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Abstract Let P = (P;);>0 be a contraction semigroup of kernels on L?(m), with resolvent V :=
(Vp)p>0 and let B be a K-subordinator. Let P? be the subordinated semigroup of P by means of 3 (i.e
PP = J5° PsBi(ds)) with associated resolvent VA, First we give a bijection between a class of V-exit

laws and P-exit laws. Next we prove, under some regularity assumptions, that each VP-exit law is

subordinated to a V-exit law. As application, we give an integral representation of P?-potentials in
terms of P-exit laws and of 5.
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1 Introduction

Let (E, &) be measurable space, let m be a o-finite measure and let P := (P;);>¢ be
a contraction semigroup of kernels on L?(m). A P-exit law is a family ¢ = (;)¢~0 of
nonnegative elements of L?(m) satisfying the functional equation

Ps(pt = Qs+t S,t > 0. (11)

This notion is introduced by Dynkin [6] in the framework of potential theory without
reference measure. Now, let V be the resolvent of P. A V-exit law is a family f =
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2 Mohamed Hmissi, Wajdi Touhami

(fp)p>0 of positive measurable functions on E satisfying

fo=fo+@—p)\Vofe Vofe=Vifp, 0<p<q (1.2)

This notion is the object of the ergodic theory, which studies the behavior of pf, as
p — oo and which has the advantage to establish a most important result in the
potential theory, known under the name of Mokobodski’s Theorem (cf [5], p. 110).
The second motivation of the present work came from [12] that represent potentials
of P in terms of additive kernels of P, while studying exit laws for resolvent. In the
same context, while characterizing exit laws for resolvents in the original and the
subordinated structure, we want to give a result of representation of potentials by
P-exit law.
Let (¢p1)e>0 be a P-exit law then the family (f,),>0 defined by

o= / e Pty dt, p>0 (1.3)
0

is a V-exit law. One of the aim of the present paper is to study the converse under
some regularity assumptions. More precisely, we suppose that P satisfies a suitable
condition (C) and we prove the following result: let f = (fp)p>0 be a V-exit law
satisfying P, f, € L?*(m) and lim;_,o e P! P, f, = f, for each p > 0. Then there exists a
unique P-exit law ¢ = (¢¢)¢=0 such that (1.3) holds.

Consider a Bochner subordinator 8 = (8;)1>0, that is a vaguely continuous convo-
lution semigroup of subprobability measures on [0, cc[. Let P? be the subordinated
semigroup of P by means of 3, i.e.

Ptﬁu = /000 Pou Bi(ds), u € L*(m). (1.4)

Now, we suppose that 3 is a C-subordinator, that is the associated potential measure
K= fooo S35 ds is absolutely continuous with respect to the Lebesgue measure. Let V5

be the resolvent of P2, then

e [Vans. >0 (15)
0

where p, is a positive measure on [0, oo[ described in (section 4 below).
If f = (fp)p>0 is a V-exit law, then family f* = (ff)p>0 given by

1 ;—/O fspp(ds), p>0 (1.6)

is a VP-exit law whenever the kernel V? satisfies the unicity property explained in
(subsection 2.1 below). The second main goal of the present paper is to investigate the
converse under some appropriate assumptions. In fact, we suppose that V? satisfies
the unicity property and we establish the following result: if g = (gp)p>0 is a VA-exit

law verifying sup,-. gp is finite m.a.e and V1g; € D(AP), then there exists some V-exit
law f = (fp)p>0 such that g, = fpﬁ

An analogous problem was considered in [2], [14] and [19] in the framework of
subordination of P-exit laws.
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On ezit laws for resolvents 3

By applying the two previous results we deduce an integral representation of po-
tentials in terms of exit laws. Namely, let h be a PP-potential, under some sufficient
conditions on h there exists a P-exit law ¢ = (¢t)¢>0 such that

h = /000 psk(ds). (1.7)

This problem was investigated in [11] and [15]. The same problem was studied in
[1],7],[8],[16],[17] and [18] for the original semigroup i.e. in the case when [ is the
trivial subordinator.

2 Preliminaries

Let (E,&) be a mesurable space and let m be a o-finite positive measure on (F,£).
We denote by F the set of nonnegative measurable functions, by L?(m) the Banach
space of the square integrable (classes of) functions defined on F and by || - ||2 the
associated norm. L3 (m) denotes the positive elements of L?(m). We denote also by
< -,» > the inner product of L?(m). Moreover, in the sequel, equality and inequality
holds m.a.e. (i.e. almost everywhere with respect to m).

In this section we summarize some known results, we refer the reader to ([3], p.
76-84), ([5], VII and VIII p. 85-95), ([20], 3.9) and ([21], VII-IX).

2.1 Contraction semigroup

A kernelon E is a mapping N : E x £ — [0, oo[ such that:

(a)  — N(x, A) is measurable for each A € £,

(b) A — N(x,A) is a measure on (E,£) for each x € E. In this case, we may define
Nu(z) := [pu(y) N(z,dy) for u € F and & € E. If N(L*(m)) C L?(m), we say that
N is a kernel acting on L?(m).

A contraction semigroup on E is a family P := (P,);>0 of kernels acting on L?(m)
such that Py = I the identity operator on F,

1. PP, = Psyy for s,t > 0 (semigroup property),
2. ||Puull2 < ||lull2 for w € L?(m) and t > 0 (contraction property),
3. limt_m ||Ptu — ’U,HQ =0

for u € L?(m) (strong continuity).

In this case, the associated generator A is defined by Au := lim;_.g %(Ptu — u) on its

domain D(A) which is the set of all functions u € L?(m) for which this limit exists in
L?(m). It is known that (cf. [21], p. 237-239)

1. Ais closed and D(A) is dense in L?(m).
2. If u € D(A) then Pu € D(A) and A(Pwu) = P, Au, for each t > 0.

Let IP be a contraction resolvent then the associated Resolvent V := (V}))p>0 is defined
by V, = fooo e PP, ds. It is known that V satisfies the following properties

L. p||[Vpull2 < |Jull2 for each u € L?(m) and p > 0 (contraction property),
2. limy 00 [[pVpu — ull2 = 0 for each u € L?(m) (strong continuity).
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4 Mohamed Hmissi, Wajdi Touhami

3. Forall 0 <p<gq:
Vo= Vit (g - pVaVp and V¥, =V (2.1)

The generator A of P is given in terms of V by Au := lim,_,o p(pVpu — u).
A is also called the generator of V. Following ([5], p. 91), V,(L?*(m)) C D(A) and

AVyu = pVyu — u, p>0,u € L*(m). (2.2)

We denote by V' := sup, V,, and D(V) the set of all u € F such that Vu € F.
We say that V satisfies the “unicity property” (UP) if Vu,w € D(V) : Vu = Vw =
u = w.

2.2 Excessive functions and exit laws

Let P be a contraction semigroup on E with resolvent V and let p > 0.
A nonnegative measurable function f is said to be p-excessive for P if

(i) f is p-supermedian for P, i.e. e P! P,f < f for each t > 0.
(ii) limy_e PP f(z) = f(x), for all z € E.

Following ([5], VII, 18), (i) and (ii) are equivalent respectively to

(1)’ qVgqpf < f for each ¢ > 0.
(ii)” limg—eo ¢Vgipf(z) = f(x), for all z € E.

We say that f is P-potential if it is 0-excessive for P and lim;_,o, P.f = 0, m.a.e.

A P-exit law is a family ¢ := (¢4)i>0 of elements of L2 (m) satisfying the ewit
equation (1.1) (cf [5], p. 38).

A V-exit law is a family (fp)p>0 of elements of F satisfying (1.2) (cf [5], p. 39-40).
It is easy to show that the mapping p — f, is decreasing and f, is p-supermedian for
each p > 0.

Example 2.1 Let P be a contraction semigroup and let V = (V},),~0 be the associated
resolvent.

1. From the resolvent equation, the family (V,f)p>0 is an exit law for V for every
ferF.

2. Let f is a supermedian function for P and let f,, := f—pV,,f for p > 0. Then (f,)p>0
is a V-exit law. Moreover f, is p-excessive for PP.

3. V is said to be m-basic if there exists a measurable function G, : E x E — [0, 0]
such that Vyu(z) = [u(y) Gp(z,y) m(dy) for each p > 0,u € F,z € E. In this case
G is called the density of V. Then, for fixed y € E, (Gp(.,y))p>0 is a V-exit law (cf.
[5], XII, 72).

3 Characterisation of resolvent’s exit laws

Proposition 3.1 Let P be a contraction semigroup on E and let ¢ = (ot)t>0 be a
P-exit law. Then the family (fp)p>o0 defined by (1.3) is a V-exit law, moreover f, is
p-excessive for P and (Pyf,)i=0 C L?(m), for each p > 0.
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On exit laws for resolvents 5

Proof. Let p > 0. From (1.1) we have P, f, = fooo e P pgyrds = Vypy for each t > 0.
Since ¢; € L?(m) and V,,(L*(m)) C L?*(m), then P.f, € L?*(m). Moreover

e P Pf,= / e PEH) o dt = / e P psds, t > 0. (3.1)
0 t

Therefore f, is p-excessive for P. Using Fubini’s Theorem and (1.1), we obtain for
each 0 <p<yq

ho= [ [Tevpgdsar= [T e [T ew ppdtds =V,
0 0 0 0

Moreover, (2.2) yields (¢—p)Vp P fqg = qVyPifp—pVpPifg = AV P, fo+ Py fp— AV, P, fy—
Pify = P f, — P.fy. Hence

(q— p)e_(p”)thPtfq = e—(p+q)tptfp _ e_(erq)tPtfq, t>0. (3.2)
On the other hand, it follows from (2.1) that

e "V,Pif, = /t e P Vypsds, t > 0. (3.3)

Letting ¢ — 0 in (2.2) and (3.2) we deduce (1.2). O

Remark 3.1 The converse is not true in general. Indeed, let P := (P;);>¢ be the
semigroup of right-translations on R, endowed with its Lebesgue measure m(dx) = dz,
ie. Pu(z) := u(x —t) for t > 0,2 € R and u € F. Let f be a P-potential function
such that f don’t belongs to the range of V" and let f, = f — pV, f. It is known that
each P-exit law ¢ is closed, i.e ¢ = Pl for some [ € F. But there exist no [ € F
such that f, = V,l. Hence f, can not be in the form (1.3).

3.1 Assumption (C)

Let P be a contraction semigroup on E. We suppose that ¢t — Pu is differentiable
on ]0,00[ for each u € L?*(m) and the mapping u — % is continuous on L?(m).
Equivalently P;(L?(m)) C D(A) and there exists a function K :]0, 00[—]0, 0o[ such
that

|APul2 < K(8) |lulla,  t>0,uc L3 (m). (3.4)

Example 3.1 1. We say that P satisfies the sector condition if there exists a constant
M > 0 such that for all u,v € D(A), (—Au,v) < M(—Au,u)"/? . (—Av,v)"/2. In
this case, the condition (C) is fulfilled (cf. [21], p. 254-255). In particular, if P is m-
symmetric, i.e (Pw,w) = (v,P,), for all t > 0 and v,w € L?*(m), then the sector
condition is always satisfied for M = 1.

2. If the generator A of P is bounded, then P satisfies the condition (C).

Lemma 3.2 Let P be a contraction semigroup satisfying the condition (C) and let

(fp)p>o0 be a V-ezit law such that (P, fp)ips0 C L?*(m). Then the mappings p — P f,
and p — AP, f, are differentiable with values in L?(m) for each t > 0 and
0

0
a—thfp =-V,Pf, and 6—pAPtfp = —pVp P fp + Pifp. (3.5)
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6 Mohamed Hmissi, Wajdi Touhami

Proof. First P fy, = Pyj2(P,2fp) € D(A), for all t > 0. Let ¢ > p, then from (1.2) and
Fubini’s theorem we have
P tf P P, tf q
q—p
Letting ¢ — p in (3.6) and using the dominated convergence Theorem, we find the
first equality of (3.5).
In the same way, by the semigroup property we get

——(APf, = ARS,) = ——(APp(Pipfy = Pa): >0,

q
Therefore, (3.4) yields that

|EPB Ay, ) o | 12l
q—p q—p
Letting ¢ — p in (3.7), it follows from (2.2) that a%ARt fop=—APV,f, = —AV,P.f, =
—pVpbifp + Pifp. DO
Theorem 3.3 Let P be a contraction semigroup satisfying the condition (C) and let

(fp)p>0 be a V-exit law such that f, is p-excessive for P and (P fp)i>0 C L*(m) for
each p > 0. Then there exists a unique P-ezit law ¢ := (o1)i>0 such that (1.3) holds.

=V,Pf,, t>0. (3.6)

1
q—p

— P2V Joll2: (3.7)

Proof. Let p > 0 fixed, the function ¢t — ¢} given by ¢} := pP,f, — AP.f, is well
defined and lies in L?(m). Moreover

Pt@? :thPsfp *APt(Psfp) = 90;?-&-57 t,s > 0. (3'8)
Furthermore, (3.8) and (2.2) imply that

oo

/ e PP cds = pVpPif, — / e P APy(P,fp) ds
0 0

= p‘/'thfp — A/ efps PS(Ptfp) dS
0
=pVplPifp — AVpPifp = Pifp.
Hence e P'P,f, = [ e 7% ©k ds, for all t > 0. Letting ¢ — 0, we obtain

o
fp:/ e Pl ds. (3.9)
0

Now, for each t > 0, it follows from (3.5) that 8% o =Pif,p +p3%Ptfp — a%APtfp =0.

Hence the function p — ¢¥ is constant for each ¢t > 0 and therefore ¢} = ¢! =
P,fi — AP,f1 := ¢¢. On the other hand, for all p > 0, we get from (2.2), Vi =
Vo = pPVyfp — AVyPifpy = Pifp. Then Vi, > 0 for each p > 0 and consequently,
by the strong continuity of V, ¢; = lim, .o pV,; is nonnegative. So ¢ = (¢¢)i>0
is a P-exit law and from (3.9) the representation (1.3) holds. Let us now prove the
uniqueness:

If ¢ = (¢1)e>0 is another P-exit law such that f, = fooo e P ¢gds, then by (1.1) we
have pP, f, = pVp¢r = pVpir for p,t > 0. Letting p — oo we deduce that ¢, = ¢, for
eacht > 0. O
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On ezit laws for resolvents 7

3.2 Basic semigroups

Let P be a semigroup of kernels on E. We say that P is m—bas1c 1f there exists a
measurable function &; : E x E — [0,00] such that Pu(z) = [pu(y)d:(x,y) m(dy)
for each t > 0,u € ]: x € E. In this case § is called the den51ty of IP’ and it satisfies
ds4t(z,y) f5 (z,2) 01(2,y) m(dz) for each s,t >0 and z,y € E.

We suppose that V is m-basic and m is P-excessive, i.e. [, Pi(x, A) m(dz) < m(A)
and limy_o [, Pi(x, A)m(dz) = m(A), for all t > 0 and A € €. In this case m is a
reference measure (cf [5], XII, 42). Following ([5], XII, 67 D), V satisfies (UP).

Corollary 3.4 LetP be a contraction semigroup satisfying the condition (C). If (P,G1(,
Y))es0 C L2(m) and G(-,y) := sup,q Gp(-,y) < 0o, m.a.e, for each y € E, then there
exists an m-basic semigroup of kernels Q with resolvent V.

Proof. Let y € E be fixed. According to ([5], XII, 72), (Gp(-,y))p>0 is a V-exit law
and Gp(-,y) is p-excessive for P. From Theorem 3.3, there exists a unique P-exit law

(6:(+, ))t>0 such that G,( =[5 e P 6(-, y) dt for each p > 0. Since sup,~q Gp =
lim;,_,0 G, then we get

G(y) = /OOO o, y) dt (3.10)

and by the monotone convergence Theorem

Vu=lim Vyu = /
p—0

G(-,y)uly) m(dy) = /OO P du, u € F.
E 0

Using (3.10), (1.1) and Fubini’s Theorem we obtain, for all ¢ > 0 and u € F
VPu=PVu= / P.G(-,y) u(y) m(dy)
E
= [ R butv)as) uty) miay)
E 0
= [P by uto)mdnyds = VL[ ) ) mia).
0
In particular by (1.1) and (3.10) again we have
Vgl / 5l m(dz) < Gly), st >0, (3.11)

Since G(-,y) < oo, m.a.e and P satisfies (UP), then (3.11) yields that § is a density of
an m-basic semigroup Q. By Fubini’s Theorem, we have for all u € F

/OOO e P Quudt = /E(/OOO e Pt 8 (-, ) dt) u(y) m(dy)

= [ Gy utwymidy) =
E

Then V is the resolvent of Q. O
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4 Subordination of resolvents’ exit laws

For the following standard notions, we will refer to ([3], II-9), [4] and ([20], 4.3).

We consider R endowed with its Borel field A, we denote by A the Lebesgue measure
on [0, 0] and by e; the Dirac measure at point ¢.

A Bochner subordinator is a family of probability measures on 8 = (5;)¢>0 of sub-
probability measures on (R,.A) such that

1. For each t > 0, the measure f; # 0 and ([0, oo[) = 0.
2. By * Bs = Bsat, for all s, > 0.
3. limy_,q B; = €9 vaguely.

For each p > 0, let k := fooo e P Bsds. It is known that x, is a bounded measure
on [0,00[ and the associated potential x := kg = SUPpso Kp = fooo Bsds is a Borel
measure on [0, ool

Let P be a contraction semigroup on E and let 5 be a Bochner subordinator. Then
PP := (P/)i>0, defined by PPu = J5° Psu Bi(ds) for each u € L?(m), is a contraction
semigroup on L2(m) (cf. [20], 4.3). Tt is said to be subordinated to P in the sense of
Bochner by means of 5.

We denote by A% and V7, the resolvent and the generator associated respectively
to PA. According to ([20] p. 269), D(A) C D(A”).

A Bochner subordiantor is said to of class K if the associated potential measure « is
absolutely continuous with respect to the Lebesgue measure [ on [0, c0[. In this case
we say that 3 is a K-subordinator.

Ezample 4.1 For the following examples we will refer to ([3], p. 129).

1. The family (g;)¢>0 is called the trivial subordinator and the associated potential
measure K = .

2. One sided stable subordinator: For each v €]0,1[ and ¢ > 0, let n;* be the unique
probability measure such that L(nf)(r) = exp(—tr®) for r > 0. Then n® = ()i~ is
subordinator called the one sided stable subordinator of index «. It is well known that

the associated potential measure is given by r(ds) = 1j9 o0[(5) % ds. For a = 1/2,

3. I-subordinator: For 1 > 0, let gu(s) = 1o of(1/L'(1)) 8" exp(—s) and o := .-\
Then v := (v)s>0 is a subordinator, called the I'-subordinator. In this case k :=
fooo Yt dt = h - | where h(t) = eXp(—t) fOOO F%S) tsfl ds.

Notice that the trivial subordinator, the one-sided stable subordinator and the
Gamma subordinator are K-subordinators

For the following notion, we will refer to [9] and [10]. Let 8 be a K-subordinator,
in this case we may write x(dt) = £(t) - | where & :]0, 00[— R is completely monotone
(i.e. £ is a C*-function and (—1)"&™ > 0, for all integers n € N). Moreover £ is
integrable at 0 and kp(dt) = &,(t) - dt where &, is also a completely monotone and
integrable function on ]0, oo, for each p > 0. Therefore &, is the Laplace transform of
a nonnegative measure p, on ]0, oo[ such that p,({0}) = 0 and

*1 1
—pplds) = —, p > 0. 4.1
| Sotas =2 (41)
It can be seen also that {, 1§ as p — 0.
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On ezit laws for resolvents 9

For a KC-subordinator 5, We have immediately

v [ Vantas. p>o (42)

Proposition 4.1 Let V be a contraction resolvent, let B be a Bochner subordinator
and let g = (gp)p>0 be a VP-exit law such that Vigi € D(AP). Then the family

f = (fp)p>o defined by f, := —APV,g1 + Vpg1,p > 0 is a V-exit law.

Proof. First, using (2.1), we have Vg1 = Vig1 + V,Vig1 for each p > 0. consequently
V,g1 € D(AP). The fact that g, is 1-supermedian for V2 and V, Vi’ = Vi’V for each
p,7 > 0 implies V,g; is 1-supermedian for V. Let B be the generator of the resolvent
(V;)B—H)p>07 then (Vpg1)p>0 € D(B) and f, = —BVpg1 = limg00 ¢(Vpg1 — qu—f-l‘/})gl)
which is nonnegative as limit of nonnegative functions. We put hy, := —AB Vpg1. Then,
from the resolvent equation, we have for all p, ¢ > 0, (¢—p)V,hy, = —(q—p)V, APV, g1 =
(¢ =p)APVVogr = =A°(Vpg1 = Vog1) = hy — hg. D

Proposition 4.2 Let P be a contraction semigroup let B be a K-subordinator and let
(fp)p>o be a V-exit law such that fo := Sup,,so fp < 00, m.a.e. Suppose that V' satisfies

(UP), then the family (ff)p>0, given by (1.7), is a VP-exit law which is said to be
subordinated to f by means of 5.

Proof. From (1.2) and Fubini’s Theorem we get
Vit = [ vtealdn = [Vt =Pt s
0 0
It follows that

oo oo
Wﬁ-é wﬁm%#%;ﬁk%%%wﬁﬂ p.q > 0.

Moreover, from (2.1), we obtain for each r > 0 and 0 < p < ¢ Vr(ff - qu) =
Vit = Vife = (0 = DVi Vi fr = (@ = p)ViVely = (4 = pV:Vi £ But fo is V-
supermedian, then we have by (4.2) and (4.1) VTVqﬁff = VpﬁVfor < VpﬁVqﬁfo < %fo
Letting » — 0, we get

0V~ ) =@ PVVIE < oo fo < comac (4.3)

Thus, from (4.3), both of ff — ff and (¢ — p)‘/}ffﬁ belong to D(V). The proof is
achived by using (4.3) and (UP). O

Theorem 4.3 Let V be a contraction resolvent and let 8 be a KC-subordinator such

that VP satisfies (UP). Let g = (gp)p>0 be a VP-exit law verifying go := SUpy~0 gp <
00, m.a.e and Vig1 € D(AP). Then g is subordinated to a V-exit law f.
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10 Mohamed Hmissi, Wajdi Touhami

Proof. Let h, = —APV,g; for each p > 0. By (4.1) we have
> 1
| IVl pulds) < 1% < . (1.4)
0

We remind that V)’ = Js Vispp(ds) and we denote hy = J5° hs pp(ds) for each p > 0.
Using (4.4) and (2.2) we find

Vi = [ Viheoutds) = = [ AV ls) = = [ VA Vi (s

= —APVIVagn = Vagr = DV Vagr = Vi(or — oV 0n)-

By an integration with respect to p, we obtain Vqﬁ hg = VqB (n — prﬁ 1) for each
p,q > 0. From (1.2), it follows that

VPR +VPig) =Vl + (1 -p)Via)=V/g,  pa>0. (4.5)

Moreover Vf gp < Vq’g go < % go because gg is supermedian for V2. Letting ¢ — 0 in
(4.5), we get by the monotone class Theorem

1

0<VAE +VPg) =VFg, < o (4.6)
Since gg < 00, m.a.e, then (4.6) and (UP) imply that
gp=hl+Vlg, p>0. (4.7)

We put fp := hy + Vg1 for each p > 0. According to Proposition 4.2, f := (fp)p>o0 is
a V-exit law and g, = ff from (4.7). O

Remark 4.1 Let § be a K-subordinator. We cite some situations when the unicity
property is fulfilled for V and V5

1. If P is m-basic and m is P-excessive then PP is also m-basic and m is P5-excessive.
In this case both V and V7 satisfy (UP).

2. Let P be the semigroup of right process (cf. [5], XVI for example). From ([5],
Proposition 1.1 and Theorem 4.2), (UP) is fulfilled for V. According to ([13], Theorem
3), (UP) is verified for V5.

3. Let E = R? and &£ be the Borel o-field. Let p be a convolution semigroup on
R? endowed with its Lebesgue measure m = A%, i.e. p := (11¢)t>0 is a family of sub-
probability measures on R? satisfying Hs* by = psat, for all s, > 0 and limy—¢ iy = €9
vaguely. Let P,f = p; * f, for each f € F,¢ > 0. Following ([3], Sections 16.8 and
14.21), if fooo s ds = limy_. fot i ds is a Borel measure then V and V7 satisfy (UP).
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5 Application

We want to represent PA-potentials in terms of the “intitial entities” namely in terms
of the P-exit law and the subordintor 3.

Lemma 5.1 Let ¢ = (¢y)is0 be a P-exit law. Then the function [;°¢sk(ds) is a
PP -potential.

In the sequel, P is a contraction semigroup satisfying the condition (C) and V is the
associated resolvent.

Theorem 5.2 Let 3 be a K-subordinator such that VP satisfies (UP) and let h be a

P8 -potential verifying Vl(thlﬁh) € D(AP). Then there exists a P-exit law ¢ = (¢¢)¢>0
such that

h:/o psk(ds). (5.1)

Proof. Let g, : h — pV}D’Bh for each p > 0. Then (g,)p>0 is a Vi-exit law, Vig; €
D(AP) and gg := Supy,~o gp = h < 0o, m.a.e. It follows, from Theorem 4.4, that g is
subordinated to a V-exit law f = (f,)p>0. Let » > 0 be fixed, by Fubini’s Theorem
and (1.2) we get

Vrgp :/0 Vi fs pp(ds) :/0 Vsfr pp(d5)~ (5.2)

It is obvious that (V,f,)s>o is a V-exit law and V; f, is s-excessive for P for each s > 0.
By applying Theorem 3.3, there exists a unique P-exit law (¢}, )y>0 such that

Vsfr = / e or du, s> 0. (5.3)
0
Combining (5.2) and (5.3), we obtain
Vegp = / / e ¢y, du pp(ds) = / eu Lpp(u) du = / e &p(u) du.
o Jo 0 0

Since g, T h,m.a.e and &, 1 £, then by letting p — 0 and using the monotone class
Theorem we have V,h = [ ¢l &(u)du = [;° ¢} k(du). On the other hand, (1.2)
yields that ()02 = Puvlfr_APuvlfr = PuV;”fl _AP’U,‘/;”fl - V;"(Pufl _APufl) - V;‘;Dua
where ¢, = P,f1 — AP, f1. Hence
Vih = W/ oy k(du), r > 0. (5.4)
0

By integration of (4.4) with respect to each measure pj, it follows that

pVIh = prﬁ/ Qu k(du),  p>0. (5.5)

0

Letting p — oo in (5.5), then (5.1) holds. O
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Corollary 5.3 Suppose that V7 satisfies (UP). Then for each PY-potential h verifying
(P h)i=0 C L*(m), there exists a unique P-exit law ¢ such that

o0 o0 1
h= / / et 5~ ds dt.
0 0 7t F(S)

Proof. Following ([4], p. 874), P (L?(m)) C D(A?). By the semigoup property, P,/ h =

PtW/Q(Pgﬂh) € D(AY). Moreover we have Vi = P/, it follows that Vi(h — V{'h) =

P'h —V]'(P/h) € D(A7). By applying Theorem 5.2, the assertion holds. O

Corollary 5.4 Suppose that m is P-excessive and P is m-basic. Let h be a PP -potential
satisfying (Psh)i~o C L?*(m). Then there exists a unique P-ezit law ¢ = (py)i>0 such
that (5.1) holds.

Proof. Let t>0 be fixed, then P;h is a P?-potential and Vl(Pth—Vl’BPth) eVi(L3(m)) C
D(A) C D(AP). Tt follows, from Theorem 5.2, that there exists a unique P-exit law
(¢%)s=0 such that

Pih— /0 ot k(ds), (5.6)

where ¢! = —AP,f! + Poff and fI = —APVy(Ph — VPPh) + Vi(Pih — VP Pih).
Using the semigroup property we obtain ¢! = P,ps where @5 = AP, /2A5 Vi(Py/oh —
VPP, joh) — APVi(Psh — Vi Ph) + Psh — Vi Psh. Since ¢, € L2(m), for all s > 0,
then the strong continuity of P yields that ¢s = lim,o Pips = limy_,0 % > 0. By
the semigroup property again, it is obvious that (¢s)s>o satisfies (1.1). Consequently
(ps)s>o is a P-exit law and Ph = P, fooo psk(ds). By integration with each measure

B we get
P’h = Pf/ ps K(ds),  t>0. (5.7)
0

We conclude by letting ¢ — 0 in (5.7) and using Lemma 5.1. Finally, we shall prove the
unicity. So assume that there exists a P-exit law (1;);>0 such that (5.1) holds. The fact
that V? = [° Py k(ds) gives us P,h = VP, = VPt > 0. Since Ph < oo, m.a.e,
then ¢, = ¢y by (UP). O
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