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Abstract In this paper we introduce the notion of (quasi) β-topological hypergroup as a generaliza-
tion of (quasi) topological group using the relation β on hypergroups. We will study some of their
properties and present some examples. The relation between β-topological hypergroups and topolog-
ical hypergroups [1,6] is also discussed.
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1 Introduction

In recent decades hypergroups have been used in several branches of mathematics such
as geometry, graph theory, probability, etc. Moreover, they have shown to be applica-
ble to other sciences as well (see [4]). As a generalization of groups, it is reasonable to
study hypergroups from geometric point of view. There are several important hyper-
groups, such as the hypergroup of joining points in the plane, whose hyperoperations
are somehow “continuous”. This fact makes the investigation on hypergroups with a
topological structure more essential. Although the study of algebraic structures which
are a topological space at the same time has opened very active research areas in
mathematics, in case of hyperstructures this idea has not been seriously developed.
The first attempt in this direction was made in [1] where the author introduced the
notion of topological hypergroup as a hypergroup whose hyperoperation is continuous
with respect to a topology τ on H and a topology τ∗ on the power set of H. Later,
this theory was developed in [6]. The presented definition in [1] requires that not only
the hypergroup but also its power set be a topological space. Moreover, according
to this definition, a topological hypergroup whose underlying hypergroup is in fact a
group, is not necessarily a topological group. These observations persuade us to look
for a stronger generalization of topological groups. In this paper, using the well-known
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2 H. Momenaee Kermani, S. Sh. Mousavi

relation β on a hypergroup H, we generalize the concept of topological groups to hy-
pergroups and introduce (quasi) β-topological hypergroups. To this end, we first define
the generalized inverse function as a function from H to its power set P∗(H) and
then propose two strategies to define the continuity of the generalized inverse function
requiring no topology on P∗(H). This, together with the natural definition of the con-
tinuity of hyperoperation, provide us with two definitions. We finally show that one of
the resulting definitions is stronger than the other and we called them β-topological
hypergroup and quasi β-topological hypergroup, respectively. Some properties of these
structures are studied in section 4 and in section 5 we provide some examples of β-
topological hypergroups. In section 6, the relation between topological hypergroups
and β-topological hypergroups is studied.

Let H be a nonempty set and P∗(H) be the set of all nonempty subsets of H
and let ◦ be a hyperoperation or join operation on H, that is, ◦ is a function from
H × H into P∗(H) . If (a, b) ∈ H × H, its image under ◦ in P∗(H) is denoted by
a ◦ b or ab. The join operation is extended to subsets of H in a natural way, that is
A ◦ B = ∪{a ◦ b | a ∈ A, b ∈ B}. The notation aA is used for {a} ◦ A and Aa for
A ◦ {a}. Generally, the singleton {a} is identified with its member a. The structure
(H, ◦) is called a hypergroup if aH = Ha = H for all a ∈ H and a(bc) = (ab)c for all
a, b, c ∈ H.

Throughout, we assume that (H, ◦) is a hypergroup. An element a in H is called a
scalar, whenever for every x ∈ H, x ◦ a and a ◦ x are single-element sets. The set of
scalars of H is denoted by S(H) and if x ∈ S(H), then we denote x ◦ y by {x � y}
and y ◦ x by {y � x}. If H has a scalar element, then (S(H),�) is a group (see [3]).

Let K be a nonempty subset of H that is closed under the hyperoperation in H.
If K is itself a hypergroup under the hyperoperation in H, then K is said to be
a subhypergroup of H. Suppose (H, ◦) and (H ′, ◦′) are two hypergroups. A function
f : H → H ′ is called a homomorphism if f(a ◦ b) ⊆ f(a) ◦′ f(b) for all a and b in S.
We say that f is a good homomorphism if for all a and b in H, f(a ◦ b) = f(a) ◦′ f(b).

Let R be an equivalence relation on H. For all pairs (A,B) of non-empty subsets

of H, we set A
=

R B ⇔ a R b, ∀a ∈ A,∀b ∈ B. The relation R is called strongly regular

on the left (on the right) if x R y ⇒ a ◦ x
=

R a ◦ y (x R y ⇒ x ◦ a
=

R y ◦ a respectively),
for all (x, y, a) ∈ H3. Moreover, R is called strongly regular if it is strongly regular on
the right and on the left.

If R is a strongly regular relation, it is well known that the quotient H
R is a group

under the operation R(x) ⊗ R(y) = R(z), ∀z ∈ x ◦ y. For all n > 1 define the
relation βn on H as follows: a βn b ⇔ ∃(x1, ..., xn) ∈ Hn : {a, b} ⊆ ∏n

i=1 xi and
β =

⋃n
i=1 βn, where β1 = {(x, x) | x ∈ H} is the diagonal relation. It is known [3] that

β is a strongly regular relation. In fact, β is the least equivalence relation on H such
that the quotient H

β is a group. This group is called the fundamental group of H. The

equivalence class containing x is denoted by x
β and the identity element of the group

H
β is denoted by e

β .

The nonempty subset A of H is called a complete part of H if for all n > 2 and for
all (x1, x2, ..., xn) ∈ Hn the following implication holds:

n∏

i=1

xi ∩ A 6= ∅ ⇒
n∏

i=1

xi⊆A.
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β-topological hypergroups 3

It is not hard to see that if A is a complete part of H, then Ac the complement of A
in H is also a complete part. For a non-empty subset A of H, the intersection of all
complete parts of H containing A is called the complete closure of A in H and will be
denoted by C (A).

Let ϕ
H

: H → H
β be the canonical projection. ϕ

H
is a good homomorphism. The

kernel of ϕ
H

is called the heart (or core) of H and is denoted by ω
H

. Note that ω
H

is
a complete part (see [3]).

Theorem 1.1 ([3], Theorems 66, 67) If A is a non-empty subset of H, one has
ω
H
◦H = H ◦ ω

H
= C (A) = ϕ−1

H
(ϕ

H
(A)).

2 β-inverse

In this section we define the β-inverse of a subset of a hypergroup and state some of
its properties which are immediate consequences of the definition.

Definition 2.1 Suppose that (H, ◦) is a hypergroup and A is a nonempty subset of

H. The β-inverse of A denoted by A−1β is defined by A−1β :
def
= {h ∈ H | h ◦ a ⊆ ω

H
for

some a ∈ A}. For a ∈ A, {a−1β } is denoted by a−1β .

It is not hard to see that if h ◦ a ⊆ ω
H

, then a ◦ h ⊆ ω
H

.

Proposition 2.2 Suppose that (H, ◦) is a hypergroup and A,B are nonempty subsets
of H. Then,

(1) ϕ
H

(A−1β ) = (ϕ
H

(A))−1. Thus, A−1β = ϕ−1H (ϕ
H

(A))−1).

(2) If A ⊆ B, then A−1β ⊆ B−1β .

(3) A−1β is a nonempty complete part of H.

(4) A⊆(A−1β )−1β . In fact, (A−1β )−1β = (̧A).

(5) A−1β = ((̧A))−1β .

(6) If A ◦B ⊆ ω
H

, then B ◦A ⊂ ω
H

. Moreover A ⊆ B−1β and B ⊆ A−1β .

(7) If ω
H
⊆ A ◦B, then A ∩B−1β 6= ∅ and B ∩A−1β 6= ∅.

(8) (A ◦B)−1β = B−1β ◦A−1β .

Proof. (1) Let s
β = ( aβ )−1 ∈ (ϕ

H
(A))−1 for some a ∈ A. For all l ∈ s ◦ a we

have l
β = s

β
a
β = e

β . So, s ◦ a⊆ω
H

and hence s
β = ϕ

H
(s) ∈ ϕ

H
(A−1β ). Therefore,

(ϕ
H

(A))−1⊆ϕ
H

(A−1β ). Conversely, let s
β ∈ ϕH (A−1β ) be given. Thus there exists t ∈

A−1β such that ϕ
H

(s) = ϕ
H

(t). Since t ∈ A−1β , there exists a ∈ A such that t ◦ a⊆ω
H

.

Therefore, s
β = ( aβ )−1 ∈ (ϕ

H
(A))−1 and hence ϕ

H
(A−1β )⊆(ϕ

H
(A))−1 and the proof is

complete.
(2) The proof is obvious.
(3) Follows from (1).
(4) By part (1) and Theorem 1.1, (A−1β )−1β = ϕ−1H (ϕ

H
(A−1β ))−1) = ϕ−1

H
(ϕ

H
(A)) =

C (A).
(5) The proof follows from (3) and (4).
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4 H. Momenaee Kermani, S. Sh. Mousavi

(6) The proof is obvious.
(7) Let ω

H
⊆A ◦B, so there exists a ∈ A and b ∈ B such that a ◦ b ∩ ω

H
6= ∅. Since

ω
H

is a complete part, a ◦ b⊆ω
H

. Thus a ∈ B−1β and b ∈ A−1β and so A∩B−1β 6= ∅ and

B ∩A−1β 6= ∅.
(8) Using part (1) we have

(A ◦B)−1β = ϕ−1
H

((ϕ
H

(A ◦B))−1) = ϕ−1
H

((ϕ
H

(A)ϕ
H

(B))−1)

= ϕ−1
H

(ϕ
H

(B)−1ϕ
H

(A)−1) = ϕ−1
H

((ϕ
H

(B))−1(ϕ
H

(A))−1)

= B−1β ◦A−1.β

ut
Proposition 2.3 If H is a hypergroup and a ∈ A, then we have a◦a−1β = a−1β ◦a = ω

H
.

Proof. The proof is obvious. ut
Proposition 2.4 Let K be a subhypergroup of the hypergroup (H, ◦). Then K is a
complete part if and only if for each k ∈ K, we have k−1β ⊆K.

Proof. Let K be a complete part subhypergroup of H and k ∈ K and t ∈ k−1β be

given. Thus t ◦ k⊆ω
H
⊆K and since K is close as hypergroup (see [3]), we have t ∈ K.

Conversely, for an element k ∈ K we have ω
H

= k ◦ k−1β ⊆K. Therefore K ◦ ω
H

= K

and hence K is complete part. ut

3 β-topological hypergroup

In this section, we pursue two approaches in order to generalize the notion of topo-
logical group. In the first approach, we use the basic definition of topological group
and call the resulting structure a β-topological hypergroup of type I and in the sec-
ond one we use Proposition 3.6 as an equivalent definition of topological group and
call the resulting structure a β-topological hypergroup of type II. We will show that
in some cases, the two definitions are equivalent and in the general case, the second
definition is stronger than the first one. We also study some properties of both types
of β-topological hypergroups.

As is well known [2], a quasitopological group consist of a group G and a topology
τ on G such that for all a in G, the right action ρa and the left action λa on G are
continuous mappings of the space G into itself and the inverse mapping is continuous.
A topological group G consist of a group G and a topology τ on G such that the
multiplication mapping G×G→ G and the inverse mapping G→ G are continuous,
when G×G is given the product topology. Any topological group is a quasitopological
group but there several examples of quasitopological groups which are not topological
groups.

Definition 3.1 The hypergroup (H, ◦) together with the topology τ
H

on H is called a
β-topological hypergroup of type I, if the following conditions hold.

((T H)I − 1) If x ◦ y ⊆ U for U ∈ τ
H

and x, y ∈ H, then there exist open sets Vx
and Vy containing x and y respectively such that Vx ◦ Vy ⊆ U ;

442



β-topological hypergroups 5

((T H)I − 2) For each x ∈ H and U ∈ τ
H

if x−1β ⊆U , then there exists an open

complete part V such that x ∈ V and V −1β ⊆U .

Remark 3.1 The first condition is the definition of pseudo continuity of hyperoper-
ation appeared in [1,6].

Lemma 3.2 Let (H, ◦, τ
H

) be a β-topological hypergroup of type I and let U be an
open complete part. Then,

(i) for each x ∈ H, x ◦ U and U ◦ x are open complete parts.
(ii) U−1β is an open complete part.

Proof. (i) We show that x ◦ U is open. To this end, let t ∈ x ◦ U be given. Since U
is a complete part, we have x−1β ◦ t⊆U . Suppose that x−1β = ω

H
◦ z for some z ∈ H.

Therefore z ◦ t⊆U and hence there exist open sets Vz and Vt containing z and t
respectively such that Vz ◦ Vt⊆U . For each element s ∈ Vt we have x ◦ z ◦ s⊆x ◦ U .
Since x ◦ z⊆ω

H
, s ∈ ω

H
◦ s⊆x ◦ U . The proof for U ◦ x is similar.

(ii) The proof follows immediately from the definition. ut
Corollary 3.3 Let (H, ◦, τ

H
) be a β-topological hypergroup of type I. Then, for each

open set U containing ω
H

there exists an open complete part V such that ω
H
⊆V⊆U .

Proof. We have ω
H

= w−1β for some w ∈ ω
H

, so there exists an open complete part V

such that w ∈ V and V −1β ⊆U . By Lemma 3.2, V −1β is open and contains ω
H

. ut

For the topology τ
H

on H we denote the quotient topology on H
β by τβ

H
. It is

straightforward to see that if U ∈ τ
H

is a complete part, then ϕ
H

(U) ∈ τβ
H

.

Theorem 3.4 Suppose that (H, ◦, τ
H

) is a β-topological hypergroup of type I. Then
(Hβ ,⊗, τβH ) is a quasitopological group.

Proof. The proof follows immediately from Lemma 3.2. ut
A well known result of Ellis [5] says that any locally compact Haussdorf quasitopo-

logical group is in fact a topological group. So, we have the following corollary.

Corollary 3.5 If (H, ◦, τ
H

) is a β-topological hypergroup of type I such that the quo-
tient space (Hβ ,⊗, τβH ) is a locally compact Hausdorff space, then (Hβ ,⊗, τβH ) is a topo-

logical group.

Now we use the following equivalent definition of topological group in order to define
β-topological hypergroups of type II.

Proposition 3.6 Suppose that (G, ·) is a group with identity e and τ
G

is a topology
on G. (G, τ

G
) is a topological group if and only if the following assertions hold.

(1) If x · y ∈ U for U ∈ τG and x, y ∈ G, then there exist Vx and Vy in τ
G

such that
x ∈ Vx, y ∈ Vy and Vx · Vy ⊆ U ;

(2) If e ∈ U for U ∈ τ
G

, then there exists an open set V containing e such that
V · V −1 ⊆ U .
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6 H. Momenaee Kermani, S. Sh. Mousavi

Definition 3.7 The hypergroup (H, ◦) together with the topology τ
H

is called a β-
topological hypergroup of type II, if the following conditions hold:

((T H)II − 1) If x ◦ y ⊆ U for U ∈ τ
H

and x, y ∈ H, then there exist open sets Vx
and Vy containing x and y respectively such that Vx ◦ Vy ⊆ U ;

((T H)II − 2) For each U ∈ τ
H

if ω
H
⊆U , then there exists V ∈ τ

H
such that V is a

complete part and V ◦ V −1β ⊆U .

Lemma 3.8 Let (H, ◦, τ
H

) be a β-topological hypergroup of type II and let U be an
open complete part. Then:

(i) for each x ∈ H, x ◦ U and U ◦ x are open complete parts;
(ii) U−1β is an open complete part.

Proof. (i) Similar to the proof of Lemma 3.2(i).
(ii) Let x ∈ U−1β be given. By Proposition 2.2, we have ω

H
⊆U ◦x. By (i), U ◦x is open

and hence there exists an open complete part V containing ω
H

such that V ◦V −1β ⊆U◦x.

Thus, by Proposition 2.3 we have V ◦ (x ◦ V )−1β ⊆U and so x ∈ x ◦ V⊆U−1β . ut

Theorem 3.9 Let (H, ◦, τ
H

) be a β-topological hypergroup of type II. Then (Hβ ,⊗, τβH )

is a topological group.

Proof. Let U ∈ τβ
H

and ϕ
H

(x)⊗ ϕ
H

(y) ∈ U be given.

By Lemma 3.8, (ϕ
H

(x))−1⊗U⊗(ϕ
H

(y))−1 is an open set in H
β containing e

β . Thus

there exists an open complete part V containing ω
H

such that V◦V −1β ⊆ϕ−1H ((ϕ
H

(x))−1⊗
U ⊗ (ϕ

H
(y))−1). Put V :

def
= ϕ

H
(V ) and so V−1 = ϕ

H
(V −1β ). Therefore, ϕ

H
(x) ∈

ϕ
H

(x)⊗V ∈ τβ
H

and ϕ
H

(y) ∈ V−1⊗ϕ
H

(y) ∈ τβ
H

, since V is open. Hence (ϕ
H

(x)⊗V)⊗
(V−1⊗ϕ

H
(y))⊆U . The continuity of the inverse opration in the group H

β follows from

Lemma 3.8. ut

Corollary 3.10 Let (H, ◦, τ
H

) be a β-topological hypergroup of type II. If V ∈ τ
H

is
a complete part and x ◦ y⊆V for some x, y ∈ H, then there exists open complete parts
V1, V2 containing x, y respectively such that V1 ◦ V2⊆V .

Theorem 3.11 If (H, ◦, τ
H

) is a β-topological hypergroup of type II, then it is a β-
topological hypergroup of type I.

Proof. Let U ∈ τ
H

and x−1β ⊆U be given. There exists z ∈ H such that x−1β = ω
H
◦ z.

So by ((T H)II − 1) there exists an open U ′ containing ω
H

such that U ′ ◦ z⊆U . Now,
there exists an open complete part W containing ω

H
such that W ◦ W−1β ⊆U ′. Let

V = z−1β ◦W ◦W−1β , then V is an open complete part containing x such that V −1β ⊆U .
ut

So far we have observed that the fundamental group of a β-topological hypergroup
of type I is a quasitopological group and the fundamental group of a β-topological
hypergroup of type II is a topological group. This fact together with previous theorem
justify the following definition.
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β-topological hypergroups 7

Definition 3.12 Let (H, ◦) be a hypergroup and let τ
H

be a topology on H.
(i) H is called a quasi β-topological hypergroup, whenever it is a β-topological hy-

pergroup of type I;
(ii) H is called a β-topological hypergroup, whenever it is a β-topological hypergroup

of type II.

Theorem 3.13 Let (H, ◦, τ
H

) be a quasi β-toplogical hypergroup, then (H, ◦, τ
H

) is a
β-toplogical hypergroup if and only if for each open set U containing ω

H
there exists

open sets V and W containing ω
H

such that V ◦W⊆U .

Proof. For the if part suppose that U is open and contain ω
H

. By the assumption
and Corollary 3.3, there exist open complete parts V and W containing ω

H
such that

V ◦W⊆U . Put O :
def
= V ∩W ∩ V −1β ∩W−1β . Thus O is an open complete part and

O ◦O−1β ⊆U . The converse is obvious. ut

Theorem 3.14 If (H, ◦, τ
H

) is a quasi β-toplogical hypergroup and ω
H

is compact,
then it is a β-toplogical hypergroup.

Proof. Suppose that ω
H
⊆U and U is an open. Let z ∈ ω

H
be an arbitrary element, thus

for each t ∈ ω
H

there exist open sets Vt and Wt containing z and t respectively, such
that Vt ◦Wt⊆U . Since ω

H
⊆⋃t∈ω

H
Wt and ω

H
is a compact, we have ω

H
⊆⋃n

i=1Wti

for some t1, · · · , tn ∈ ω
H

. Put Uz :
def
=
⋂n
i=1 Vti and Wz :

def
=
⋃n
i=1Wti . So z ∈ Uz,

ω
H
⊆Wz and Uz ◦Wz⊆U . Similarly since ω

H
⊆⋃z∈ω

H
Uz, we have ω

H
⊆⋃m

j=1 Uzj for

some z1, · · · , zm ∈ ω
H

. Put V :
def
=
⋃m
j=1 Uzj and W :

def
=
⋂m
j=1Wzj . Therefore, V and

W contain ω
H

and V ◦W⊆U . Hence by Theorem 3.13, (H, ◦, τ
H

) is a β-topological
hypergroup. ut

The authors conjecture that there exists a quasi β-topological hypergroup which is
not a β-topological hypergroup.

Notation 3.1 Let (H, ◦) be a hypergroup. We define the collection τHc as follows
τHc = {∅} ∪ {U⊆H | U is complete part}.

It is easy to see that (H, τHc ) is a topological space. We have the following proposi-
tion.

Proposition 3.15 Let (H, ◦, τ
H

) be a β-topological hypergroup. Then (S(H),�) is a
topological group by the subspace topology induced by the topology τ

H
∩ τHc on H.

Proof. The continuity of the operation � is obvious. Let U ∩S(H) where U ∈ τ
H
∩τHc

be an open set in the topology of S(H) containing e
S(H)

, the identity element of the
group S(H) . Since ω

H
⊆U , there exists an open complete part V containing ω

H
such

that V ◦ V −1β ⊆U . Since e
S(H)
∈ ω

H
and (V ∩ S(H))−1⊆V −1β , where (V ∩ S(H))−1 is

the inverse of the set V ∩ S(H) in the group S(H), we have e
S(H)
∈ V ∩ S(H) and

(V ∩ S(H))� (V ∩ S(H))−1⊆V ◦ V −1β ∩ S(H)⊆U ∩ S(H). ut

Corollary 3.16 Suppose that (H, ◦, τ
H

) is a β-topological hypergroup. If H is a group,
then (H,�, τ

H
) is a topological group.
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8 H. Momenaee Kermani, S. Sh. Mousavi

Proposition 3.17 Suppose that (H, ◦, τ
H

) is a β-topological hypergroup. Then (Hβ , τ
β
H

)

is Hausdorff if and only if for all x /∈ ω
H

there exists an open complete part U con-
taining x such that U ∩ ω

H
= ∅.

Proof. First suppose that H
β is Hausdorff and x /∈ ω

H
. Let ϕ

H
(y) = (ϕ

H
(x))−1. Since

ϕ
H

(x) 6= e, there exist open sets W,U and V containing eH
β

, ϕ
H

(x) and ϕ
H

(y) re-

spectively, such that UV⊆ W and U ∩ W = ∅. Therefore x ∈ ϕ−1
H

(U), ω
H
⊆ ϕ−1

H
(W)

and ϕ−1
H

(U) ∩ ϕ−1
H

(W) = ∅. For the converse, suppose that ϕ
H

(x) 6= ϕ
H

(y). Thus
ϕ
H

(x)ϕ
H

(y′) 6= eH
β

, where ϕ
H

(y′) = [ϕ
H

(y)]−1 and hence x ◦ y′ ∩ ω
H

= ∅. So for all

t ∈ x ◦ y′ there exists an open complete part Ut containing t such that Ut ∩ ωH = ∅.
Put U =

⋃
t∈x◦y′ Ut and hence x◦y′⊆ U and U ∩ω

H
= ∅. Since U is an open complete

part, by Corollary 3.10 there exist open complete parts Ux and Uy′ containing x and
y′ respectively, such that Ux◦Uy′⊆ U . Therefore [ϕ

H
(Uy′)]

−1 is open containing ϕ
H

(y)
and ϕ

H
(Ux) ∩ [ϕ

H
(Uy′)]

−1 = ∅. ut

Corollary 3.18 Suppose that (H, ◦, τ
H

) is a β-topological hypergroup. If H
β is Haus-

dorff, then ω
H

is close.

Proposition 3.19 For the β-topological hypergroup (H, ◦, τ
H

) the following assertions
are equivalent:

(a) ϕ
H

is an open map;
(b) For each open set U , we have (̧U) is open;
(c) The inverse of each open set is open;
(d) For each open set U and x ∈ H if x−1β ∩U 6= ∅, then there exists an open complete

part V containing x such that V −1β ⊆(̧U).

Proof. The proof is straightforward. ut

Proposition 3.20 Suppose that (H, ◦, τ
H

) is a β-topological hypergroup, ϕ
H

is an
open map and K is a subhypergroup of H. If K is a complete part, then K, the closure
of K, is a subhypergroup of H.

Proof. First we show that (K, ◦) is closed under the hyperoperation. Suppose that
x, y ∈ K, t ∈ x ◦ y and U ∈ τ

H
such that t ∈ U are given. By Proposition 3.19, (̧U)

is open and x ◦ y⊆(̧U). Now, there exist open complete parts Vx and Vy containing
x and y respectively, such that Vx ◦ Vy⊆(̧U). Therefore there exist k1 ∈ Vx ∩K and
k2 ∈ Vy ∩K and hence k1 ◦ k2⊆(̧U). Let k ∈ k1 ◦ k2 be given. So there exists u ∈ U
such that ϕ

H
(k) = ϕ

H
(u). Therefore, u ∈ (̧K) = K and hence U ∩ K 6= ∅. Thus,

(K, ◦) is closed under the hyperoperation.
Now we show that for each a ∈ K, we have a ◦K = K. Let x ∈ K be given. There

exists h ∈ H such that x ∈ a ◦ h. Let O ∈ τ
H

and h ∈ O. Thus, x ∈ a ◦ (̧O). By
Lemma 3.8, there exists k ∈ K ∩ (a◦ (̧O)). So a−1β ◦k⊆(̧O). Hence there exists an open

complete part V containing a such that V −1β ◦ k⊆(̧O). Therefore, K ∩ V 6= ∅ and by

Proposition 2.4 we have V −1β ∩K 6= ∅. Thus, (V −1β ∩K) ◦ k⊆(̧O) which means that

K ∩O 6= ∅. ut
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4 Examples

Example 4.1 Define the hyperoperation ◦ on H = R2 by (x1, y1) ◦ (x2, y2) = [x1, x2]×
[y1, y2]. Therefore ω

H
= H and ϕ

H
is an open map. It is easy to see that (H, ◦, τ

H
) is

a β-topological hypergroup, where τH is the standard topology on H.

Example 4.2 Suppose that (G, ·) is an abelian group, H is a set containing G and

f : H � G is a surjection. Define the hyperoperation ◦ on H by h1 ◦h2 :
def
= f−1(f(h1) ·

f(h2)). It is easy to see that (H, ◦) is a hypergroup and for all h ∈ H we have h
β = {h′ |

f(h) = f(h′)} = f−1(f(h)). Also, ∀a ∈ ω
H
,∀h ∈ H, aβ ⊗ h

β = h
β ⇐⇒ ∀a ∈ ωH ,∀h ∈

H,∀t ∈ a ◦ h, tβ = h
β ⇐⇒ ∀a ∈ ωH , f(a) = eG. Therefore ω

H
= f−1(eG), where eG is

the identity element of the group G and hence for all h ∈ H, h−1β = f−1((f(a))−1),

where (f(a))−1 is the inverse of f(a) in the group G. Now let G be the group (Q,+),
H = R and f : R� Q be the function defined by

f(x) =

{
x, if x ∈ Q;

0, if x ∈ C,

where C = R−Q is the irrational numbers. Consider the hypergroup (H, ◦) as above.
Thus ω

H
= {0} ∪ C and for all a ∈ H,

a−1β =

{{−a}, if a ∈ Q− {0};
{0} ∪ C, if a ∈ {0} ∪ C.

Define τ
H

:
def
= {∅, H} ∪ {U | U⊆C}, so (H, ◦, τ

H
is a β-topological hypergroup and ϕ

H

is not an open map, since for each U⊆C we have ϕ−1
H

(ϕ
H

(U)) = {0} ∪ C /∈ τ
H

.

Example 4.3 Put H = R2 − {(0, y) | y ∈ R}. Define the hyperoperation ◦ on H by

∀(x1, y1), (x2, y2) ∈ H, (x1, y1)◦(x2, y2) :
def
= {(x1x2, z) | z ∈ R}. (H, ◦) is a hypergroup,

ω
H

= {(1, y) | y ∈ R}, (̧(x, y)) = {(x, z) | z ∈ R} and (x, y)−1β = {(1/x, z) | z ∈ R} .

Consider τ
H

as the subspace topology of the standard topology of R2, so it is easy to see
that (H, ◦, τ

H
) is a β-topological hypergroup. Note that H

β
∼= (R∗, ·) the multiplicative

group of the non-zero elements of R and ϕ
H

is an open mapping.

Example 4.4 Let (G,+) be an abelian group and suppose that a ∈ G have order 2.
Define the hyperoperation ◦ on G by x ◦ y = {x + y, x + y + a}. Thus, (G, ◦) is a
(complete) hypergroup and ω

H
= {g ∈ G | ∀x ∈ G, x ∈ x ◦ g} = {0, a}, where 0 is

the identity element of the group G. Therefore for each g ∈ G, (̧g) = {g, g + a} and
g−1β = {−g, a − g}. Now let G be the group Z4 = {0̄, 1̄, 2̄, 3̄} and a = 2̄. So the table
of hyperoperation ◦ on Z4 defined above is as follows:

◦ 0̄ 1̄ 2̄ 3̄

0̄ 0̄, 2̄ 1̄, 3̄ 0̄, 2̄ 1̄, 3̄
1̄ 1̄, 3̄ 0̄, 2̄ 1̄, 3̄ 0̄, 2̄
2̄ 0̄, 2̄ 1̄, 3̄ 0̄, 2̄ 1̄, 3̄
3̄ 1̄, 3̄ 0̄, 2̄ 1̄, 3̄ 0̄, 2̄
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Therefore, ω
H

= {0̄, 2̄} = 0̄−1β = 2̄−1β , 1̄−1β = {1̄, 3̄} and 3̄−1β = {1̄, 3̄}. Let τ
H

:
def
=

{∅, {3̄}, H}. Thus, (H, ◦, τ
H

) is a β-topological group.

Example 4.5 Suppose that (G, ·, τ
G

) is a topological group and (H, ◦) is a hypergroup.
For all g ∈ G, put Hg = H×{g} and define the hypergroup (K, ◦) where K =

⋃
g∈GHg

and k1 ◦ k2 = {(h, g1 · g2) | h ∈ h1 ◦h2} for all k1=(h1, g1) and k2=(h2, g2) in K. It is
easy to see that ω

K
=He where e ∈ G is the identity element of G, for each (h, g)∈K

we have (h, g)−1β =H×{g−1}, where g−1 is the inverse element of g in group G and
K
β
∼= G.

Define the topology τ
K

on K as follows U ∈ τ
K

if and only if U =
⋃
g∈U Hg for some

U ∈ τ
G
. Let (h, g) ∈ K and U ∈ τ

K
such that (h, g)−1β ⊆U be given. Thus U =

⋃
g∈U Hg,

where U ∈ τ
G

. So H×{g−1}⊆U . Therefore, g−1 ∈ U and since G is a topological group
hence there exists V ∈ τ

G
containing g such that V −1⊆U , where V −1 is the inverse of

V in the group G. Put V :
def
=
⋃
g∈V Hg. Thus, V is a complete and open set containing

(h, g) and V−1β =
⋃
g∈V −1 Hg⊆

⋃
g∈U Hg = U . Therefore, (K, ◦, τ

K
) is a β-topological

hypergroup and ϕ
K

is an open map.

As a special case of example 4.5 we introduce two β-topological hypergroup as
follows.

Example 4.6 Let a topological group (G, ·, τ) together with a normal closed subgroup

H be given. Define the set X as follows X :
def
= {U · H | U∈τ}. It is easy to see that

∪X=G and for all U1 ·H and U2 ·H in X we have (U1 ∩ U2) ·H⊆U1 ·H∩U2 ·H. Let
τ
G

be the topology on G generated by X . The mapping ∗ : G×G → P∗(H) defined

by x ◦ y :
def
= xyH is a hyperoperation on G and (G, ◦) is a hypergroup. In this case

ω
G

=H and hence G
β =G

H . The topology τβ
G

on G
β is exactly the quotient topology on G

H

induced by canonical projection π
G

: G→G
H . Note that for all x ∈ G, ϕ

G
(x)=π

G
(x).

We can easily see that (G, ◦, τ
G

) is a β-topological hypergroup.

Example 4.7 Suppose that {Ag}g∈G is a family of mutually disjoin sets where G is a
topological group with topology τ

G
and H =

⋃
g∈GAg. Define the hyperoperation ◦

on H by x ◦ y :
def
= Ast, where x ∈ As and y ∈ At. It is easy to see that (H, ◦) is a

hypergroup with ω
H

= Ae, where e is the identity element of G and H
β
∼= G. Define

the topology τ
H

on H by U ∈ τ
H
⇔ U = AV where V ∈ τ

G
, AV =

⋃
v∈V Av. It is easy

to see that H is a β-topological hypergroup.

Example 4.8 Suppose that H = {e, a, b}. Consider the hypergroup (H, ◦), where ◦ is
defined on H as follows:

◦ e a b

e e a b
a a {e, b} a
b b a {e, b}
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In fact (H, ◦) is a polygroup. Define τ
H

:
def
= {∅, {e}, H}. So, ω

H
= {e, b} = e−1β = b−1β

and a−1β = {a}. It is easy to see that (H, ◦, τ
H

) is a β-topological hypergroup. Note
that ϕ

H
is not an open map.

5 Relation between quasi β-topological hypergroup and topological
hypergroup

In this section we show that the condition (T H)I − 2 is in association with the con-
tinuity of the map i : H →P∗(H) which is defined by i(x) = x−1β for each x ∈ H.

Let (H, τ
H

) be a topological space. In [6] it was mentioned that the family U
consisting of all sets SU={V ∈P∗(H) | V⊆U}, U∈τ

H
, is a base of topology τ

U
on

P∗(H). The topology τ
U

on P∗(H) is called the upper topology on P∗(H) induced by
the topology τ

H
on H. Recall that the hypergroup H is called a topological hypergroup

with respect to a topology τ
H

on H and a topology τ∗ on P∗(H), whenever the
hyperoperation is continuous with respect to τ

H
×τ

H
and τ∗ . Now, we have the following

theorem.

Theorem 5.1 Let (H, ◦) be a hypergroup and (H, τ
H

) be a topological space. Then H
is a quasi β-topological hypergroup if and only if H is a topological hypergroup and i
is continuous with respect to τ

H
and τ

U
.

Proof. Let U ∈ τ
H

and x ∈ H such that x−1β ⊆U be given. It is easy to see that

i−1(SU ) = {x∈H | x−1β ⊆U} is complete part. Since i is continuous, i−1(SU ) is open

and we have (i−1(SU ))−1β ⊆U . The converse is obvious. ut
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