) , meaning
that x (t) € D (¢) a.e. on (0,T) and y (t) € G (t,z (t)).

Step 1. First we suppose in the conditions (R), v = 0. The main idea consists in
proving that the multivalued operator G, is upper semi-continuous, with nonempty
convex compact values from LP (O,T; Rd) into w — LP (O,T;Rd), which allowed us
to apply the Kakutani-Glicksberg-Fan fixed point theorem (see the Annex) for an
adequate multivalued equation. First we obviously see that G, takes its values on
Xs={feL?(0,T; RY) 1 |f ()] <6 (t) a.e.}, which is a bounded closed convex subset
of LP (O,T;Rd). Consequently, it is compact in w — LP (O,T; ]Rd) for all p > 1. For
p = 1, the Dunford-Pettis criterion affirms also that X is compact in w— L* (O, T, Rd).
To prove that the operator G, is nonempty and upper semi-continuous we adopt the
same idea from ATTOUCH and DAMLAMIAN [1], Proposition 3.5. Since R? is separable
we need to prove only that its graph is closed in LP(0,T;RY) x w — LP(0,T;R%) (the
interested reader can consult the proof of ATTOUCH and DAMLAMIAN [1], Proposition
3.4).

V>Ve remark that a solution of the inequality (3.6) is equivalent to a solution of the
inequality 8 € G1(Fy,(m — f(f B(s)ds)). Since the operator G is a multivalued u.s.c
one from Xj into itself and it has nonempty convex compact values, we can apply the
Kakutani-Glicksberg-Fan fixed point theorem for multivalued upper-semicontinuous
mappings in order to get the result.
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8 Anouar M. Gassous

Step 2. In the general case v # 0 we consider O a bounded closed convex neighbor-
hood of z. Clearly int(O)ND(d¢) # 0, so, using the result of Rockafellar for maximal
monotone operators (see ROCKAFELLAR [17]), we have that (0p+ Ip) is again a max-

imal monotone operator and |G(t,z(t))| < v(t) x sup{|z| : z € O} + 4(¢) = 5(t) €
L}OC(O,T). According to the first part of the proof, we obtain a solution x for the
following equation dx(t) + (0 + dlp)(z(t))dt + G(t,x(t))dt > dm(t), x(0) = z¢, for
t € [0, T]. From the continuity of = there exists a 71 < T, such that for every ¢ € [0, T1],
z(t) € intO and z is a solution on [0,T1] of dz(t) + dp(x(t))dt + G(t,z(t))dt >
dm(t),xz(0) = zo. Using (2.2), one can extend the solution to the right side of 77,
which concludes the proof. O

Theorem 3.6 If ¢ satisfies the assumptions (3.2), ¢ satisfies (3.3) and G verifies con-
dition (R) and (3.4), then there exists at least one solution (x,j,1) for the multivalued
equation (3.1). Moreover, if M is a bounded and equicontinuous subset of C(]0,T]; R%),
then there exists a positive constant Co pq = Co(||M||1, 10, uo,70) (the constants are
explained in the proof) such that:

1. If m e M and (x,3,1) is a solution of (3.1), then

217+ 2537 + 3137 < Copm(1+ |zol?). (3.7)

2. If (z1, j1, 1), (22, 42, l2) are two solutions of (3.1) corresponding respectively to the
singular inputs my, mo and, respectively to the initial data 10, 22,0, then

1/2
1 — w2l < Comn (1+ |w1,0] + [20]) (J21,0 — 22,0 + [[m1 — mall7?). (3.8)
In particular, if x10 = %20 and m1 = mo, then we obtain the uniqueness of the
solution.

3. For every solution (z,j,1) with initial data xg € D (¢) and singular input dm(t),

)
the mapping (zo,m) — z : D () x C ([0, T];R?) — C([0,T]; D (¢)) is continuous.

Proof. From Lemma 2.6 and the assumptions (3.2), the multivalued operator dc¢ (x)+
G(t, x) satisfies conditions (R). Therefore we can use Theorem 3.5 to obtain the exis-
tence result.

Let’s now prove the estimates (3.7). Letting (z, j,1) be a solution of (3.1) and ug €
int (D (p)) fixed, one has

|z (t) —m (t) — uo|2 + 2/ (x (r) —uo,dj (r)+dl (r) + B (r)dr)
0 (3.9)
= |:c0—u0|2+2/0 (m(r),dj(r)+dl(r)+ B (r)dr).

Also, there exists ro € ]0, 1] such that B(ug,m0) C Dom(yp) and o 5], < f(f(m(r) — ug,

dj(r)) + fg [bo + bo |z (1) — ugl] dr, where by def sup{|@| : & € Op(ug+u), |u] < 1o} (see

PARDOUX and RASCANU [13], Remark 4.15).
Using assumptions (3.4) for G, we have that, for all [v| < 1, (B(t) — B(t),x —
up — rov) < n(t)|x — ug — rov|?, where 8 € G(t,up + rov(t)), and we have || <
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A Skorohod problem driven by Clarke subdifferential 9

(&) |ug + rov| + 0(t). As consequence

ro(B(t),v) + (x —uo, =B(1))

()] = uo — rov[* + (v(1)[uo + rov] + 8(t))|x — uo — rov|
(n(t) + 1)(Jz = uol* + [r0]*) + Cuq,ro (v (1) + 82(t))
(n(t) + 1) (|2 — uo|?) + cug,re (V2(£) +6°(t) + n(t))-

ININ A
a3

C

Taking the supremum over |v| < 1, we get that

rolB()| + (2 — uo, =B(1)) < c(n(t) + 1)(Jz — uol*)
+ Cug,ry (V2 () + 6%() + (1))

On the other hand, from Lemma 2.4—(d) and the hypotheses ((Hy) — i), we get
|fO(z;v)| < e|v|(1 + |x]). Therefore,

g, = sup /Ot< (r),dl(r)) < sup /fO (r))dr

[[o]lr<1 HUIIT<1

S/Oc(l—l—|ac('r)|)dr,

which implies

t

/0 (e (1) — w0 —dl (1)) < [l — woll / e(1+ () dr
/0 el — uoll? + (1 + o) z(r) — wolleldr

Replacing in the last equation (equation 3.9), we obtain

|m(t)—m(t)—u0|2—}—27’01]'@—!—27'0@@—!-27’0/0 |8 ()] dr
<|x0—u0\2+2/ (m (), dj () + dL () + B (r) dr)
+C/ )+ )| — uol|2dr,

where C' is a positive constant depending on wug, rg, bg.
We consider now the following subdivision of the interval [0, T} 0=1% <t <
<ty =T, tiy1 — i < o , such that ¢t = ¢, and = +mM( ) < (mp(e) =
sup{mm(e) m € M}), with m is the modulus of contlnulty of the continuous function

293



10 Anouar M. Gassous

m. We have

/0<m<r> &j () + dL(r) + B (r) dr)

E—1 at,41
- /t (m(r) = m (), dj (r) + I (r) + B (r) dr)
;_S ti+1
3 (6 () =3 )+ )~ 1)+ [ s 0ar)
=0 t;
< (2 (15te+ s+ [ 1801 )
k—1
+ ) (m(t:),m(ti+1) — z (tit1) + uo — m (ti) + 2 (t;) — uo)
=0
< ity + 201, 2 [ 18 () ds + 200 ol e =~ ol
We use the fact that 3 |z (t) — up|® — ||m||? < |z (t) —m (t) —uo|®, to get that

1 ] ¢
3 |z (t) — uol® 4+ ro 353, + ro P, + ro/ B (r)| dr < |zo — uo|” + |m||}
0

t
+ 4ng [[mll, |z —m — uoll, + C/ (n(r) + 1)l — uo||7dr.
0

It follows 3| (t) — uo|? + 70 153, + 70 113, < |20 — uol® + C (no) M7 + C [y (n(r) +
1)|| — uol|2dr, where || M| =l sup{|lyll;, v € M}. Using Gronwall’s inequality we
obtain the estimates (3.7).

Let’s prove now the uniqueness of the solution. Let (z1,71,01) and (2, jo,l2) be
two solutions of (3.1), with dj; (t) € d¢ (z;) (dt) and dl; (t) € Oc¢ (x;) (dt) such that
dx; (t) + dj; (t) + dl; (t) + 5; (t) dt = dm,; (t) ,i=1,2.

Then we have:

|21 () — ma () — @2 (t) + ma (1) = |w1,0 — 220/

~2 [ o1 ()= 2 0) 1 1) — i )

~2 [ o ) = 22 (), (1) =l ) + (51 1) = () )

#2 [ ) = ma), +(@50) = () + (@ 0r) = o) + (5 = )
<o = raof? +2 [ (M 4009 o1 () =2 (097 dr + 2 s — maly

(imT T ity + iy + Haly / ) 4 8(r))dr (14l |y + ||m2||T>) .
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A Skorohod problem driven by Clarke subdifferential 11

Using the inequality
1
o1 () = ma (£) = 2 (8) +ma (O > 5 o () — 22 (D] = [lma — ma|l7

and the estimates (3.7), we conclude, as in [16], (3.8) and the uniqueness clearly
follows.
Now let’s prove the assertion 3. For n € N*, we take zq, € D (¢), m, € C([0,T7;

RY) and (2, jn, ) the corresponding solution of the multivalued equation (3.1) with
initial data x;, and singular input m,,, such that

Zom — 2o in RY, my, - m in C ([o,T] ;Rd) .

Since the set M = {m,my,ma, ...} is a relatively compact subset of C ([0, T] ;Rd),
then, by (3.7), we have

|z |7 + $indr + $ndy < R = Com (14 |zol?)

and by the estimates (3.8), it follows
@ = 25l < Con (1200 = 0,1 + I — mj5/)

Hence there exists z € C ([0, T];R?) such that 2, — = in C([0,T]; D (¢)).

n—oo

Since 1,y < R, there exists a function | € BV (O,T; Rd) such that 1, 8 [ in
BV (0,T;R?) and we have, for all v € C ([0,T]; H),

t t

/o (v(r),dl(r)) = lim (v(r),dl, (r)) < lim @° (zp, (r), v (r))dr

SAW@WWWW“

The last inequality derive from the Lebesgue dominated convergence theorem and the
fact that ¢° (., v) is upper-semicontinuous. Therefore, we get

di(t) € 9c¢ (x (1)) (dt) .

The fact that the multivalued operator G is demi-closed in L' (O,T; Rd) (see for in-
stance ATTOUCH and DAMLAMIAN: 72 [1], Proposition 3.4) and the Lebesgue domi-
nated convergence theorem give us that

/Otﬁn(s)dsﬁ/otﬁ(s)ds, Ve [0,T],

where 3, (t) € G (t,z,,).
Let define now

jm:m—Aﬂ@w+m@—mrww-
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12 Anouar M. Gassous

We have
jn=i i C([0.7):R7),

where

jn::ro—/ Bn (8)ds +my — 1, — xy.
0

By Helly-Bray theorem, we conclude that j € BV ([0, T) ;]Rd) and

0< / (n () =y, djn () — ydr) = / @ (r) — . dj () — y*dr),

for all (y,y*) € dp and 0 < s < t < T, which means that dj (¢) € 9p (dt). As
consequence, the limit (z,7,1) is a solution to the multivalued equation (3.1), which
completes our proof. 0O

4 Application: stochastic variational inequality with Clarke subdifferential

In this section we formulate the result of existence and uniqueness of the solution for
the SVI (4.1). In the first theorem we prove the uniqueness, the main idea consist
of applying Proposition 5.6 for the difference of two solutions. In the second theo-
rem, we prove the existence of the solution, by making appeal to the result from the
deterministic framework (Theorem 3.6).

Let (2, F,P,{F},~o) be a complete stochastic basis and {B;,t > 0} a k— dimen-
sional Brownian motion. We define, for p > 0, Sg [0, 7], the space of progressively
measurable and continuous stochastic processes X : 2 x [0, 7] — R? such that

E sup |XiP <400, ifp>0,
te[0,T)
and A% (0,T) the space of progressively measurable processes X : 2 x [0,T] — R,

such that [/ | X2 dt < 400, P~ a.s. w € 2, if p= 0 and E(f] |X,|* dt)P/? < +o0, if
p > 0.
We consider now the stochastic variational inequality

(4.1)

{dXt+8@(Xt)dt+8c¢(Xt)dt+G(t,Xt)dt 3 Q(t, X¢)dBy, t € [0,T],
Xo =& € D(p).
where ¢ satisfies the assumptions (3.2) and G satisfies condition (3.4). We assume

also that Q (.,.,z) : 2 x [0,T] — R¥F¥ is a Carathéodory function and satisfies the
following conditions: there exists £ € L? (R, ) such that

1Q(t, 2)—Q(t,y)|<l(t)|x — y|,Va,y € R? (Lipschitz condition),

T 4.2
/ |Q(t,0)|?dt < 0o, P — a.s. w € 2 (boundedness condition). (42)
0

We introduce below the notion of solution for the stochastic variational inequality
(4.1).
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A Skorohod problem driven by Clarke subdifferential 13

Definition 4.1 A quadruple (X, J, K, 3) of R¢—valued stochastic processes is a solu-
tion of (4.1) if the following conditions are satisfied, P — a.s. w € §2, for every T' > 0 :

dl) XJKﬂESg[O,T],JOIKOIO,

d2) Xt € D (p), ae., $J$T<ooand$K$T<oo,

d3) B € G(t,Xy), a

d4)Xt+Jt+Kt+Bt §+f0 s)dBs, ¥t >0,

d5)f¢"Xr,v( )dr > [1 (v dK}VveC([ T),RY) VO < s <t<T,

dﬁ)f<() Xy dJy) + [Lo (X)) dr < [Yo(y(r))dr, Yy € C([0,T],RY), Y0 < s <
<T.

Theorem 4.2 (Uniqueness) Let the assumptions (3.2), (3.4) and (4.2) be satisfied
and suppose that (X, J,K,B), (X,J,K,B) are two solutions of the SVI SVI (4.1), cor-
responding, respectively, to the initial conditions ¢, £ e LOR, Fo, Py D (p)). Letting
p>1, sz—f, —a.s. w € 2, then P-a.s. w € (2

X,=X,, Jo=J, Ks=K,, Bs=[s, forallsel0,T].

Proof. Taking in account assumptions (3.4), the stochastic differential inequality (4.1)
can be written in the following form:

dX; +dJy + dK; + ﬁtdt =) Q(t, Xt)dBt,

where J;, Ky are two bounded variation stochastic processes such that d.J;€9p(Xy)(dt),
dKy € Ood(Xy)(dt) and B; € G(t, Xy),Vt € [0, T],P — a.s.w € £2.

Consider (X, J, K, ) and (X, J, K, ) two solutions of the SDE (4.1) and we can
write

Xt—Xt:5—£+/tdicr+/thdBr,
where ’ . ’
K= —(Jy — J)) — (K — Ky)— /0 [,6;—5}} dr and

Qr=Q(r, Xy) — Q(r, XT)'
Using the assumptions (3.2), (3.4) and (4.2), we obtain

. 1 .
(X, = Xy dlCy) + 51Q, dr < X, = X, PV,

where .
1
Vi = Mt + / <77Jr (r)+ 552 (r)> dr.
0

Finally, using Proposition 5.6, we infer that

e Vol — ¢
L e2olg — ¢
and, by the continuity of X and X, we conclude that, P — a.s. w € (2,
X, =X;, foralltel0,T],
which yields also that 8; = B, J; = J; and K; = K;. O

1+e
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14 Anouar M. Gassous

Proposition 4.3 Let £ € L°(2,F, P; D (p)). If M € S%[0,T], My = 0, then the
stochastic differential equation

Xo=¢. '
admits a unique solution (X, J, K, ) € S9[0,T] x S9[0,T] x SY [0,T] x LO( ([ ]
; RY). In the particular case when M is an Ité integral (i.e. My = fo )dBg

fg QsdBs), if there exist p > 2 and ug € int (Dom (0 (p))) satisfying
2

T P T p/
]E§|p+E</O |5t7uO|dt) +]E</O |Q(t,uo)|2dt> < 400, (4.4)

with By, € G(t,u0), then (X, K, B)€SH[0,T] x (57/°[0, TINLP/2(£2; BV ([0, T], RY))) x
LP(02; L ([0, T}, RY)).

Proof. For w € §2 fixed, we conclude, using Theorem 3.6, that there exists a unique
solution (X. (w), J. (w), K. (w), . (w)) € C ([0, T];R?) x (C ([0,T] ;Rd))2 x L1([0,T);
Rd). Since the process M is progressively measurable and the mapping (£, M) —
X : D(p) x C([0,t]; R?) — C([0,t]; D(p)) is continuous, for each t < T, then X is
progressively measurable. Therefore X € S9[0,7] and J, K € (59[0,77)%.

If M, = fg QsdB; then we can write the equation (4.3) under the following equivalent
form

t t
Xi=&+ K + / Q.dB,, where K;=-J,—K;— / Brdr.
0 0

According to Proposition 5.3, one can find 0 < 79 < 1, with B (ug,79) C Dom (0 (¢))
such that
rod3JT, < (X¢ — ug, dJy) + bo | Xy — uo| + bo.

Also, from assumptions (3.4) we have

(Xt — uo, —fedt) = (Xy — uo, Brue — Br) dt + ( Xy — uo, —Bru,) dt
< (t) 1Xe — uol® dt + |Bruo | |Xe — uol dt,

and finally, similar to the proof of Theorem 3.6, we can prove
(Xt — g, —dKy) < c| Xt — uol* dt 4 ¢ (1 + |uo) | X¢ — uo) dt.
We have, for all p > 2 and A > 1,

—1
dD, + (X, — ug, dKC,) + <p2 + 9p)\> Q> dr < dR, + | X, — uo| dN,,

where

¢
De=rolotes Ri= [ (o (55 +993) [Qruo) ),
0
¢
L = / (bo + |Btugl + (1 + |ug|)) dr and
0

Vi = / (c+n(r)+ (B2 +9pA) £2 (7)) dr.
0
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A Skorohod problem driven by Clarke subdifferential 15

Finally, using Proposition 5.7, with A = 2, we prove that
E sup |X; — upl? +rp/2E$J$§/2
t€[0,T

T p
<C(p,n(r),?) []Ef —ugl” +E </0 (bo + |Btue| +c (1 + |U0|))dt)

+E (/OT (bo + (25 +9pN) |Q (t,u0)[?) dt)pm] :

Taking into account assumption (4.4) it follows X € S%[0,T], and K € 55/2 [0,T] N
LP12(2; BV([0,T],R%). O

Theorem 4.4 If assumptions (3.2), (3.4) and (4.2) are satisfied, then the SVI (4.1)
has a unique solution (X, J, K, ) € S9[0,T]x (S9[0,T7)2x LO(§2; L1([0, T]; R%)). More-
over, if there exist p > 2 and ug € int(Dom(dy)) such that, for all T > 0,

T p T p/2
E|5|P+E</O |ﬁt,uo|dt> +E(/O |Qt|2dt) < too, (4.5)

then (X, K) € SP[0,T] x (5% [0,T) n L/2 (2; BV ([0, T}, R%))).

Proof. The uniqueness was proved in Theorem 4.2. For the existence of the solution
we will split the proof in two steps.

Step 1. We assume that condition (4.5) holds. Let U € S%[0,T]. Clearly we have
Q (-, U.) € A5(0,T). Considering the previous Proposition with M. = [, Q (s, U) dBs,
the equation

Xt+Jt+Kt+/ﬂrdT—§+/QT‘U)dBr, [OT]7
th S 8(,0 (Xt) dt th € acd) (Xt) dt /37" € G(t Xt)

(4.6)

admits a unique solution (X,J, K,B8) € S9[0,T] x (SS/Q[O,T] n LP2(02
BV ([0,T],R)))* x LP(£2; L* ([0, T];RY)).

Define I' : S5[0,T] — SY[0,T], by I' (U) = X, where X € S7[0,T7] is the solution
of (4.6). We will prove that I is a contraction on S% [0, T)]. Letting U, U e SE0,7],
we take X = I'(U) and X = I'(U) and we have X — X = K, + fOtQTdBT, where
Ki = —(J, = Jy) — (K, — [3[Br = Byldr and Q, = Q(r,Uy) — Q(r,U,). We can
write now(er)A(r,dlC >+2|Qr|2dr < dRy+|X, — X, |2dV,, with V; = Mt+ [in* (r) dr,
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16 Anouar M. Gassous

and Ry = [} 102 (r)|U, — U,|?dr. Let a > 0. Using Proposition 5.7, we obtain

t . p/2
e‘zv(r)l2 (r)|U, — Ur|2dr>

t

patx]EH (X — X)

<emxo( [
0

p/2
<e~ p‘”xCE( l2 ) le= V(U — U)|2dr>

0

R 2/p p/2
S e—pat % Cp / 2ar —Qarl2 ) <EH€_V(U _ U)H]v?) d’l“)
0

<pla) sup (e Bl (X ~ X)),
rel0,T]

where
2

t p/
p(a) =Cp sup (egat/ 212 (1) dr) .
] 0

tel0,T

Consider the supremum over ¢ € [0,7] and we get

11U) = O] < (p (@) [JU =TI

where the norm [[|.[|| is defined by |[|X||| = supyco,7) e (E|le”V X|[P)1/P].

Since lim, 00 p (@) = 0 then I' is a strict contraction for a large enough. Using
the Banach’s fixed point theorem, we conclude that there exists a unique solution for

the equation (4.1) such that (X, J, K, 8) € S5[0,T] x (SZ/Z[O,T] N LP/2(02; BV ([0,T7,
R)))? x LP(82; LY([0, T]; R)).

Step 2. We will prove the existence on S9 [0, 7] x (S9[0,77)? x LP(£2; L*([0,T]; RY)).
For n € N*, we consider the stopping time given by

t
b =it {120+ I+ [ (el +10,] ar 2 n}.

It is obvious that 6, go increasingly to infinity, so accordingly the first step there
exists a unique solution (X", K™, ") for the following approximating equation

t t
Xi'+ Ji+ Ky +/1[00 (r) Brdr = &1y, >0+/ Lo, (r) Q(r, X" )d B,
dJr € 9p (XD dt, dKT € dod (XP) dt, Br € G(t, X7), € [0,T].

We have that, for all I € N* (X" gt Kl gnthly Solige,) = (X7 ,J" K",
B")10,6,116, >0, which concludes that the processes given, for 0 < t < 6, (w), by

(Xt (w), Je(w), K¢(w), Br(w))=1p,>0(X{"(w), JI"(w), K}*(w), B*(w)) represents a solu-
tion of equation (4.1) and it belong to the space S9 [0, T} (SO [0, T))%x LP($2; L*([0, T7;

RY). O
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5 Annex

Theorem 5.1 (Kakutani-Glicksberg-Fan fixed point theorem) Let K be a non-
empty, compact and convex subset of a locally convex topological vector space. Let
¢ : K = K be a multivalued upper-semicontinuous function. If for all x € K, ¢ (x) is
non-empty, conver and compact. Then ¢ has a fixed point.

Theorem 5.2 If A1 and As are two mazimal monotone operators defined on a real
Hilbert space H and if int(D (A1)) N D (A2) # 0, then Ay + As is also a mazimal
monotone operator.

Proposition 5.3 Let ¢ : R? =] — o0, +00] be a proper convex L.s.c. function such that

int (Dom (¢)) # 0. Let (ug, ) € dp, 1o > 0 and by =l sup{p(ug + rov) : |v| < 1}.
Then, for every continuous functions xz,k : Ry — R%, with k € BV (R+,Rd), such
that dk (t) € 0p (z (t)) dt, we have, for all 0 < s <'t,

o (kg = Pkt + [ ()i < / o) —uo d () + (= )b, (5.1)
and
o~ 1)+ [ 1olel) )l ar < [ (0 0) = wo, k)
+ /: (20| |z (r) — uo| + bo — @ (ug)) dr. (5.2)
Proposition 5.4 Let k € N*, consider xp, 2 continuous function from [0,T] into R?

and let ngy € BV ([0,T];RY), n : [0,T] — RY. If 2 — 2 € C([0,T];RY), ny (t) —
n(t),vt € [0,T] and sup InyJyp = R < o0, then n € BV ([0,T];R?), Inl, < R, and

/ (zg (1), dng (1)) — / (x(r),dn(r)), ask — oo,

forall0<s<t<T.

5.1 Useful inequalities

Proposition 5.5 Let xz € BV, ( 0, 00| ) and V' € BV, ([0,00[;R) be two contin-
uous functions. Consider R, N : [0, oo[ [0, oo[ two continuous increasing functions.
If (x (t) ,dz (t)) < dR(t) + |z (t)| N (t) + |z (t)|* dV (t) as signed measures on [0, o],
then for all0 <t < T,

||e*Vx||[t7T] <2 l| —V(t) 2 ()| + </tT62V(S)dR(8)> 1/2
+/tT VN (8)] . .
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18 Anouar M. Gassous

If R =0 then, for all0 <t <,

S
12 ()] < VOV | ()] + / VOV N (). (5.4)
t

Remind from PARDOUX and RASCANU [13] an estimate on the local semimartingale
X € 89 of the form

t
X, = Xo + K, +/ G.dB,, t>0, P—a.s. we 0, (5.5)
0

where K € S9, K. € BVj,([0,00[;R?), Kg =0,P-a.s. w € 2 and G € AY,,. For p > 1
denote my, “y (p — 1) and we have the following important result.

Proposition 5.6 Let X € S be a local semimartingale of the form (5.5). Assume
there exist p > 1 and V' a P-measurable, with bounded variation, continuous stochastic
process, Vo = 0, such that, as signed measures on [0, 00|,

(X, dK;) + %mp |Gy|? dt < |X;2dV;, P—a.s wef (5.6)
Then, for alld > 0, 0 <t < s, we have
le=Ve X, |P le=Ve Xy [P
(14 6le V- X |2)P2 7 (14 8le Ve X, |2)P/?

The next proposition is a generalization of the previous one (for more details see
also PARDOUX and RASCANU [13]).

EF

P—a.s we . (5.7)

Proposition 5.7 Let X € Sg be a local semimartingale of the form (5.5). Assume
there exist three P—measurable, increasing, continuous, stochastic processes D, R, N,
p>1, A >0 and a P—measurable, with bounded variation, continuous stochastic
process V., Dy = Ry = Ny = Vo = 0, such that, as signed measures on [0,00[, P —
a.s. w € (2,

1
th + <Xt, th> + (§mp + 9]9)\) |GY,5|2 dt S 1p22th + |Xt|d<]t + \Xt|2th
Then, for all0 <t <'s, we have, P — a.s. w € {2,

S
E7 eV X|If, 4 + B / e PV X, [P-2dD,
t

2

D

L EF < / ¢V (dD, + |GT|2dr)>
t

e PVe| Xy|P + BT < / e 2V 1p22th> (5.8)
t

S p
+EF (/ e~ rdNr) ]
t
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