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Abstract In this paper we introduce the notion of (quasi) S-topological hypergroup as a generaliza-
tion of (quasi) topological group using the relation 8 on hypergroups. We will study some of their
properties and present some examples. The relation between S-topological hypergroups and topolog-
ical hypergroups [1,6] is also discussed.
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1 Introduction

In recent decades hypergroups have been used in several branches of mathematics such
as geometry, graph theory, probability, etc. Moreover, they have shown to be applica-
ble to other sciences as well (see [4]). As a generalization of groups, it is reasonable to
study hypergroups from geometric point of view. There are several important hyper-
groups, such as the hypergroup of joining points in the plane, whose hyperoperations
are somehow “continuous”. This fact makes the investigation on hypergroups with a
topological structure more essential. Although the study of algebraic structures which
are a topological space at the same time has opened very active research areas in
mathematics, in case of hyperstructures this idea has not been seriously developed.
The first attempt in this direction was made in [1] where the author introduced the
notion of topological hypergroup as a hypergroup whose hyperoperation is continuous
with respect to a topology 7 on H and a topology 7, on the power set of H. Later,
this theory was developed in [6]. The presented definition in [1] requires that not only
the hypergroup but also its power set be a topological space. Moreover, according
to this definition, a topological hypergroup whose underlying hypergroup is in fact a
group, is not necessarily a topological group. These observations persuade us to look
for a stronger generalization of topological groups. In this paper, using the well-known
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2 H. Momenaee Kermani, S. Sh. Mousavi

relation 8 on a hypergroup H, we generalize the concept of topological groups to hy-
pergroups and introduce (quasi) S-topological hypergroups. To this end, we first define
the generalized inverse function as a function from H to its power set &*(H) and
then propose two strategies to define the continuity of the generalized inverse function
requiring no topology on &*(H). This, together with the natural definition of the con-
tinuity of hyperoperation, provide us with two definitions. We finally show that one of
the resulting definitions is stronger than the other and we called them S-topological
hypergroup and quasi S-topological hypergroup, respectively. Some properties of these
structures are studied in section 4 and in section 5 we provide some examples of -
topological hypergroups. In section 6, the relation between topological hypergroups
and p-topological hypergroups is studied.

Let H be a nonempty set and &*(H) be the set of all nonempty subsets of H
and let o be a hyperoperation or join operation on H, that is, o is a function from
H x H into #*(H) . If (a,b) € H x H, its image under o in &*(H) is denoted by
a o b or ab. The join operation is extended to subsets of H in a natural way, that is
AoB =U{aob|ae€ A b e B}. The notation aA is used for {a} o A and Aa for
Ao {a}. Generally, the singleton {a} is identified with its member a. The structure
(H, o) is called a hypergroup if aH = Ha = H for all a € H and a(bc) = (ab)c for all
a,b,c€ H.

Throughout, we assume that (H, o) is a hypergroup. An element a in H is called a
scalar, whenever for every x € H, x o a and a o x are single-element sets. The set of
scalars of H is denoted by S(H) and if x € S(H), then we denote x oy by {z © y}
and y oz by {y ® x}. If H has a scalar element, then (S(H),®) is a group (see [3]).

Let K be a nonempty subset of H that is closed under the hyperoperation in H.
If K is itself a hypergroup under the hyperoperation in H, then K is said to be
a subhypergroup of H. Suppose (H,o) and (H',0’) are two hypergroups. A function
f: H — H'is called a homomorphism if f(aob) C f(a) o' f(b) for all a and b in S.
We say that f is a good homomorphism if for all a and b in H, f(aob) = f(a) o’ f(b).

Let R be an equivalence relation on H. For all pairs (A, B) of non-empty subsets

of H, we set A ]:% B << aRb,Va € A, Vb€ B. The relation R is called strongly regular

on the left (on the right) if t Ry = aox Raoy (x Ry = xoa R yoa respectively),
for all (z,y,a) € H3. Moreover, R is called strongly regular if it is strongly regular on
the right and on the left.

If R is a strongly regular relation, it is well known that the quotient % is a group
under the operation R(z) ® R(y) = R(z), Vz € zoy. For all n > 1 define the
relation (3, on H as follows: a 8, b < I(z1,....,2,) € H" : {a,b} C [[;-, z; and
B =i Bn, where 81 = {(x,z) | x € H} is the diagonal relation. It is known [3] that
B is a strongly regular relation. In fact, 5 is the least equivalence relation on H such
that the quotient % is a group. This group is called the fundamental group of H. The

equivalence class containing z is denoted by % and the identity element of the group
% is denoted by %

The nonempty subset A of H is called a complete part of H if for all n > 2 and for
all (z1,x2,...,x,) € H™ the following implication holds:

i=1 1=1
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B-topological hypergroups 3

It is not hard to see that if A is a complete part of H, then A¢ the complement of A
in H is also a complete part. For a non-empty subset A of H, the intersection of all

complete parts of H containing A is called the complete closure of A in H and will be
denoted by €(A).

Let ¢, : H — % be the canonical projection. ¢,, is a good homomorphism. The

kernel of ¢,, is called the heart (or core) of H and is denoted by w,,. Note that w,, is
a complete part (see [3]).

Theorem 1.1 ([3], Theorems 66, 67) If A is a non-empty subset of H, one has
wy, oH=Houw, =%(A)=¢," (v, (4).

2 B-inverse

In this section we define the S-inverse of a subset of a hypergroup and state some of
its properties which are immediate consequences of the definition.

Definition 2.1 Suppose that (H,o) is a hypergroup and A is a nonempty subset of
H. The B-inverse of A denoted by Agl is defined by A_1 HIheH | hoaCuw, for
some a € A}. Fora € A, {agl} is denoted by a;l.

It is not hard to see that if hoa Cw,,, thenaoh C w,,.

Proposition 2.2 Suppose that (H, o) is a hypergroup and A, B are nonempty subsets
of H. Then,

1) 0 (45) = (g, (A Thus, 45" = o' (9, (4) ).
) If AC B, then Az' C B3t
) AEI is a nonempty complete part of H.
) Ai(Agl)gl.illn fact, (Agh)5" = (A).

5) Aﬁ = ((A))ﬁ
)IfAoB Cuw,, then Bo A Cw,,. Moreover A C B,H_l and B C A,gl.
) Ifw, C Ao B, thenAmBgl #0 and BN AZ' # 0.
) (Ao B)El = Bﬁ_l o Agl,

Proof. (1) Let § = (%)*1 € (¢, (A))"t for some a € A. For all | € soa we

S

have 5 = 53 % So, s o aCw, and hence 3 = ¢, (s) € ¢, (Agl). Therefore,

(0 (A) ' Cp, (A
AE such that ¢
= (

S

Therefore, 3=
complete.

(2) The proof is obvious.
(3) Follows from (1).
(4
(A
(5

5 1). Conversely, let 5 € v (Agl) be given. Thus there exists ¢ €
(s) = ¢, (t). Since t € Agl, there exists a € A such that toaCuw,,.
)7t € (¢, (A)~" and hence o, (A5") (¢, (A)) ™" and the proof is

H
a
B

By part (1) and Theorem 1.1, (451)5" = ¢ (¢, (45") ™) = 0, (0, (4)) =
€

\_/\./\./

The proof follows from (3) and (4).
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4 H. Momenaee Kermani, S. Sh. Mousavi

(6) The proof is obvious.
(7) Let w,, CA o B, so there exists a € A and b € B such that aocbNw,, # 0. Since
w,, is a complete part, a o bCw,,. Thus a € Bgl and b € Agl and so AN Bgl # () and

BnAgt#£0.
(8) Using part (1) we have

(Ao B)z' = ¢ (¢ (Ao B)™Y) = ¢ ((¢u(A)p, (B) )

=0, (0 (B) 0, (A7) = 9, (04 (B) (0 (A)7)
_ Bﬁ_l OAEL

a
Proposition 2.3 If H is a hypergroup and a € A, then we have aoag1 = aEloa =w,.
Proof. The proof is obvious. 0O

Proposition 2.4 Let K be a subhypergroup of the hypergroup (H,o). Then K is a
complete part if and only if for each k € K, we have kgng.

Proof. Let K be a complete part subhypergroup of H and k € K and t € k’ﬁ_l be
given. Thus t o kCw, CK and since K is close as hypergroup (see [3]), we have ¢t € K.
Conversely, for an element k € K we have w, = ko kﬁ_ng. Therefore K ow,, = K
and hence K is complete part. 0O

3 B-topological hypergroup

In this section, we pursue two approaches in order to generalize the notion of topo-
logical group. In the first approach, we use the basic definition of topological group
and call the resulting structure a S-topological hypergroup of type I and in the sec-
ond one we use Proposition 3.6 as an equivalent definition of topological group and
call the resulting structure a g-topological hypergroup of type I1. We will show that
in some cases, the two definitions are equivalent and in the general case, the second
definition is stronger than the first one. We also study some properties of both types
of B-topological hypergroups.

As is well known [2], a quasitopological group consist of a group G and a topology
7 on G such that for all a in G, the right action p, and the left action A\, on G are
continuous mappings of the space G into itself and the inverse mapping is continuous.
A topological group G consist of a group G and a topology 7 on G such that the
multiplication mapping G x G — G and the inverse mapping G — G are continuous,
when G X G is given the product topology. Any topological group is a quasitopological
group but there several examples of quasitopological groups which are not topological
groups.

Definition 3.1 The hypergroup (H, o) together with the topology T,, on H is called a
B-topological hypergroup of type I, if the following conditions hold.

(TH)z—1) Ifzoy CU forU € 7, and x,y € H, then there exist open sets V
and Vy containing x and y respectively such that V, oV, C U;
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B-topological hypergroups 5

(TH)z —2) For each x € H and U € 1, if x[;lgU, then there exists an open
complete part V such that x € V' and Vﬁ—lgU.

Remark 3.1 The first condition is the definition of pseudo continuity of hyperoper-
ation appeared in [1,6].

Lemma 3.2 Let (H,o,1,) be a -topological hypergroup of type I and let U be an
open complete part. Then,

i) for eachx € H, zoU and U o x are open complete parts.
; h H U and U let t
(i4) Uy Lis an open complete part.

Proof. (i) We show that x o U is open. To this end, let ¢ € x o U be given. Since U
is a complete part, we have z;1 o tCU. Suppose that x;l = w, o z for some z € H.
Therefore z o tCU and hence there exist open sets V, and V; containing z and ¢
respectively such that V, o V;CU. For each element s € V; we have z 0 20 sCx o U.
Since z 0 zCw,,, s € w,, 0 sCx o U. The proof for U o z is similar.

(ii) The proof follows immediately from the definition. O

Corollary 3.3 Let (H,o,1,) be a B-topological hypergroup of type I. Then, for each
open set U containing w,, there exists an open complete part V' such that w,CVCU.

Proof. We have w,, = wlgl for some w € w,,, so there exists an open complete part V
such that w € V and Vﬁ‘lgU. By Lemma 3.2, Vﬁ_1 is open and contains w,,. O

For the topology 7, on H we denote the quotient topology on % by 75. It is
straightforward to see that if U € 7,, is a complete part, then ¢, (U) € 7.

Theorem 3.4 Suppose that (H,o,7,) is a B-topological hypergroup of type I. Then
(%, ®,T§) s a quasitopological group.

Proof. The proof follows immediately from Lemma 3.2. O

A well known result of ELLIS [5] says that any locally compact Haussdorf quasitopo-
logical group is in fact a topological group. So, we have the following corollary.

Corollary 3.5 If (H,o,7,) is a B-topological hypergroup of type I such that the quo-
tient space (%, ®,T£) s a locally compact Hausdorff space, then (%, ®, 7'5) is a topo-
logical group.

Now we use the following equivalent definition of topological group in order to define
[B-topological hypergroups of type I1.

Proposition 3.6 Suppose that (G,-) is a group with identity e and 7. is a topology
on G. (G,1,) is a topological group if and only if the following assertions hold.

(1) Ifx-yeU forU € 7q and x,y € G, then there exist V, and Vy in 7, such that
eV, yeVyandV, -V, CU;

(2) If e € U for U € 7, then there exists an open set V containing e such that
V.v-icu.
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6 H. Momenaee Kermani, S. Sh. Mousavi

Definition 3.7 The hypergroup (H,o) together with the topology T, is called a (-
topological hypergroup of type 11, if the following conditions hold:

(TH)zz — 1) If x oy C U for U € 7,, and x,y € H, then there exist open sets V,
and V, containing x and y respectively such that VoV, CU;

((TH)zz —2) For each U € 7, if w,CU, then there exists V € 1, such that V is a
complete part and V o Vﬁ_lgU.
Lemma 3.8 Let (H,o,7,) be a f-topological hypergroup of type I and let U be an

) Y 'H
open complete part. Then:

(i) for each x € H, x o U and U o x are open complete parts;
ii) Uz is an open complete part.
B

Proof. (i) Similar to the proof of Lemma 3.2(i).

(ii) Let = € Uﬂ_l be given. By Proposition 2.2, we have w,, CUox. By (i), Uox is open
and hence there exists an open complete part V' containing w,, such that Vovﬁ_1 CUoz.
Thus, by Proposition 2.3 we have V o (z o V)glgU and sox € x o VQUﬁ_l. O

Theorem 3.9 Let (H,o,7,) be a B-topological hypergroup of type II. Then (%, ®, 7‘5)
is a topological group.

Proof. Let U € 78 and ¢, (z) ® ¢,, (y) € U be given.

By Lemma 3.8, (¢, (z)) ' @U® (p, (y))~! is an open set in % containing §. Thus
there exists an open complete part V' containing w,, such that VoVﬁ_1 Co (o ()t
U (p,y)™). Put V := ¢, (V) and so V7! = ¢, (VB_I). Therefore, ¢, (z) €
v (@)@V et and ¢, (y) € VI®p,(y) € 77, since V is open. Hence (¢, () ®@V)®
(V"1®¢, (y))CU. The continuity of the inverse opration in the group % follows from
Lemma 3.8. O

Corollary 3.10 Let (H,o,7,) be a -topological hypergroup of type II. If V € 1, is
a complete part and x oyCV for some x,y € H, then there exists open complete parts
Vi, Vo containing x, y respectively such that Vi o VoCV.

Theorem 3.11 If (H,o,7,) is a B-topological hypergroup of type 11, then it is a (-
topological hypergroup of type I.

Proof. Let U € 7, and xglgU be given. There exists z € H such that :vlgl =w, 02z.
So by ((TH)zz — 1) there exists an open U’ containing w,, such that U’ o 2CU. Now,
there exists an open complete part W containing w, such that W o Wg LCU’. Let

V= zlgl oWo Wﬁ_l7 then V' is an open complete part containing = such that Vﬁ‘lgU.
O

So far we have observed that the fundamental group of a S-topological hypergroup
of type I is a quasitopological group and the fundamental group of a S-topological
hypergroup of type 11 is a topological group. This fact together with previous theorem
justify the following definition.
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[B-topological hypergroups 7

Definition 3.12 Let (H, o) be a hypergroup and let T,, be a topology on H.

(i) H is called a quasi B-topological hypergroup, whenever it is a B-topological hy-
pergroup of type I;

(i) H is called a B-topological hypergroup, whenever it is a S-topological hypergroup
of type I1.
Theorem 3.13 Let (H,o, 7, ) be a quasi 5-toplogical hypergroup, then (H,o,7,) is a
B-toplogical hypergroup if and only if for each open set U containing w,, there exists
open sets V and W containing w,, such that Vo WCU.

Proof. For the if part suppose that U is open and contain w, . By the assumption
and Corollary 3.3, there exist open complete parts V and W containing w,, such that

VoWCU. Put O :=VNnWn Vﬁ_1 N Wﬁ_l. Thus O is an open complete part and
Oo OglgU. The converse is obvious. 0O

) ) "H

then it is a B-toplogical hypergroup.

Theorem 3.14 If (H,o,7,) is a quasi B-toplogical hypergroup and w, is compact,

Proof. Suppose that w,, CU and U is an open. Let z € w,, be an arbitrary element, thus
for each t € w,, there exist open sets V; and W; containing z and ¢ respectively, such
that V; o W;CU. Since w, C e, Wi and w,, is a compact, we have w, € J;_, Wy,
H

for some t1,--- ,t, € w,. Put U, := ., Vi, and W, := J_, W;.. So z € U,,
w, CW, and U, o W,CU. Similarly since w, C Uzewﬂ U,, we have w, C UT:1 U, for
some 21, -+ , %y € w,. Put V = U;n:1 U., and W = ﬂ;"zl W.,. Therefore, V' and
W contain w,, and V o WCU. Hence by Theorem 3.13, (H,o,7,) is a S-topological
hypergroup. O

The authors conjecture that there exists a quasi S-topological hypergroup which is
not a B-topological hypergroup.

Notation 3.1 Let (H,o) be a hypergroup. We define the collection 71 as follows
H = {0} U{UCH | U is complete part}.

It is easy to see that (H,7!T) is a topological space. We have the following proposi-
tion.

Proposition 3.15 Let (H,o,7,) be a B-topological hypergroup. Then (S(H),®) is a
topological group by the subspace topology induced by the topology T, N7 on H.

Proof. The continuity of the operation ® is obvious. Let UNS(H) where U € 7, N7
be an open set in the topology of S(H) containing €0y the identity element of the
group S(H) . Since w,, CU, there exists an open complete part V' containing w,, such
that V o VEIQU. Since e, ,, € w, and (VN S(H))_lgvﬂfl7 where (VN S(H))™! is
the inverse of the set V N S(H) in the group S(H), we have e € VNS(H) and
(VNS(H))©(VNS(H)) 'SV eV, ' NSH)CUNS(H). O

S(H)

Corollary 3.16 Suppose that (H,o,T,,) is a B-topological hypergroup. If H is a group,
then (H,®,T,) is a topological group.
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8 H. Momenaee Kermani, S. Sh. Mousavi

Proposition 3.17 Suppose that (H,o, 1, ) is a S-topological hypergroup. Then (%, )
is Hausdorff if and only if for all x ¢ w, there exists an open complete part U con-
taining x such that U Nw,, = 0.

Proof. First suppose that % is Hausdorff and = ¢ w,,. Let ¢, (y) = (¢, (z))~L. Since
v, (x) # e, there exist open sets W,U and V containing eH,cpH( ) and ¢, (y) re-

spectlvely, such that UVC W and U N W = (). Therefore x G e N U), w, S e tW)

and ¢ 1 (U) N1 (W) = 0. For the converse, suppose that (pH( ) # ¢, (y). Thus

o, (@)p, () # e, , where v, (V) = [p, (y)]’1 and hence z oy’ Nw, = (. So for all
B

t € z oy’ there exists an open complete part U; containing ¢ such that Uy Nw,, = 0.
Put U = Uy, Ut and hence z0y'C U and UNw,, = 0. Since U is an open complete
part, by Corollary 3.10 there exist open complete parts U, and U, containing x and
v’ respectively, such that U, oU, C U. Therefore ¢, (U,)]~! is open containing ¢, (y)

and @, (Uz) N g, (Uy)] ™' =0. O

Corollary 3.18 Suppose that (H,o, T, ) is a B-topological hypergroup. If % is Haus-
dorff, then w,, is close.

Proposition 3.19 For the S-topological hypergroup (H, o, T, ) the following assertions
are equivalent:
(a) ¢, s an open map;
(b) For each open set U, we have (U) is open;
(¢) The inverse of each open set is open
(d) For each open set U and xz € H zfac YU # 0, then there exists an open complete

part V' containing x such that Vg Q(U).
Proof. The proof is straightforward. O

Proposition 3.20 Suppose that (H,o,T, ) is a [-topological hypergroup, ¢, is an

open map and K is a subhypergroup of H. If K is a complete part, then K, the closure
of K, is a subhypergroup of H.

Proof. First we show that (K, o) is closed under the hyperoperation. Suppose that
v,y € K,t € zoyand U € 7, such that t € U are given. By Proposition 3.19, (U)
is open and z o yC(U). Now, there exist open complete parts V,, and V,, containing
x and y respectively, such that V,, o V,,C(U). Therefore there exist k; € V, N K and
ky € V, N K and hence ki o koC(U). Let k € ki o kg be given. So there exists u € U
such that ¢, (k) = ¢, (u). Therefore, u € (K) = K and hence U N K # (. Thus,
(K, o) is closed under the hyperoperation.

Now we show that for each a € K, we have a o K = K. Let x € K be given. There
exists h € H such that + € aoh. Let O € 7, and h € O. Thus, € ao (O). By
Lemma 3.8, there exists £k € KN (ao(0)). So agl 0 kC(O). Hence there exists an open

complete part V' containing a such that Vﬁ_1 o kC(O). Therefore, K NV # () and by
Proposition 2.4 we have V/B_1 N K # (. Thus, (Vﬁ_1 N K) o kC(O) which means that
KnoO#0). O
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[B-topological hypergroups 9

4 Examples

Ezample 4.1 Define the hyperoperation o on H = R? by (z1,y1) o (72, y2) = [21, 22] X
[y1,y2]. Therefore w,, = H and ¢,, is an open map. It is easy to see that (H,o,7,) is
a [-topological hypergroup, where 7y is the standard topology on H.

Ezxample 4.2 Suppose that (G,-) is an abelian group, H is a set containing G and
f: H — G is a surjection. Define the hyperoperation o on H by hiohy := f~ (f(hl)
f(h2)). It is easy to see that (H, o) is a hypergroup and for all h € H we have ={n|

f(h) = f(W)} = f~Y(f(h)). Also, Va € w, VheH,ﬁ®5—ﬁ<:>Va€wH,Vh€
H.Vt anh,}; =5 h «— Va € w,, f(a) = eg. Therefore w, = f~'(eq), where eg is
the identity element of the group G and hence for all h € H, hg' = f~'((f(a))™"),

where (f(a))™! is the inverse of f(a) in the group G. Now let G be the group (Q, +),
H =R and f: R — Q be the function defined by

ez, ifreQy
f(x)_{o, ifzxeC,

where C' = R — Q is the irrational numbers. Consider the hypergroup (H, o) as above.
Thus w,, = {0} UC and for all a € H,

=l {{—a}7 if a € Q — {0};
B {o}uc, ifaec{0}ucC.

Define 7, <= {}, H} U{U | UCCY}, so (H,o,T, is a B-topological hypergroup and ¢,,
is not an open map, since for each UCC we have ¢ (¢, (U)) ={0}UC ¢ 7,,.

Ezample 4.3 Put H = R? — {(0,y) | y € R}. Define the hyperoperation o on H by

V(Qil,yl), ($2,y2) € H? (1‘1,@/1) ($2ay2) = {(1'1[132, ) | z € R} (H O) is ahypergroup,
w, ={(L,y) |y € R}, ((z,9)) = {(2,2) | € R} and (z,9)5" = {(1/2,2) | z € R} .
Consider 7,, as the subspace topology of the standard topology of R?, so it is easy to see
that (H,o, 7, ) is a S-topological hypergroup. Note that % 2 (R*, ) the multiplicative
group of the non-zero elements of R and ¢,, is an open mapping.

Ezample 4.4 Let (G,+) be an abelian group and suppose that a € G have order 2.
Define the hyperoperation o on G by zoy = {z + y,z + y + a}. Thus, (G,0) is a
(complete) hypergroup and w,, = {g € G | Vx € G,z € x o g} = {0,a}, where 0 is
the identity element of the group G. Therefore for each g € G, (9) ={g9,9 +a} and

= {—g,a — g}. Now let G be the group Z, = {0,1,2,3} and a = 2. So the table

of hyperoperation o on Z,4 defined above is as follows:
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def

Therefore, w, = {0,2} = Ogl =251 igl = {1,3} and 3&1 = {1,3}. Let 7, :=
0,T,

{7 B
{0,{3}, H}. Thus, (H,

, T, ) 18 a B-topological group.

Ezxample 4.5 Suppose that (G, -, 7..) is a topological group and (H, o) is a hypergroup.
Forall g € G, put H; = H x{g} and define the hypergroup (K, o) where K = UgEG H,
and ]{31 ijg = {(h,gl '92) | h e hl Ohg} for all klz(hl,gl) and kzz(hz,gg) in K. Itis
easy to see that w,=H, where e € G is the identity element of G, for each (h,g)eK
we have (h,g)glex{g_l}, where g~! is the inverse element of g in group G and

K ~
F_G'

Define the topology 7,, on K as follows U € 7, if and only if i = UgeU H, for some
U e, Let (h,g) € KandU € 7, such that (h,g)glgu be given. Thus U = {J, ¢y Hy,

where U € 7. So H x {g~1}CU. Therefore, g~! € U and since G is a topological group

hence there exists V' € 7, containing g such that V~"1CU, where V' ~! is the inverse of
def

V in the group G. Put V := Ugev Hy. Thus, V is a complete and open set containing
(h,g) and V;l = Uyev-1 HyC U ey Hg = U. Therefore, (K,o0,7,) is a S-topological
hypergroup and ¢, is an open map.

As a special case of example 4.5 we introduce two [S-topological hypergroup as
follows.

Ezample 4.6 Let a topological group (G, -, 7) together with a normal closed subgroup
H be given. Define the set X as follows X := {U - H | Uer}. It is easy to see that
UX=G and for all Uy - H and Us - H in X we have (U3 NUs) - HCU; - HNUy - H. Let
T, be the topology on G generated by X. The mapping * : GXG — Z?*(H) defined
by z oy := xyH is a hyperoperation on G and (G, o) is a hypergroup. In this case

w,=H and hence %:% The topology Tg on % is exactly the quotient topology on %

induced by canonical projection 7, : G—%. Note that for all z € G, ¢, ()=, (z).
We can easily see that (G,o,7,) is a S-topological hypergroup.

Example 4.7 Suppose that {A4}4cq is a family of mutually disjoin sets where G is a
topological group with topology 7, and H = e Ay. Define the hyperoperation o
on H by z oy := Ay, where € A, and y € A;. It is easy to see that (H,o) is a
hypergroup with w,, = A., where e is the identity element of G and % = (. Define
the topology 7, on H by U € 7, & U = Ay where V € 7, Ay =, o Av. It is easy
to see that H is a B-topological hypergroup.

veV

Ezample 4.8 Suppose that H = {e, a,b}. Consider the hypergroup (H,o), where o is
defined on H as follows:

olle|] a | b
el e a b
a || al {eb} a
bl b a {e, b}
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In fact (H, o) is a polygroup. Define 7,, := {(), {e}, H}. So, w, = {e,b} = egl = bgl
and agl = {a}. It is easy to see that (H,o,7,) is a B-topological hypergroup. Note
that ¢, is not an open map.

5 Relation between quasi B-topological hypergroup and topological
hypergroup

In this section we show that the condition (7H)z — 2 is in association with the con-
tinuity of the map i : H — 22*(H) which is defined by i(x) = mgl for each z € H.

Let (H,T,) be a topological space. In [6] it was mentioned that the family %
consisting of all sets Sy={VeP*(H) | VCU},U€er,, is a base of topology 7, on
2*(H). The topology 7,, on &*(H) is called the upper topology on Z2*(H ) induced by
the topology 7,, on H. Recall that the hypergroup H is called a topological hypergroup
with respect to a topology 7, on H and a topology 7, on &*(H), whenever the
hyperoperation is continuous with respect to 7,, x7,, and 7,. Now, we have the following
theorem.

Theorem 5.1 Let (H,o) be a hypergroup and (H, T, ) be a topological space. Then H
is a quasi B-topological hypergroup if and only if H is a topological hypergroup and i

s continuous with respect to 7, and T, .

Proof. Let U € 7, and x € H such that xglgU be given. It is easy to see that

i (Sy) = {zeH | xglgU} is complete part. Since 4 is continuous, i ~!(Sy) is open

-1

and we have (i_l(SU))B CU. The converse is obvious. O
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