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The graded primary radical of a graded submodule
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Abstract Let G be a group with identity e. Let R be a G-graded commutative ring and M a graded
R-module. In this paper, we define the graded primary radical of a graded submodule and give a
number of its properties.
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1 Introduction

The concept of the graded radical of a graded submodule of a graded module over
graded commutative ring has been introduced and studied by various authors, (see,
for example [2,4,6]). Here we introduce the concept of the graded primary radical of a
graded submodule over graded commutative ring and give a number of its properties.
We also introduce the concept of graded primary radical submodule and review some
results about it.

Before we state some results, let us introduce some notations and terminologies. Let
G be a group with identity e and R be a commutative ring. Then R is a G-graded ring
if there exist additive subgroups Ry of R such that R = P .o Ry and RyRj, C Rgp,
for all g, h € G. We denote this by (R, G). The elements of R, are called homogeneous
of degree g where R, are additive subgroups of R indexed by the elements g € G. If
x € R, then x can be written uniquely as deg x4, where x4 is the component of x
in Ry. Moreover, h(R) = U e Rg- Let I be an ideal of R. Then I is called graded
ideal of (R,G) if I = @ (I N Ry). Thus, if z € [, then x = ;x4 with z, € I.
An ideal of a G-graded ring need not be G-graded. For simplicity, we will denote the
graded ring (R, G) by R. Let R be a G-graded ring and M an R-module. We say that
M is a G-graded R-module (or graded R-module) if there exists a family of subgroups
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2 Khaldoun Al-Zoubi

{My},.o of M such that M = P c My (as abelian groups) and RgMp, C My, for all
g,h € G. Here, R, M), denotes the additive subgroup of M consisting of all finite sums
of elements rys;, with ry € Ry and s, € Mj,. Also, we write h(M) = UgEG M, and the
elements of h(M) are called homogeneous. Let M = P ; My be a graded R-module
and N a submodule of M. Then N is called a graded submodule of M if N = @ Ny
where N; = N N M, for g € G. In this case, N, is called the g-component of N. For
more details, one can look in [3].

Let R be a G-graded ring and M a graded R-module. The graded radical of a graded
ideal I, denoted by Gr(I), is the set of all x € R such that for each g € G there exists
ng > 0 with x4° € I. Note that, if 7 is a homogeneous element, then r € Gr(I) if and
only if ™ € I for some n € N. A proper graded ideal P of R is said to be graded
prime ideal if whenever r, s € h(R) with rs € P, then either » € P or s € P. A proper
graded ideal P of R is said to be graded primary ideal if whenever r, s € h(R) with
rs € P, then either r € P or s € Gr(P) (see [5]). A proper graded submodule N of
a graded R-module M is said to be graded prime submodule if whenever r € h(R)
and m € h(M) with rm € N, then either r € (N :, M) ={r € R:rM C N} or
m € N (see [1,2]). A proper graded submodule N of a graded R-module M is said
to be graded primary submodule if whenever r € h(R) and m € h(M) with rm € N,
then either m € N or r € Gr((N :,, M)) (see [4]). The graded radical of a graded
submodule N of a graded R-module M, denoted by Grp;(N), is defined to be the
intersection of all graded prime submodules of M containing N. If N is not contained
in any graded prime submodule of M, then Gry;(N) = M (see [2,4,6]). A graded R-
module M is said to be graded finitely generated if there exist z4,,2g,, ..., 24, € h(M)
such that M = Rxgy, +--- + Raxg, .

2 The results

The following Lemma is known, but we write it here for the sake of references.

Lemma 2.1 Let R be a G-graded ring and M a graded R-module. Then the following
hold:

(1) If N is a graded submodule of M, r € h(R), x € h(M) and I is a graded ideal of R,
then Rx,IN and rN are graded submodules of M.

(i3) If N and K are graded submodules of M, then N + K and N N K are also graded
submodules of M and (N :g M) is a graded ideal of R.

(i73) Let {Nx} be a collection of graded submodules of M. Then ), Ny and (], Ny are

graded submodules of M.

(iv) A proper graded ideal P of R is a graded prime if and only if whenever Jy, Jo are

graded ideals of R with JyJo C P, either J C P or Jo C P.

Definition 2.2 Let R be a G-graded ring, M a graded R-module and N a graded
submodule of M.

(i) The graded primary radical of N in M denoted by P-Grys(N) and is defined to be the
intersection of all graded primary submodules of M containing N. Should there be
no graded primary submodule of M containing N, then we put P-Grp(N) = M. By
Lemma 2.1, it is easy to see that P-Gry;(N) is a graded submodule of M containing
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The graded primary radical of a graded submodule 3

N. On the other hand if M = R is a graded M-module and N s a graded ideal
of R, it is clear that N is a graded submodule of M. Denote P-Grr(N) the graded
primary radical of N when R = M.

(11) We say N is a graded primary radical submodule if P-Grp;(N) = N.

Since every proper graded submodule of a graded finitely generated module is con-
tained in a graded prime, see [6, Corollary 2.11] and every graded prime submodule
is graded primary, we can conclude the following Lemma.

Lemma 2.3 Let R be a G-graded ring, M a graded finitely generated R-module. Then
every proper graded submodule of M is contained in a graded primary submodule of

Theorem 2.4 Let R be a G-graded ring, M a graded R-module and N, K graded
submodules of M. Then the following hold:

i) N C P-Gry(N).
i) If N C K, then P-Gryf(N) C P rM(K)
(t3i) P- GTM(NHK) C P- G?“M(N) P-Gry(K).
(iv) P-Gray(P-Gry(N)) = G?“M(N

’U) P- GTM(N+K) P- GTM( Gry (N )+P—GTM(K)).
(vi) If N = M, then P-Grp(N) = M. Moreover, if M is graded finitely generated, then
P-Gry (N ): if and only if N = M.

Proof. (i) It is clear.

(ii) Suppose that N C K and let P be a graded primary submodule of M with
K C P, it follows that N C P. Hence P-Gry;(N) C P-Gry(K).

(iii) By (#i), we have P-Gry (N N K) C P-Gry(N) and P - Gryy(N N K) C P-
G’I“M(K) Thus P—GTM(NQK) - P—GT]\/[(N) ﬂP—GTM(K).

(iv) By (i) and (éi), we conclude that P-Gry(N) C P-Gry(P-Gra(N)). Now,
let P be a graded primary submodule of M such that N C P. Then by definition
of P-Gry(N), P-Gry(N) C P. Hence P-Gryf(P-Gry(N)) € P-Gry(N). Thus P-
Gry(P-Grp(N)) = P-Gry(N).

(v) By (i), N € P-Gry(N) and K C P-Gry(K). So N+ K C P-Gry(N) +
P-Gry (K). By (ii), we conclude that P-Gry (N + K) C P-Gry(P-Gry (N) + P-
Gry(K)). Since N, K C N + K, we have P-Gry (N ) P-Gry(K) C P-Gry (N +
K). So P-Gry(N)+ P-Gry(K) C P-Gry (N + K). By (i) and (iv), we have P-
GTM(P-GTM(N)+P-GTM(K)) - P—GTM(N+K) Thus P GTM(N+K) P—GT‘]\/[(P-
Gry(N) + P-Gry (K)).

(vi) Suppose that N = M, So P-Gry;(N) = P-Grp(M) = M. Now, let M be a
graded finitely generated and P-Grps(N) = M. Suppose to the contrary that N # M.
By Lemma 2.3, N C P for some graded primary submodule P of M. Therefore P-
Gry(N) # M, which is a contradiction. O

Theorem 2.5 Let R be a G-graded ring, M a graded R-module and N, K graded
submodules of M such that whenever N N K C P, we have either N C P or K C P
for any graded primary submodule P of M. Then P-Gry;(NNK) = P-Gry(N)nN P-
GTM(K)

Proof. If P-Gry (NNK) = M, then clearly P-Grp;(N) = P-Grp (K) = M and hence
P-Gry(NNK) = P-Grp(N)NP-Gry (K). So we can assume that P-Gry (NNK) #

~
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M. Then there exists a graded primary submodule P of M such that NN K C P.
By hypothesis, either N C P or K C P and hence either P-Gry/(N) C P or P-
Grar(K) C P. Since this is true for all graded primary submodule containing NNK, we
conclude that P-Gry (N)NP-Gry(K) C P-Gray(NNK). Now, from (iii) of Theorem
2.4, we have P-Gry (NN K) C P-Gry(N)N P-Gry(K). Thus P-Gry (NN K) = P-
GT‘]W(N) N P—GTM(K). 0

We can generalize Theorem 2.5 as follows.

Theorem 2.6 Let R be a G-graded ring, M a graded R-module and Ni,...,Ns a
graded submodules of M such that whenever (\;_; Nj C P, we have N;j C P for some
i=1,2,...,s, for any graded primary submodule P of M. Then P—GTM(ﬂjzl N;) =

By combining [2, Proposition 2.5(i)] and [5, Lemma 1.8], we have the following
Lemma.

Lemma 2.7 Let R be a G-graded ring, M a graded R-module and N a graded sub-
modules of M. If N is a graded primary submodule of M, then Gr((N :g M)) is a
graded prime ideal of R.

Theorem 2.8 Let R be a G-graded ring, M a graded R-module and N1, ..., Ns graded
submodules of M. If P is a graded primary submodule of M with ﬂ;zl N; C P, then

either Nj = P or (Nj :r M) C Gr((P :r M)) for some j.

Proof. Assume the contrary. Then there exists an ny € Ny N h(M) — P and an t; €
(Nj :r M)NR(R)— Gr((P :r M)) for every j # 1. Hence tjny € N; N Ny for every
j # 1. So tatz---tsny € ﬂ;zl N; C P. Since P is a graded primary submodule of M
and n; ¢ P, we have taot3---ts € Gr((P :g M)). By Lemma 2.7, Gr((P :g M)) is
a graded prime ideal of R. So t; € Gr((P :g M)) for some 2 < j < s, which is a
contradiction. O

By combining Theorem 2.6 and Theorem 2.8 we have the following Corollary.

Corollary 2.9 Let R be a G-graded ring, M a graded R-module and N1, ..., Ny graded
submodules of M such that whenever (\;_; N; C P, we have (Nj :r M) € Gr((P :r

M)) for every j = 1,2,...,s, for every graded primary submodule P of M. Then
P-Gry (=1 Nj) = =1 P — Gru(N;).

Theorem 2.10 Let R be a G-graded ring, M a graded R-module and N, K graded
submodules of M. If Gr((N :g M))+ Gr((K :r M)) = R, then P-Grp(NNK) = P-
Gry(N) N P-Gry (K).

Proof. Let P be a graded primary submodule of M containing NN K. Hence Gr((N N
K :p M)) C Gr((P :r M)), it follows that Gr((N :g M)) N Gr((K :g M)) C
Gr(NNK :g M)) C Gr((P :r M)). By Lemma 2.7, Gr((P :r M)) is a graded
prime ideal of R. Then either Gr((N :g M)) C Gr((P :r M)) or Gr((K :r M)) C
Gr((P :r M)) by Lemma 2.1(iv). Assume that Gr((N :g M)) C Gr((P :r M)).
Since Gr((N :g M)) + Gr((K :g M)) = R, we conclude that Gr((K :p M)) ¢
Gr((P:g M)). We will show N C P. Supposet € NNh(M)— P and let r € Gr((K :g
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The graded primary radical of a graded submodule 5

M)) N h(R) — Gr((P :g M)). Then there exists n € Z* such that r"M C K and

r™ ¢ Gr((P :gp M)). Hence "t € NN K C P. Since P is a graded primary submodule,
elther te Porr™eGr((P:g M)), which is a contradiction. Thus N C P. Similarly,
it Gr((K :g M)) C Gr((P :g M)) we conclude that K C P. By Theorem 2.5, we
conclude that P-Gry(N N K) = P-Gry(N)N P-Gry(K). O

Theorem 2.11 Let R be a G-graded ring, M a graded finitely generated R-module
and N, K graded submodules of M. Then P-Gry(N) 4+ P-Gry(K) = M if and only
if N+ K =M.

Proof. (=) Suppose that P-Gry;(N)+ P-Gry (K) = M and N+ K # M. By Lemma
2.3, there exists a graded primary submodule P of M such that N + K C P. Since
N, K C N+ K C P, we have P-Gry(N), P-Gry (K) C P. Hence P-Grp(N) + P-
Gry(K) C P, which is a contradiction.

(<) Since N C P-Gry(N) and K C P-Gry(K), it is clear that N + K = M
implies P-Grp(N) + P-Gry(K) =M. O

Let N be a proper graded submodule of a graded R-module M. Let @) be a graded
primary ideal of R, we shall denote by H(N, Q) the following subset of M, H(N, Q) =
{m € M :rm € QM + N, where r € h(R) and r" ¢ Q for every n € Z*}. It is clear
that H(N, Q) is a graded submodule of M and QM + N C H(N, Q).

Lemma 2.12 Let R be a G-graded ring, M a graded R-module and N a graded sub-
module of M. If Q is a graded primary ideal of R, then H(N,Q) = M or H(N,Q) is
a graded primary submodule of M.

Proof. Let @ be a graded primary ideal of R. Suppose that H(N,Q) # M and let
s € h(R) and m € h(M) such that sm € H(N,Q) and s ¢ Gr(H(N,Q) :r M).
We show that m € H(N Q). Since sm € H(N,Q), there exists r € h(R) such that
rsm € QM + N and r™ ¢ Q for every n € Z*. Since s"M € H(N,Q) for alln € Z7,
we have s™ ¢ @ for every n € ZT. Since @ is a graded primary 1deal of R, (rs)™ ¢ Q
for every n € Z*. Hence m € H(N, Q). Thus H(N, Q) is a graded primary submodule
of M. O

Theorem 2.13 Let R be a G-graded ring, M a graded R-module and N a graded
submodule of M. Then P-Grr(N)=N{H(N,Q) : Q is a graded primary ideal of R}.

Proof. Let mg € V.= N{H(N,Q) : Q is a graded primary ideal of R} for g € G.
Let P be a graded primary submodule of M containing N. By [2, Proposition 2.5(i)],
(P :r M) is a graded primary ideal of R. So my € H(N, (P :r M)). Then there exists
r € h(R) such that rmgy € (P :g M)M + N and r™ ¢ (P :gp M) for every n € Z™.
Hence rmy = sm/ +n, where s € (P :g M) Nh(R), m" € h(M) and n € N N h(M).
Since sM C P and N C P, we conclude that rmgy = sm’ +n € P. Since P is a graded
primary submodule of M and 7" ¢ (P :g M) for every n € Z*, we have my € P. Thus
V C P-Gry(N). Now we will prove the reverse inclusion. Let t, € P-Grgr(N) for
g € G and let H(N,Q) € V. By Lemma 2.12, H(N,Q) = M or H(N,Q) is a graded
primary submodule of M. If H(N,Q) = M, then it is trivial that t, € H(N,Q). So
we can assume that H(N,Q) # M. Since H(N, Q) is a graded primary submodule
of M and N C H(N,Q), we have t, € H(N,Q). So P-Grgr(N) C V. Therefore P-
Grr(N)=n{H(N,Q) : Q is a graded primary ideal of R}. O
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Let M and M’ be two graded R-modules. A homomorphism of graded R-modules
¢ : M — M’ is a homomorphism of R-modules verifying ¢(M,) C Mé for every
g €@,

Lemma 2.14 Let R be a G-graded ring and M, M’ be two graded R-modules and
©: M — M’ be an epimorphism of graded modules. Let N’ be a graded submodule of
M'. Then N’ is a graded primary submodule of M’ if and only if o~ *(N') is a graded
primary submodule of M.

Proof. (=) Suppose that N’ is a graded primary submodule of M’ and let r € h(R)
and m € h(M) such that rm € p~1(N’) and m ¢ ¢~ }(N’). Then @(rm) = r¢(m) €
N'.Since N'is a graded primary submodule of M’ and ¢(m) ¢ N’, we haver™ € (N’ :p
M) for some n € Z*, i.e., ¥ M’ C N’ and hence r"¢~1(M') = "M C o~ }(N'), i.e.,
r™ € (p71(N') :g M). Thus ¢~ 1(N') is a graded primary submodule of M.

(<) Suppose that ¢~1(N’) is a graded primary submodule of M and let s € h(R)
and m’ € h(M') such that sm’ € N’ and m’ ¢ N’. Since ¢ is an epimorphism, there
exists m € h(M) such that p(m) = m’. Thus sp(m) = ¢(sm) € N’. So sm € ¢ L(N).
Since ¢ 1(N’) is a graded primary submodule of M and m ¢ ¢ !(N'), we have
s" € (p Y (N') :g M) for some n € ZT, ie., s"M C ¢ }(N') and so ¢(s"M) =
s"o(M) = s"M' C N, ie., s" € (N’ :p M'). Therefore N’ is a graded primary
submodule of M'. O

Lemma 2.15 Let R be a G-graded ring and M, M’ be two graded R-modules and
@ : M — M’ be an epimorphism of graded modules. Let N be a graded submodule of
M such that Kero C N. If N is a graded primary submodule of M, then ¢(N) is a
graded primary submodule of M’.

Proof. Suppose that N is a graded primary submodule of M and let » € h(R) and
m’ € h(M') such that rm’ € p(N) and m’ ¢ p(N). Since rm’ € p(N), there exists
t € NNh(M) such that ¢(t) = rm’. Since m’ € h(M') and ¢ is an epimorphism, there
exists m € h(M) such that ¢(m) = m/. Thus ¢(t) = re(m) and hence ¢(t —rm) = 0.
Sot—rm € Kery C N and hence rm € N. Since N is a graded primary submodule of
M and m ¢ N, r" € (N :g M) for some n € Z*, i.e., ¥"M C N and so r" M’ C o(N).
Thus ¢(N) is a graded primary submodule of M’. O

Theorem 2.16 Let R be a G-graded ring and M, M’ be two graded R-modules and
o : M — M’ be an epimorphism of graded modules. If N' is a graded submodule of
M’ then o Y (P-Grap (N')) = P-Gra(p 1 (N')).

Proof. Let t € P-Gry (o~ 1(N')) and P be a graded primary submodule of M’ con-
taining N’. By Lemma 2.14, ¢~ !(P) is a graded primary submodule of M containing
¢ Y(N"). Hence P-Grp(¢~1(N')) C ¢~ 1(P) and so t € p~1(P). Thus ¢(t) € P and
so ¢(t) € P-Gryp (N') it follows that t € 1 (P-Gry(N')). Thus P-Gry (o H(N')) C
o Y (P-Grp(N')). Now suppose that s € ¢~ 1(P-Gryp/(N')) and Q be a graded pri-
mary submodule of M containing ¢~ *(N'). It is clear that kerp C ¢ '(N’). By
Lemma 2.15, ¢(Q) is a graded primary submodule of M’ containing N’. Thus P-
Gra(N') C ¢(Q), then ¢(s) € P-Grap(N') C ¢(Q). So there exists ¢ € @Q such
that ¢(s) = ¢(q), then s — ¢ € kero C o 1(N') C Q. Hence s € Q, so s €
P-Gry(¢~1(N")). Thus ¢~ Y(P-Gry(N')) € P-Gra(¢~1(N")). Therefore o=1(P-
Grap(N')) = P-Gry (¢ H(N'). O
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The graded primary radical of a graded submodule 7

Lemma 2.17 Let R be a G-graded ring and My, My be two graded R-modules. Let
M = M6 M.
(i) N = Py ® My is a graded primary submodule of M if and only if Py is a graded
primary submodule of M.
(i5) N = My @ Py is a graded primary submodule of M if and only if Ps is a graded
primary submodule of M.

Proof. (i) (=) Suppose that N = P; @ My is a graded primary submodule of M and
let rm € P, where r € h(R) and m € h(M)\P;. Then (m,0) ¢ N = P; & M,. Since
N = P, @ M is a graded primary submodule of M, r(m,0) € N and (m,0) ¢ N, we
conclude that 7™ € (N :g M) for some n € Z*, i.e., r"(M1® My) C P, & M, and
hence r""M; C P;. Thus P; is a graded primary submodule of Mj.

(<) Suppose that P; is a graded primary submodule of M; and let r € h(R) and
(my,ms) € h(M) such that r(mq,mg) € N = Py & M and (mq,ms) ¢ N. Since P is
a graded primary submodule of My, rmy € P; and my ¢ Py, we have v"M; C Py for
some n € ZT. Hence "M C P, ® M, for some n € Z+. Therefore N = P, ® M is a
graded primary submodule of M.

(ii) This proof is similar to that in case (i) and we omit it. O

Theorem 2.18 Let R be a G-graded ring and My, Ma be two graded R-modules and
let M = M&® M.

(1) If Ny is a proper graded submodule of My, t € P-Gryy, (N1) if and only if (t,0) € P-
G?”M(N1 ©® (0))

(i3) If N is a proper graded submodule of My, t € P-Gry, (N2) if and only if (0,t) € P-
GTM((O) & Ng).

Proof. (i) (=) Suppose that ¢ € P-Gry, (N7) and let P be a graded primary sub-
module of M containing Ny @ (0). Let P, = {m € M; : (m,0) € P}. We want to
show that either P; = M; or P is a graded primary submodule of M;. Assume that
Py # My and let r € h(R) and m; € h(M;) such that rm; € P and m; ¢ P;. Then
r(ma,0) = (rmq,0) € P. Since P is a graded primary submodule of M and (m1,0) ¢ P,
we have r™ € (P :gp M) for some n € Z, i.e., r"M C P. Hence (r"z,0) € P for every
x € My. So r™"M; C P,. Therefore P; is a graded primary submodule of M;. Since
Ny @ (0) C P, Ny C P;. Hence t € Py, it follows that (¢,0) € P. So (¢,0) € P-
Gry (N1 @ (0)).

(«<=) Suppose that (£,0) € P-Grp(N1®(0)). Let P; be a graded primary submodule
of M; containing N;. From (i) of Lemma 2.17, we conclude that P; & M> is a graded
primary submodule of M containing N1 & (0). So (t,0) € P, & My, it follows that
te P;. Thust e P—G’I‘Ml(Nl).

(ii) This proof is similar to that in case (i) and we omit it. O

Corollary 2.19 Let R be a G-graded ring and My, My be two graded R-modules and
let M = Mi® M. If N = Ny @ N», is a proper graded submodule of M, then P-
GTMl(Nl) D P—G?”Mz(Ng) C P—GTM(N).

Proof. Let (mq,m2) € P-Gry, (N1) @ P-Grag,(Na). Then my € P-Gray, (Ny) and
mg € P-Gry,(N3). By Theorem 2.18, we have. (m1,0) € P-Gry (N, @ (0)) and
(0,m2) € P-Grps((0) @ Na). From (ii) of Theorem 2.4 (ii), we conclude that P-
Gry (N1 @ (0)) € P-Gry(N) and P-Grp((0) @ Na) € P-Gry(N), it follows that
(m1,0), (0,m2) € P-Gryr(N). Hence (mq, ma) € P-Grp(N). Therefore P-Gryy, (N1)®
P—GTMz(Ng) - P—GTM(N). O
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