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Weakly-Abel rings and strongly regular rings
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Abstract In this paper, we show that (1) a ring R is weakly-Abel if and only if Rx+R(xe− 1) = R
for each x ∈ R and e ∈ E(R) if and only if 1− ea ∈M implies 1− ae ∈M for each e ∈ E(R), a ∈ R
and M ∈ Maxl(R); (2) If R is a weakly-Abel ring containing a Von Neumann regular maximal left
ideal, then R is a strongly regular ring.
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1 Introduction

All rings considered in this article are associative rings with identity, the symbols
J(R), N(R), E(R) and Maxl(R) will stand respectively for the Jacobson radical, the
set of all nilpotent elements, the set of all idempotent elements and the set of all
maximal left ideals of R.

According to [2], a ring R is called quasi-normal if ae = 0 implies eaRe = 0 for
a ∈ N(R) and e ∈ E(R). Clearly, Abelian rings are quasi-normal. [2, Theorem 2.1]
showed that a ring R is quasi-normal if and only if eR(1 − e)Re ⊆ J(R) for each
e ∈ E(R).

Recall that a ring R is
(1) left quasi-duo if every maximal left ideal of R is an ideal;
(2) NI if N(R) forms an ideal of R;
(3) left NQD if MN(R) ⊆M for each M ∈Maxl(R);
(4) weakly-Abel if eR(1− e) ⊆ J(R) for each e ∈ E(R).
According to [1], left quasi-duo rings and NI rings are all left NQD. [1, Proposition

2.5] showed that a ring R is left NQD if and only if N(R) ⊆ J(R). Hence left NQD
rings are weakly-Abel. Clearly, quasi-normal rings are weakly-Abel. [1, Theorem 2.14]
showed that a ring R is weakly-Abel if and only if (1) Re + R(eg − 1) = R for
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each e, g ∈ J(R); and (2) for each e ∈ E(R) and M ∈ Maxl(R), either e ∈ M or
1 − e ∈ M . Motivated by this, we continue the study of weakly-Abel rings. In this
paper, we mainly discuss the some characterizations of weakly-Abel rings and obtain
an important and interesting Theorem 2.5.

Recall that a ring R is Von Neumann regular if a ∈ aRa for each a ∈ R, and R is
said to be strongly regular if a ∈ Ra2 for each a ∈ R. It is well known that a ring R
is a strongly regular ring if and only if R is a Von Neumann regular ring and reduced
ring (that is, N(R) = 0).

Call a left ideal I of a ring R Von Neumann regular if a ∈ aIa for each a ∈ I. Call a
ring R left MVNR if R contains a maximal left ideal which is Von Neumann regular.
Clearly, strongly regular rings are left MVNR.

In this paper, we show that weakly-Abel left MVNR rings are strongly regular.

2 Characterizations and properties

We start with the following theorem.

Lemma 2.1 Let R be a weakly-Abel ring. If R contains a maximal left ideal M which
is Von Neumann regular, then R is reduced.

Proof. Assume that a ∈ R with a2 = 0. If a /∈M , then Ra+M = R. Write 1 = sa+m
for some s ∈ R and m ∈M . Clearly, a = ma. Since am ∈M , am = ambam for some
b ∈ M . Set e = amb. Then am = eam and e2 = e. Let h = am − ame. Then
h = e(am)(1− e) ∈ eR(1− e) ⊆ J(R) because R is a weakly-Abel ring, it follows that
h ∈ M , so h = hdh for some d ∈ M . Observing that hd is an idempotent element
of R contained in J(R), so hd = 0, it follows that h = 0. Hence am − ame = h = 0
which implies that am = am(amb) = a(ma)mb = a2mb = 0. Therefore a = a1 =
a(sa + m) = asa. If a ∈ M , then, certainly, a = asa for some s ∈ M . Hence, in any
case, one has a = aca for some c ∈ R. Write g = ac. Then a = ga and g2 = g. Since
a− ag ∈ gR(1− g) ⊆ J(R) and ag = 0, a ∈ J(R). Thus g = ac ∈ J(R), this leads to
g = 0, so a = 0. Therefore R is reduced. ut

Recall that a ring R is
(1) symmetric if abc = 0 implies acb = 0 for each a, b, c ∈ R;
(2) ZC if ab = 0 implies ba = 0 for each a, b ∈ R;
(3) ZI if ab = 0 implies aRb = 0 for each a, b ∈ R.
It is well known that reduced =⇒ symmetric =⇒ ZC =⇒ ZI =⇒ NI. These facts

can lead to the following theorem.

Theorem 2.2 Let R be a weakly-Abel ring. If R contains a maximal left ideal M
which is Von Neumann regular, then R is strongly regular.

Proof. Since reduced Von Neumann regular rings are strongly regular, we only need
to show that R is a Von Neumann regular ring. Assume that a ∈ R. If a ∈M , we are
done. If a /∈M , then R = Ra+M . Write 1 = sa+m for some s ∈ R and m ∈M . Since
am ∈ M , am = amdam for some d ∈ M . Set e = amd and g = dam. Then e2 = e,
g2 = g and am = eam = amg. By Lemma 2.1, R is a reduced ring, so R is Abel, it
follows that eg = ge, this gives amd2am = eg = ge = gamd = agmd = adam2d. Since
reduced rings are ZI and a(md2am − dam2d) = 0, aR(md2am − dam2d) = 0, this
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implies that (md2am − dam2d)2 = 0, so md2am = dam2d = dammd = gmd = mgd.
Similar to the proof mentioned above, one obtains that d2am = gd = damd. And
further, one has dam = amd, that is e = g. Since a(m −mdam) = 0 and R is a ZC
ring, ma = mdama = mga = mea = mamda, this gives ma(1−mda) = 0. Since R is
symmetric, m(1 −mda)a = 0, it follows that ma = m2da2, so a = 1a = sa2 + ma =
(s+m2d)a2. Hence R is a strongly regular ring. ut

Clearly, if N(R) ⊆ J(R), then R is a weakly-Abel ring, so left NQD rings are
weakly-Abel by [1, Proposition 2.5]. Recall that a ring R is left quasi-duo if every
maximal left ideal of R is an ideal. [3, Lemma 2.3] implies that left quasi-duo rings
are weakly-Abel. Recall that a ring R is NI if N(R) forms an ideal of R. Evidently, NI
rings are weakly-Abel. Recall that a ring R is quasi-normal ([2]) if eR(1 − e)Re = 0
for each e ∈ E(R). Clearly, quasi-normal rings are weakly-Abel. With the help of
Theorem 2.2, we have the following corollary.

Corollary 2.3 Let R be a ring containing a maximal left ideal M which is Von Neu-
mann regular. If R satisfies one of the following conditions, then R is strongly regular.

(1) R is left quasi-duo;
(2) R is NI;
(3) R is quasi-normal;
(4) R is left NQD.

Call a ring R left MVNR if R contains a maximal left ideal M which is Von Neu-
mann regular. Clearly, strongly regular rings are left MVNR. Since strongly regular
rings are reduced, strongly regular rings are quasi-normal and NI. It is well known
that strongly regular rings are also left quasi-duo. Hence Theorem 2.2 and Corollary
2.3 imply the following corollary.

Corollary 2.4 The following conditions are equivalent for a ring R:
(1) R is a strongly regular ring;
(2) R is a weakly-Abel left MVNR ring;
(3) R is a quasi-normal left MVNR ring;
(4) R is a NI left MVNR ring;
(5) R is a left quasi-duo left MVNR ring.

Theorem 2.5 The following conditions are equivalent for a ring R:
(1) R is a weakly-Abel ring;
(2) Me ⊆M for each e ∈ E(R) and M ∈Maxl(R);
(3) Rx+R(xe− 1) = R for each e ∈ E(R) and x ∈ R;
(4) For each e ∈ E(R) and M ∈Maxl(R), either e ∈M or (1− e)R ⊆M ;
(5) For each e ∈ E(R), a ∈ R and M ∈Maxl(R), 1− ae ∈M implies 1− ea ∈M .

Proof. (1) =⇒ (2) If Me * M , then Me + M = R. Write 1 = me + n for some
m,n ∈ M . Since R is a weakly-Abel ring, (1 − e)me ∈ (1 − e)Re ⊆ J(R) ⊆ M , it
follows that 1 − e = (1 − e)me + (1 − e)n ∈ M , so m −me = m(1 − e) ∈ M . Since
1−me = n ∈M , 1−m = (1−me) + (me−m) ∈M , this gives 1 = (1−m) +m ∈M ,
a contradiction. Hence Me ⊆M .

(2) =⇒ (3) If Rx + R(xe − 1) 6= R, then there exists a maximal left ideal M
of R containing Rx + R(xe − 1). Since x ∈ M , xe ∈ M by (2), this implies that
1 = xe− (xe− 1) ∈M , which is a contradiction. Hence Rx+R(xe− 1) = R.
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(3) =⇒ (4) We first show that for any g ∈ E(R) and N ∈Maxl(R), Ng ⊆ N . If not,
then Ng+N = R. Write 1 = ng+m for some n,m ∈ N . By (3), R = Rn+R(ng−1) =
Rn+Rm ⊆ N , a contradiction. Hence Ng ⊆ N .

Now let e ∈ E(R) andM ∈Maxl(R) such that e /∈M . We claim that (1−e)Re ⊆M .
If not, there exists a ∈ R such that (1−e)ae /∈M , it follows that R(1−e)ae+M = R.
Set f = 1 − e + (1 − e)ae. Then f ∈ E(R), ef = 0 and f(1 − e) = 1 − e. Clearly,
Rf = R(1− e)aef +Mf ⊆M , so R(1− e) = Rf(1− e) ⊆M(1− e) ⊆M , this gives
(1− e)ae = f − (1− e) ∈M , a contradiction. Hence (1− e)Re ⊆M . If (1− e)R *M ,
then there exists x ∈ R such that (1− e)x /∈ M , it follows that R(1− e)x+M = R,
so Re = R(1 − e)xe + Me ⊆ M , which is a contradiction because e /∈ M . Therefore
(1− e)R ⊆M .

(4) =⇒ (5) Assume that 1− ae ∈M . Then e /∈M , by (4), (1− e)R ⊆M , this gives
1− a = (1− ae)− a(1− e) ∈M , so 1− ea = (1− a) + (1− e)a ∈M .

(5) =⇒ (1) If R is not weakly-Abel, then there exists e ∈ E(R) such that eR(1−e) *
J(R), so there exist a ∈ R and M ∈ Maxl(R) such that ea(1 − e) /∈ M . Hence
Rea(1− e) +M = R. Write 1 = xea(1− e) +m for some x ∈ R and m ∈M . By (5),
one has 1−(1−e)xea ∈M , this gives e = e(1−(1−e)xea) ∈M . Let g = e+ea(1−e).
Then g ∈ E(R), eg = g and ge = e. Since 1 − x(g − e) = 1 − xea(1 − e) = m ∈ M ,
1−xg = 1−x(g−e)−xe ∈M , it follows that 1−gx ∈M by (5). Hence e(1−gx) ∈M ,
that is e − gx ∈ M , so gx ∈ M , this gives 1 = (1 − gx) + gx ∈ M , a contradiction.
Hence R is a weakly-Abel ring. ut

Corollary 2.6 A ring R is a weakly-Abel ring if and only if for each e ∈ E(R), a ∈ R
and M ∈Maxl(R), 1− ea ∈M implies 1− ae ∈M .

Proof. First, we assume that R is a weakly-Abel ring and e ∈ E(R), a ∈ R and
M ∈Maxl(R) with 1− ea ∈M . If e ∈M , Then 1− e /∈M . Since R is a weakly-Abel
ring, eR ⊆M by Theorem 2.5. Since 1−ea ∈M , 1 = (1−ea)+ea ∈M , a contradiction.
Hence e /∈M , this gives (1−e)R ⊆M , it follows that 1−a = (1−ea)− (1−e)a ∈M ,
so 1− ae = (1− a) + a(1− e) ∈M .

Conversely, we show that R is a weakly-Abel ring. If not, then there exists e ∈ E(R)
such that eR(1 − e) " J(R), so there exist a ∈ R and M ∈ Maxl(R) such that
ea(1 − e) /∈ M , this gives Rea(1 − e) + M = R. Write 1 = xea(1 − e) + m for some
x ∈ R and m ∈ M . Then e − exea(1 − e) = em. Write g = e − exea(1 − e). Then
g2 = g = em ∈ M . Since 1 − (1 − g)(1 − e) = g ∈ M , 1 − (1 − e)(1 − g) ∈ M by
hypothesis, it follows that e ∈M . Write f = e+ ea(1− e). Then f2 = f , ef = f and
fe = e. Since 1− (1− e)(1− f) = e ∈M , 1− (1− f)(1− e) ∈M , that is f ∈M , this
implies ea(1− e) ∈M , a contradiction. Thus R is weakly-Abel. ut

Theorem 2.7 The following conditions are equivalent for a ring R:
(1) R is a weakly-Abel ring;
(2) eR(1− e)Re ⊆ J(R) for each e ∈ E(R);
(3) eN(R)(1− e) ⊆ J(R) for each e ∈ E(R).

Proof. (1) =⇒ (2) It is evident.
(2) =⇒ (3) If eN(R)(1− e) " J(R) for some e ∈ E(R), then there exist a ∈ N(R)

and M ∈Maxl(R) such that ea(1− e) /∈M , this gives Rea(1− e) +M = R, it follows
that (1−e)R = (1−e)Rea(1−e)+(1−e)M . By (2), (1−e)Rea(1−e) ⊆ J(R) ⊆M , this
implies (1−e)R ⊆M , so ea(1−e) ∈M , a contradiction. Hence eN(R)(1−e) ⊆ J(R).
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Let e ∈ E(R). Then eR(1− e) = e(eR(1− e))(1− e) ⊆ eN(R)(1− e) ⊆ eR(1− e),
so (3) =⇒ (1) is trivial. ut
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