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Abstract In this paper we investigate the existence of mild solutions on semi-infinite interval for frac-
tional integro-differential equations with state-dependent delay. Our results are based on Schauder’s
fixed point theorem combined with the diagonalization process. An example is provided to illustrate
the main result.
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1 Introduction

In this work, we discuss the existence of mild solutions, defined on the positive semi-
infinite real interval J = [0,400), for fractional integro-differential equation with
state-dependent delay, of the form

Diz(t) = Ax(t) + fg a(t,s)f(s, Tp(se.), v(s))ds, t € J = [0, +00), (1.1)

.’L‘(t) = ¢(t)7 te (_0070}7 .
where D} is the Caputo fractional derivative of order 0 < ¢ < 1, A is a generator
of an analytic semigroup {S(¢)}+>o of uniformly bounded linear operators on X, f :
JxBxX — X and p: J x B — R are appropriated functions, a : D — R (D =
{(t,s) € I x J:t>s}), ¢ € B where B is called phase space to be defined in Section
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2 Khalida Aissani, Mouffak Benchohra

2. For any continuous function z defined on (—oo,+00) and any t € J, we denote by
x; the element of B defined by

x(0) = x(t +0), 6 € (—o0,0].

Here x; represents the history of the state up to the present time .

Fractional differential and integral equations have recently been applied in various
areas of engineering, science, finance, applied mathematics, bio-engineering, radiative
transfer, neutron transport and the kinetic theory of gases and others [5,13,14]. On
the other hand, functional differential equations with state-dependent delay appear
frequently in applications as model of equations and for this reason the study of this
type of equations has received great attention in the last few years, see for instance [4,
8,18,22-27,36,38] and the references therein. The literature devoted to this subject
is concerned fundamentally with first-order functional differential equations for which
the state belongs to some finite dimensional space, see among other works, [12,15,16,
21,29,30,37]. The problem of the existence and uniqueness of solutions for fractional
differential equations with delay was recently studied by MARAABA ET AL. in [32,
33]. In [1,17], the authors provide sufficient conditions for the existence of mild solu-
tions for a class of fractional integro-differential equations with state-dependent delay.
Very recently BENCHOHRA and LITIMEIN [10,11] have investigated the existence and
uniqueness of a mild solution for fractional integral and integro-differential equations
with state-dependent delay on infinite interval.

The method of the diagonalization process was widely used for integer order dif-
ferential equations; see for instance [2,3] and the references therein. ARARA ET AL.
[6], and BENCHOHRA ET AL. [9,11] used the diagonalization process combined with
Schauder’s fixed point theorem to consider ordinary and partial fractional order dif-
ferential equations.

To our knowledge the literature on the global existence of similar problems to (1.1)
is very limited, and the diagonalization processes has not been used for such problems.
The main of the present paper is to provide sufficient conditions for the existence of
global solution. The main tool is based on the diagonalization process combined with
Schauder’s fixed point theorem. This paper is organized as follow. In Section 2 we
introduce some preliminary results. Our main result is presented in Section 3. Section
4 is devoted to the illustrating example.

2 Preliminaries

In this section, we introduce notations, definitions and theorems which are used in
this paper.

Let J, = [0,n], and (X, ]| - ||) be a real Banach space.

C(Jp, X),n > 0 is the Banach space of all continuous functions from .J, into X
with the usual norm ||z|, = sup {||z(¢)|| : 0 <t <n}. L(X) be the Banach space of
all linear and bounded operators on X.

LY(J,, X) the space of X—valued Bochner integrable functions on [0,n] with the
norm ||zf = [ |a(t)||dt. L>°(J,,R) is the Banach space of essentially bounded
functions, normed by ||z||z~ = inf{d > 0: |z(t)| < d, a.e. t € J,}. In this paper, we
will employ an axiomatic definition for the phase space B which is similar to those
introduced by HALE and KATo [20]. Specifically, B will be a linear space of functions
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Fractional integro-differential equations 3

mapping (—oo, 0] into X endowed with a seminorm ||.||5, and satisfies the following
axioms:

(A1) If 2 : (—o0,n) — X, is continuous on J,, and zo € B, then z; € B and z; is
continuous in t € J, and
lz@)I < Hllz| 5, (2.1)

where H > 0 is a constant.
(A2) There exist a continuous function K(t) > 0 and a locally bounded function
M (t) > 0 such that

[zl < K () sup, ()]l + M (t)]zoll5, (2.2)
s€|0,
for t € [0,n] and x as in (Al).
(A3) The space B is complete.

Remark 2.1 Condition (2.1) in (A1) is equivalent to ||¢(0)|| < C||¢||B, for all ¢ € B.

Ezample 2.1 The phase space C, x LP(g, X).

Let r > 0,1 < p < o0, and let g : (—o0,—r) — R be a nonnegative measurable
function which satisfies the conditions (¢ — 5),(¢ — 6) in the terminology of [28].
Briefly, this means that g is locally integrable and there exists a nonnegative, locally
bounded function A on (—o0,0], such that g(§ + 6) < A(£)g(#), for all £ < 0 and
6§ € (—oo, —r)\N¢, where N¢ C (—o0, —r) is a set with Lebesgue measure zero.

The space C, x LP(g, X) consists of all classes of functions ¢ : (—oo,0] — X, such
that ¢ is continuous on [—r,0], Lebesgue-measurable, and g||¢||? on (—oo, —r). The
seminorm in |.|| is defined by

lols= sup (@) + ( / Tgw)nso(e)npde) ’

oc[—r,0] —o0
The space B = C, x LP(g, X) satisfies axioms (A1), (A2), (A3). Moreover, for r=20
and p = 2, this space coincides with Cy x L2(g, X), H = 1, M(t) = A(—t)2, K (t) =
1+ (fi)rg(r)dT)%, for t > 0 (see [28], Theorem 1.3.8 for details).
We need some basic definitions of the fractional calculus theory which are used in
this paper.

Definition 2.1 Let « > 0 and f : Ry — X be in L*(Ry, X). Then the Riemann-
Liouville integral is given by:

P S R O
10 = 70 |, T

where I'(.) is the Euler gamma function.

Definition 2.2 ([35]) The Caputo derivative of order o for a function f : [0,400) —
X can be written as

D 1 t f(n)(s) deeT - . )
A —Jn—a () t 1< .
tf() F(n—a)/o (t_s)oz+17n § f (), >0,n <a<n
If0 < a < 1, then D f(t) = 1 T=a) f = S)ads Obwviously, the Caputo derivative of a

constant is equal to zero.
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4 Khalida Aissani, Mouffak Benchohra

Definition 2.3 A function f: JxBx X — X is said to be an Carathéodory function

if it satisfies:

(i) for each t € J the function f(t,.,.): B x X — X is continuous;
(i) for each (v,w) € B x X the function f(.,v,w):J — X is measurable.

Theorem 2.4 (SCHAUDER [19]) Let X be a Banach space, C' a closed, convex and
nonempty subset of X. Let N : C — C be a continuous mapping such that N(C) is a

relatively compact subset of X. Then N has at least one fized point in C.

Let §2 be a set defined by 2 = {z : (—o0, +00) — X such that z|_w g € B, z|; €

C(J,X)}.

3 Existence of mild solutions

In this section, we study the existence of mild solutions for system (1.1). We adopt

the following concept of mild solution.

Definition 3.1 A function x € §2 is said to be a mild solution of (1.1) if x satisfies

¢(t)a te (—0020];
z(t) = ¢ —Q(t)9(0) —I—/O /0 R(t — s)a(s, 7) f(T, Zp(r.2,), 2(T))dTds,
teJ,

where
Q@%=AW£A®S@%%M, R@):qéwaw-%gwswwwo

and &, is a probability density function defined on (0,00) such that
1 2 _1
&)= o WamgloT1) 20,
where

we(o) = z:(—l)k_la_qk_lmsin(kﬂ'q)7 o € (0,00).
k=1

k!

3| =

(3.1)

Remark 3.1 Note that {S(¢)}¢>0 is uniformly bounded, i.e, there exists a constant

M > 0 such that ||S(t)|| < M, for all t > 0.

More details of the semigroups and their properties can be found in [7, 34].

Remark 3.2 According to [31], direct calculation gives that
IR()|| < Cqmt®™", >0,

— _aM
where Cg v = Fiagy
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Fractional integro-differential equations 5

Set R(p™) = {p(s,¢) : (s,0) € J X B,p(s,p) < 0}. We always assume that p :
J x B — R is continuous. Additionally, we introduce following hypothesis:

(Hy,) The function t — ¢, is continuous from R(p~) into B and there exists a continuous

and bounded function L? : R(p~) — (0, 00) such that ||¢||z < L®(t)| 9|5, for every
teR(p).
Remark 3.3 The condition (H,), is frequently verified by functions continuous and

bounded. For more details, see for instance [28].

Remark 3.4 In the rest of this section, M, and K, are the constants M, =supc ; M (s)
and K, = sup,c; K(s).

Lemma 3.2 ([27]) If z : R — X is a function such that zo = ¢, then ||zs|lp <
(M, + L)[[0]l5 + Knsup{ly(0)];6 € [0,max{0,s}]}, s € R(p™) U Jn, where L® =
SUDseR (o) Lo(t).

Let us introduce the following hypotheses:

(H1) S(¢) is a compact semigroup for every ¢t > 0.
(H2) f : J x B x X — X satisfies the Carathéodory conditions, and there exists a
positive function pq(t) € L} (J,RT) such that

loc

1 (v, w)ll < pa (@) (lvlls + [[wllx), (& v,w) € JxBx X. (3-3)

(H3) For each t € J, a(t, s) is measurable on [0,¢] and a(t) = esssup{|a(t, s)|, 0 < s < t}
is locally bounded on J. The map ¢ — a; is continuous from J to L>°(J,R), here,
ai(s) = a(t, s).
Set a, = sup{a(t), t € Jo}, and ¢, = (M,, + L® + k, MH) ||¢||.

Theorem 3.3 Assume that assumptions (H,), (H1)-(H3) hold. If

n?anConr(kn + Vllpal 21 (s,) _
q

L,

then the problem (1.1) has a mild solution on (—oo, +00).

Proof. The proof will be given in two parts. Fix n € N and consider the problem

Diz(t) = Ax(t) +/O alt, s) f(s, Zp(sw.), (s))ds, t € J,
z(t) = o(1), te (—o0,0].

Let 2, = {z: (—o0,n] — X such that z|_. o € B, z|;, € C(Jn, X)}.
Part I: We begin by showing that the problem (3.4) has a solution z,, € §2,,. We
define the operator N : 2, — (2, by

¢(t)a te (_OO7O]§

(3.4)

Nz(t) = (3.5)

*Q(f)qﬁgo)
+ /O /O R(t — 8)a(s,7) f (1, pgruany, 2(r))drds, t € T,
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6 Khalida Aissani, Mouffak Benchohra

Clearly, fixed points of the operator N are mild solutions of the problem (3.4).
Let us define y(.) : R — X as

o(t), Le (—o0,0]
u(H) = { Q1)6(0). 1€,

Then yyo = ¢. For each z € C(J,,R) with z(0) = 0, we denote by Z the function
defined by

—n 0, te (—o0,0],
Z(t)_{z(t), te Jn.

If x(.) verifies (3.1), we can decompose it as z(t) = y(t) + Z(t), for t € J,, which
implies z; = y; + Zy, for every ¢ € J,, and the function z(t) satisfies

t S
2(t) = / / R(t — 8)a(5,7) F (T Yp(rge iy -+ Zotrgesmys y(T) & Z(r))drds.
0 0

Let 29 = {z € £, : 29 = 0}. For any z € (2, we have ||z[l, = sup,c; [|z(¢)|| +
lz0ll8 = supses, ||z(t)]|. Thus (29, ].]l») is a Banach space. We define the operator
N : 020 — 29 by:

t s
N()(t) = / / R(t — 8)a(s,7) f (T Yptrage 5y + Zorageimys y(7) + Z(r))drds.

Observe first that N is well defined. On the other hand, it is clear that the operator
N has a unique fixed point if and only if N has one, so it turns to prove that N has
a fixed point. For each n € N, let
nlanCqmcnllprllLay,)
q
= 1_ 190, Co nt (kn+1D)llpall 15,y
q
and consider the set B, = {z € 29 : ||z||, < rp}. It is clear that B, is a bounded,

closed, and convex subset of £29. We shall show that the operators N satisfies the
assumptions of Schauder’s fixed point theorem. The proof will be given in several
steps.

Step 1: N is continuous.
Let {z*}ren be a sequence such that z¥ — 2 in B, as k — oco. Then

[(NZF)(t) — (N2)(t)]

R(t = 5)a(5,7) [/ (7. Yyt +28) + ey 202 8(7) + 2(7))

f(T yp (Tyy-+Z-) +z Zp(T Yyr+z-)s y( ) +z Z :| HdeS
< aCy, M/ / 8>q_1Hf(T’ Yp(ry.+25) + EI;(T,yTJrEi)v?J(T) +72%(1))

- f(Tv Yo(r,y-+%.) + zp(r7y7+§T), y(T) + E(T)) HdeS
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Fractional integro-differential equations 7

Since f is of Carathéodory type, we have by the Lebesgue Dominated Convergence
Theorem that ||[(N2z¥)(t) — (N2)(t)|| — 0 as k — oo. Consequently, limy_,o || N2* —
Nz||, =0. Thus N is continuous.

Step 2: N maps B, into itself.
Let z € B, and t € J,. Then we have,

I(N2)(t)]
R(t — s)a(s, T)f(T, Yo(ry-+2z,) T Zp(ry.+7,) y(r) + E(T))HdeS
<a Cyu / =) (Ut + e s
+Hly(r) +2(7)[]) drds
< aCy, M/ / (t =) pa(7) [kprn + (M + L+ knMH)|| ¢l + ry]drds
q n
< O CM (kU ) [ )y <1
q 0

This means that N(B,) C B.

Step 3: We will prove that N(B,) is equicontinuous. Set G(., Yo +Z0),y()+2()) =
JoaC, ) (T Up(rye+2.) + Zo(rys 42,0, (T) + Z(7))dT. Let 71,75 € J, with 71 > 75, and
let z € By,. Then ||[(Nz)(m1) — (N2)(72)|| < I1 + Iz, where

n-|

/O [R(Tl - 8)—R(7’2—$)]G(S, Yo(s,y.+2.) T2 p(s,y.4+2.) y(s) +E(5))ds

I = / 1 [R(1 — s)|l HG(Sayp(S,ys+Es) +Ep(3,ys+fs)vy(5) +E(3))H ds.
For I, using (3.2), we have
n<| / / o(r1 — )17, (0)S((m — 8)i0)do
— / o(7 — 8)11E,(0)S((r> — )10} do]
X G 5 Y Yp(s,yetz) T Zp(syatz.) Y (8) +Z(S))d5”
= q/ / oll[(r1 = )07 = (72 — )&y (0)S((11 — 5)%0)
X G 3 Y Yp(s,yetz) T Zp(syatz.) Y (5) +Z(3))Hd0d3
np / / = 8)171E,(0)[|S((m - 5)70) — S((72 — 5)i0)]

||G(S, Yp(s,ys+7Zs) +z Zo(8,ys+Zs)> y(s) + E(S)) ||d0d8
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8 Khalida Aissani, Mouffak Benchohra

< Cor [ It =) = (2= 9|
XG5, Yyt 22) + Zptsg 2 4(8) + Z(5))llds

-w/ / o(rs — )17, (0) 1S ((r1 = 8)%0) — S((72 — 5)70)]|
X |G(8, Yp(s,y.4z.) T Zp(s,y.+2.): Y(8) +Z(8))||dods

<a, [((kn )+ en) /072 (T)dT:|

G /o (71 =)™ = (72— )" | ds
+ q/0T2 /OOO o(my — S)qflfq(U)HS((ﬁ —5)0) — S((12 — 5)0)||dods].

The right-hand of the above inequality tends to zero as 7o — 71, as a consequence of
the continuity of S(¢) in the uniform operator topology for ¢ > 0. In view of (3.2), we
have

b<@M/ (71— )T UGS, Ypiogsmr + Foorans 9(s) +2(5)) ds

< an Cyn [((kn + 1)ry +cpn) / / 1 —8)T i (r)drds.

I, tends to zero, as 75 — 71. Thus, N (By) is equicontinuous. Also, we can show that

for t € J,, the set {N(B,)(t)} is relatively compact in X.
As a consequence of Steps 1 to 3, together with the Arzeld-Ascoli theorem, we can

conclude that the operator N is completely continuous. Therefore, we deduce from

Schauder’s fixed point theorem that N has a fixed point z, € B, which is a solution
of problem (3.4).

Part II: The diagonalization process
We now use the following diagonalization process. For k € N, let

iy = {0 <D

zi(ng), t€ ng,o00).
Here {ny}r € N* is a sequence of numbers satisfying 0 < n; <no < ...<np<...1

oo. Let S = {ur}2,.
For k € N and ¢ € [0,n;] we have

Unk / / t - 8 S T)f(T Yo(r,yr+Wn, )r)
=+ unk)p(f,yr +(Tn,y, )~ ),y(T) + (unk)( ))deS-
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Fractional integro-differential equations 9

Thus, for k € N and ¢, h € [0;n1] we have

Up,, (B)—tn, (B / / (t —s)—R(h — s)]a(s,T)

X f(T, Yo(r,y.+ unk)f)"f'(unk)p(‘r,yTJr(ﬂnk)T)v y(T)""(ﬂmc)(T))desv
and by (H2), and (H3), we have
[t (£) = un, ()]
t s
< an ((kny + D)my + n) / / (R(t — ) — R(h — )] pu (v)drds.
o Jo
The Arzela-Ascoli Theorem guarantees that there is a subsequence ]\71* of N and a

function vy € 29 with u,, — v; in 29, as k — oo through Nj. Let Ny = Ni\{1}.
Also for k € N and ¢, h € [0, ng] we have

[t () = i, ()]
t s
<ay ((kny, +1)rp, + cn2)/ / [R(t —s) — R(h — s)] p1 (T)dTds.
o Jo
The Arzela-Ascoli Theorem guarantees that there is a subsequence N; of N; and a
function vy € (202 with u,, — vy in (202 as k — oo through N3. Note that vy = vy
on [0, nl] since Ny C Ny. Let Ny = Nj\{2}. Proceed inductively to obtain for m €

{3,4,...,} a Subsequence N* of Nm 1 and a function v, € QO with u,, — vp, in

29 as k — oo through N. Let N,, = N \{m}.
Define a function z as follows. Fix ¢ € (0 o0) and let m € N with s < ny,. Then
define z(t) = vy, (). Then z € 2« and zy = 0.

Again fix t € [0,00) and let m € N with s < n,,. Then for n € N, we have

Uny (¢ / / (t = s)a(s, 7). (T, Yp(ry,+ (@, )0
+ (Wn,) p(r,ye + (@ ))» Y(T) + (U, ) (7))dTds.

Let ny — oo through ]\~]m to obtain

/ / t - S S T)f(T Yo(r,9y-+Tm..)

+Ump(,yr+vﬂ_)7y( )+Um( ))d
ie.,

t s
= /O /O R(t - S)CL(S, T)f(’l', yp(T,yTJrET) + Ep(‘r,yTJrET)v y(T) + z(’7—))618

We can use this method for each h € [0, n,,], and for each m € N. Thus the constructed
function z is a mild solution of (1.1). This completes the proof of the theorem. 0O
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10 Khalida Aissani, Mouffak Benchohra

4 An example

In this section we give an example to illustrate the usefulness of our main results. We
consider the following integrodifferential model:

01? 0?

%v(t,C) = T@U(E ()

" / (t-5) / ; 2(r = $)o(r — pr(8)pa(lle(s)]), C)drds

—l—/o (t— s)% cos|v(s,()|ds,t € [0,00), ¢ € [0,7], (4.1)
v(t,0) = v(t,m) =0,t € [0, 00),
v(0,¢) = ¢(0,¢),0 € (=00,0], ¢ €[0,],

where 0 < g < 1, p; : [0,400) — [0,400), ¢ = 1,2 are continuous functions, and
01/0t1 := Dy

Set X = L2([0,7]) and define A by D(A) = {u € X : v" € X,u(0) = u(n) = 0},
Au = u”. It is well known that A is the infinitesimal generator of an analytic semigroup
(S(t))e>0 on X. For the phase space, we choose B = Cy x L*(g, X), see Example 2.1
for details.

For t € [0,00) and ¢ € [0, 7], we set

.’E(t)(g) = U(tv <)7 a(tv 5) =t—s,
Hpal)©) = [ (et Qdr+ 5 cosla (O

p(t.0) = p1 (D2l (0)])-

Under the above conditions, we can represent the system (4.1) in the abstract form
(1.1). The following result is a direct consequence of Theorem 3.3.

Proposition 4.1 Let ¢ € B be such that (H,) holds, and let t — ¢; be continuous on
R(p~). Then there exists a mild solution of (4.1).
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