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1 Introduction

In the linear potential theory the kernels which satisfy the complete maximum prin-
ciple and the sub-Markovian resolvents are main investigation tools. In particular, it
was a main goal to find conditions on a given kernel, such that it becomes the initial
kernel of a sub-Markovian resolvent (see, e.g., [1] and [3]).

The aim of this paper is to investigate the nonlinear bounded (Lipschitz) opera-
tors and the nonlinear sub-Markovian resolvents. In this theory it is also a central
result to show that a nonlinear operator satisfying a (nonlinear) complete maximum
principle is the initial kernel of a nonlinear sub-Markovian resolvent. It was stated by
DELLACHERIE in [2] and a complete proof is due to vaAN GooL (cf. [4]).

We give a new proof for the fact that a nonlinear Lipschitz operator satisfying
the complete maximum principle generates a regular sub-Markovian resolvent. Our
approach is new and we use some techniques which allows a better analogy with the
linear case. A basic ingredient is the couple of conjugated functions (cf. [5]).

The organization of the paper is as follows. In Section 2 we introduce our setup,
following essentially [2], [4], and [6] (see also [7] and [8]). Then we recall some results
concerning the conjugated functions (see [2] and [6]).
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2 M. Haiducu, C. Udrea

The main results are presented in Section 3 (Theorem 3.2). The last section is an
addendum and contains the proofs of several results from Section 2.

2 The general framework

In this work, £ is a linear lattice of bounded real valued functions on a non-empty set
X . The lattice £ is supposed to be complete with respect to the uniform norm (denoted
by || - ||). The symbols T', V, N, V,, (where p is a positive number) denote functions
from £ into £ (in what follows we shall say that they are functions on £) and I is the
identity map of L. For every f, g functions in £, {f > g} :={x € X : f(z) > g(z)},
and similar notation will be used for {z € X : f(x) > g(z)}.

Definition 2.1 ([2]) (i) The function T on L is called nonlinear operator on L if T
is an increasing mapping on L.

(i) A nonlinear operator T on L is called nonlinear bounded operator on L if T
is Lipschitz function on L and lipT denotes the Lipschitz constant of T (i.e. lip T :=
inf{C € (0,00) : ||Tf — Tg|| < Cllf — gl f. g€ L}).

(iii) We say that the nonlinear bounded operator T on L is sub-Markovian if lipT <
1.

Lemma 2.2 ([4]; see [6] also for the sub-Markovian operator) For every T a
nonlinear bounded operator on L we have that

lipT = inf{C € (0,00) : for allr € (0,00), forall f, g € L,
[<g+r=Tf<Tg+Cr}.

Remark 2.1 ([6]) It is clear that for every function T" on £ the following assertions
are equivalent.

(i) The function T is nonlinear sub-Markovian operator.

(ii) The mapping T has the following property:

forall f, ge L, foralla € (0,00): f<g4+a=Tf<Tg+ .

Definition 2.3 (i) We shall say that T satisfies the weak complete maximum prin-
ciple if for all f, g € L and for all a € (0,00), f+Tf <g+Tg+a on{f>g}=
Tf <Tg+ a.

(i) We shall say that T satisfies the complete maximum principle if for all f, g € £
and for all a € (0,00), Tf <Tg+a on{f>g}=Tf <Tg+a.

Remark 2.2 (i) It is clear that every function T' which satisfies the complete maxi-
mum principle satisfies the weak complete maximum principle too.

(ii) If the function T satisfies the weak complete maximum principle then it is
nonlinear operator on L.

Lemma 2.4 ([6], see [4] also) For a function T on L the following assertions are
equivalent.

(i) The application T satisfies the complete mazimum principle.

(it) For all p € (0,00), the mapping pT satisfies the weak complete mazimum prin-
ciple.
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Lipschitz nonlinear operators and resolvents 3

Definition 2.5 ([2]) Assume that the following identities hold on L:
(I+T)I-N)=I=(I-N)I+T). (2.1)

Then T is called the conjugate function of N, respectively, N is called the anticonju-
gate function of T. Moreover, the pair (T, N) is called a pair of conjugated functions
on L.

Remark 2.3 (i) It is easy to verify that for all functions T, N the following assertions
are equivalent: (a) (T, N) is a pair of conjugated functions; (b) the following identities
hold: T(I = N)=N,N(I+T)=T; (c) I +T is invertible and (I +T)~' =1 — N;
(d) I — N is invertible and (I — N)"' =T +T.
(ii? If (T, N) is a pair of conjugated functions on £ then we have that N = T'(I +
T)ytand T=N(I - N) %

(iii) Moreover the function T" has an anticonjugate function if and only if I 4+ T is
invertible.

Theorem 2.6 ([6] and [4]) Suppose that I + T is invertible and N = T(I + T)7L.
The following assertions are equivalent.
(1) The function N is nonlinear sub-Markovian operator and T is nonlinear operator.
(it) The application T satisfies the weak complete mazimum principle.

(#i1) The mapping T is nonlinear operator and satisfies the following property: for
al f,ge L, foralla€ (0,00), f+Tf<g+Tg+a=Tf<Tg+a.

Proposition 2.7 ([4]) If the function T is Lipschitz and t € R is such that lip(tT') <
1, then the application I 4+ tT is invertible.

Proof. Let f be a function in £ and T’y be the function on £ defined by Tju := f—tT'u,
for all u € £. Since Ty is contraction on £, there exists a unique element u; € £ such
that Tyuy = uy < f = uy + tTuy. Therefore I + ¢T' is surjective function and being
injective too, it is invertible. O

Remark 2.4 Let T be a Lipschitz function on L. If lipT = 0, then T is a constant
function on L, i.e. there exists w € L such that Tf = w for all f € L. Therefore
(I+tD)(I—tT)=1= (I —tT)(I+1tT), for all t € R, hence I + tT is invertible for
all t € R.

From now on we suppose that lipT > 0.

(i) By the previous proposition, for all ¢ € (—ﬁ, ﬁ) I +tT is invertible. Let us
denote T'(I 4+ tT)~! by N;. In view of Remark 2.3.(i) we have that (¢tT,¢N;) is a pair
of conjugated functions on L.

(ii) Moreover (—ﬁ7 ﬁ) C {t € R: I+1tT is invertible } =: J, and for all s,t € J,
(I+(t—s)Ns)(T+(s—t)Ny) = I, that is ((s —t) Ny, (s —t)N) and ((t —s) N, (t—s)Ny)
are pairs of conjugated functions on L.

Proposition 2.8 ([4]) We consider T a nonlinear bounded operator on L such that
the function I + T is invertible and the application T'(I + T)~! is nonlinear operator.

Then the nonlinear operator T(I+T)~! is bounded and 1-1;1131€T <lipT(I+T)~! < lipT.
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4 M. Haiducu, C. Udrea

Proof. Forall f, g € Landr € (0,00) with f < g+r we have that (I+7)Y(sup(f, g))—
(I +T) Y < (I + T)(I +T) Nsuplf.9)) — (I + T)I +T) g <r = T(1 + 7)1 f -
TI+T) g <TI+T) *(sup(f,g))—T(I+T) g < rlipT. According to Lemma 2.2
T(I +T)~! is nonlinear bounded operator, with lipT' (I + T)~! < lipT. Furthermore

I+TD)f-I+T)g=f-g+Tf-Tg<(1+1ipT)|f -9
= Tf-Tg=TI+T)*I+T)f-TUI+T)(I+T)g
< UpT+ 1) HII+T)f — (I +T)gll
< (T (I + 1)~ +LpD)| f — gll,

ie lipT < (lipT'( +T)"")(1+1ipT). O

Remark 2.5 By Theorem 2.6, if the function T" on L is such that T satisfies the
weak complete maximum principle and I + T is invertible, then N = T'(I +T)~ ! is
nonlinear sub-Markovian operator. Therefore if we assume that T is Lipschitz, then
lipN = lipT(I +T)~! < 1ipT.

Proposition 2.9 We suppose that (T, N) is a pair of conjugated functions on L and
T satisfies the complete maximum principle. Then N satisfies the complete maximum
principle.

Proof. Let f, g be functions in £ and take a € (0, 00) such that Nf < Ng+a on {f >
g} & T(f = Nf) < T(g— Ng) + aon{f > g}. Since {f — Nf > g— Ng} =
{f=Nf>g-—Ngtn{f>ghHhU{f-Nf >g—Ngtn{f < g}) on the set
{f=Nf>g—Ng}n{f > g} wehave that T(f — Nf) <T(g— Ng)+a< Nf <
Ng + a. On the other hand for all x € {f — Nf > g — Ng} n{f < g} it follows
that 0 < g(z) — f(z) < Ng(z) — Nf(z) = Nf(x) < Ng(z) < Ng(z) + . Therefore
T(f—-Nf)=Nf<Ng+a=T(g—Ng)+aon{f—-Nf>g— Ng}, and by the
complete maximum principle Nf =T(f —Nf) <T(9— Ng)+a=Ng+aon X. O

3 Nonlinear resolvents

In this section we present the main results of our paper concerning the nonlinear
sub-Markovian resolvents and their initial nonlinear operator.

Definition 3.1 ([2]) Let V := (V})p>0 be a family of functions on L.
(i) If, for all p, q € (0,00), the following identity holds on L

I+@-Vo)U +(g—p)Vp) =1 (3.1)

then V is called nonlinear resolvent on L.
(ii) Let V be a nonlinear resolvent on £ and V be a function on L.
(a) If, for every p € (0,00) we have

(I +pV)U —pVp) =1=(I—-pVp)I +pV). (3.2)

the function V is called the initial function of the resolvent V.
(b) When pV, is nonlinear sub-Markovian operator on L, for all p € (0,00), the
resolvent V is called sub-Markovian.
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Lipschitz nonlinear operators and resolvents 5

Remark 3.1 Let V := (V,),>0 be a nonlinear resolvent on £ and V' be a function on
L.

(i) Let us assume that V' is the initial function of the resolvent V.

(a) The conditions (3.2) are equivalent to the following equations V, = V(I —
pVyp) and V = V(I 4+ pV), for all p € (0,00) and they mean that (pV,pV,) is a pair of
conjugated functions on L.

(b) From the previous point and Remark 2.3.(ii), for every p € (0,00), V, =
V(I 4+ pV)~1, hence there exists at most one nonlinear resolvent on £ satisfying the
conditions (3.2).

(c) Similarly, for every p € (0,00), V =V, (I —pV,)~! which means that there exists
at most one initial function of V.

(d) By Lemma 2.4 and Theorem 2.6 it follows that the resolvent V is sub-Markovian
if and only if V satisfies the complete maximum principle.

(ii) (a) The condition (3.1) (named the resolvent equation) means that, for every
D, q € (0,00), ((p—q)Vg, (p —q)V}) is a pair of conjugated functions on L.

(b) If we suppose that V is sub-Markovian, then for all ¢ € (0,00) and p € (g, ),
the nonlinear operator (p — ¢)V}, is sub-Markovian hence (p — ¢)V; satisfies the weak
complete maximum principle (Theorem 2.6). Since p € (g, 00) is arbitrary it follows
that V, satisfies the complete maximum principle, for all g € (0, c0).

Theorem 3.2 Let V' be nonlinear bounded operator on L which satisfies the complete
mazimum principle. There exists a unique nonlinear sub-Markovian resolvent V =
(Vp)p>0 on L having the following properties.

(1) The function V is the initial operator of V.

(2) There exists r € (0,00) such that lipVy, < L, for all p € (0, 00).

(3) For all f € L we have that lim,\p ||V, f — V f|| = 0.

Proof. (see [4] or [6] for another proofs) Choose r € (0,00) with lip(rV) < 1. By
Propositions 2.7 and 2.8 the nonlinear operator I + rV is invertible and if V, :=
V(I +7V)~! then (rV,rV,) is a pair of conjugated operators, 7V, is nonlinear sub-
Markovian operator (Theorem 2.6) and liprV, = liprV (I + V)™t <liprV < 1.

We suppose that for k € N* there exists (I + krV)~! and if Vi, := V(I + krV)~1
then 7V}, is nonlinear sub-Markovian operator and liprVy, < liprV < 1.

Define (Vi,)r := Vir(I + rVi,)~t and remark that (7Vi,.,7(Vir)r) is a pair of con-
jugated functions on L. Since Vj,. satisfies the complete maximum principle (Propo-
sition 2.9), 7(Vi,), is nonlinear sub-Markovian operator (Theorem 2.6). Therefore
lipr (Vi )r < liprVg, < liprV < 1. Moreover, I + (k+ 1)rV = (I + rVj,)(I + krV)
is invertible and Vigy1)r == V(I + (k+ 1)rV)™' = V(I + krV) ' + rVp) ™t =
Vier (I + TVkr)_l = (Vir)r-

That is I + (k+ 1)rV is invertible, (k + 1)rVigy1), = (k+1)rV (I + (k+1)rV)"Lis
nonlinear sub-Markovian operator and liprV{;1), = lipr(Vi,), < liprV’ < 1. Hence,
for every k € N*, [+krV is invertible and the nonlinear operator 7V, = rV (I+krV)=!
is sub-Markovian such that liprVy, <liprV < 1.

Let p now be a positive number and choose k a natural number with kr < p < (k+
1)r. We have that I+pV = (I+(p—kr)Vi,)(I+krV), and lip(p—kr) Vi, < liprVi, < 1;
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6 M. Haiducu, C. Udrea

then I + (p — kr)Vi, is invertible, I 4+ pV is invertible too and if

Voi=V({I+pV) P =V{I +krV) YT+ (p— kr)Vi,) ™

= Vir(I + (p — kr)Vi) ™t = liprV,
T T

= li —kr)V, <
p—krlp(p T)P—p_k,r,

lip(p — kr) Vi, = rlipVi, < 1.

The general statements follow now by Remarks 2.4.(ii) and 3.1.(i)(b) and the prop-
erties (1) and (2) of the theorem are now clear.

To prove assertion (3) remark that for all f € £ and p € (0,00), |[V,f =V f]| =
IVof = Volf + VNI < 5lIpV I = IV = [IVpfll < 2|V f]|. Therefore the set of
functions {V,f : p € (0,00)} is bounded in (£, | - ||), hence limy\ o [[pV,pf]| = 0 and

Vof =V =V (f =pVpf) = VI < FIpV I = limpo [[Vpf =V =0. O

Remark 3.2 We consider V' and V := (V})p>0 as in the previous theorem and we
suppose that V0 = 0 (which by the resolvent equation means that V,0 = 0, for every
p € (0,00) what it is equivalent to, or there exists p € (0,00) such that V,0 = 0)
(where 0 is the null function on X).

(i) Let f be a non-negative function in £. Then for every p € (0,00) and ¢ € (p, o)
we have that Vf > 0, Vof > 0, Vf = Vy(f +pV ) > Vyf, and Vof = Vy(f + (q
p)Vpf) > Vi f. Therefore (as in the linear case [1]), (V},f)p>0 is uniformly decreasing
to Vfon X.

(ii) Similarly for every non-positive function f in L it follows that (V,f)p>o is
uniformly increasing to V f on X.

Theorem 3.3 Let us consider V = (V,)p>0 a nonlinear sub-Markovian resolvent on
L which satisfies the following conditions:

(a) There exists r € (0,00) with lipV,, < L, for every p € (0, 00).

(b) The set of functions {V,0 : p € (0,00)} is bounded in (L, || - ).
Then there exists V' nonlinear operator on L with the following properties.

(1) The operator V satisfies the complete mazimum principle.

(2) The nonlinear operator V is the initial operator of V.

(3) For all f € L, im0 [|[Vpf =V f]| =0.

(4) The (nonlinar) operator V is bounded with lipV < 1.

Proof. For every f € L and p, ¢ € (0,00) we have the following statements ||V, f| <
Vo f — V0|l + [[V,0]] < L|If]l + [[V,0]|. Since {V,,0 : p € (0,00)} is a bounded subset
in (L, 1), the set {V,f : p € (0,00)} is also bounded in (£, || - ||). Moreover,

Vol = Vafl = IVof — Vold + 0 — aVal)l < 2= U v, 5

r
= (p—Vpf): (0,00) = (L,] - ||) is uniformly continuous.

Therefore there exists limy\ o V,f (in (£, - ||) and so that define V : L — L, V f :=
lim,\ o Vp,f and the assertion (3) follows. Furthermore, for all f and g elements in
LNV =Vgll =limpyg [Vof — Vpgll < I — gll, i-e. V is Lipschitz with lipV’ < &
(a part of the assertion (4)). On the other hand V,f = V,(f + (¢ — p)V, f), for all
f € L, for all p,qg € (0,00) and limy\g || f + (¢ = p)Vpf — (f +qV f)|| = 0, for all
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Lipschitz nonlinear operators and resolvents 7

€ (0,00), for all f € L. In view of the continuity of V,, for all f € L, it follows that
Vf =limy o Vpf =limy\o Vo(f+(q—p)Vof) = Vo(f+4qV f), for all f € L. Moreover

IVa(f + (@ =)V f)=Vo(f —pVu )l < glleva for all f € L,p,q € (0,00)
= Wf= é{%Vq(er (g —p)Vuf) :;i{%‘/?z(f—pvpf)
=V(f—-pVpf), forall fe L, forallpe(0,00).

So that (pV,pV,) is a pair of conjugated functions on £ and the other assertions of
the theorem follow now by Lemma 2.4 and Theorem 2.6. 0O

Corollary 3.4 Let V := (V,)p>0 be a nonlinear sub-Markovian resolvent on L such
that V,0 = 0 for every p € (0,00). Then the following assertions are equivalent.

(i) There exists a nonlinear bounded operator V' on L which is the initial operator
of V.

(13) The set {lipV), : p € (0,00)} is bounded.

Proof. (i)=(ii) It is a consequence of Theorem 3.2.
(ii)=(i) Since {V,,0 : p € (0,00)} = {0} we apply Theorem 3.3. O

Ezample 3.1 We present some examples (see [9]) and we study their essential prop-
erties concerning our aim. From now on (X, X) is a measurable space and the nota-
tion f € X means that the numerical function f on X is X-measurable. Moreover
bX :={f € X : fis bounded}.

(i) Let N (respectively Sy) be a linear sub-Markovian kernel on (X, X) (respectively
the convex cone of N-supermedian functions ([1])). We define, for every f € X, their
reduit function Rf := RN f :=inf{s € Sy : s > f} = R(fT).

(a) Since, for all s € Sy, Rs = s (in particular R1 = 1, where the symbol 1 denotes
the function from X into R identically equal to 1), for all f, g functions in X’ we have
that [|[Rf — Rg|| < ||f —¢l|, i.e. R is a sub-Markovian nonlinear operator on bX.

(b) If f, g € bX and « € (0,00) are such that Rf < Rg+ « on {f > g}, then f <
Rf < Rg+aon {f >g} and f <g< Rg < Rg+aon{f < g}. Therefore (according
to Mokobodzki theorem ([1])), f < Rg+a, and Rg+a € Sy = Rf < Rg+aie R
satisfies the complete maximum principle.

(c) In view of Theorem 3.2 there exists V := (V,),>0 a nonlinear sub-Markovian
resolvent on bX such that R is the initial nonlinear operator of V. Thus for all p €
(0,00),Vp, = R(I — pVp), and R = V,(I + pR).

(d) Let f be an element in bX. We have that

p 1 1 D 1
———Rf<——Rf, —RfeSv=R — ——Rf ) < ——Rf.
[ RS S SRS S RI €Sy <f P f)_pr

On the other hand for every s € Sy with s > f — I%R f it follows that
f<s+-—L Rf=Rf<s+-L Ry,
o p+1 - p+1

: 1
1.e. me S S.
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8 M. Haiducu, C. Udrea

Since s € Sy is arbitrary with s > f — I%Rf, we have that

1 P 1 - P
WRfSR(f—ﬁRf), and p—i—lRf_R<f p—i—lRf)'

Therefore, for all f in bX and p in (0, c0)

1 p p
——Rf=R|(f———Rf )< ({{+pR ———Rf)=Ff.
R =R (1= Eorr) o (eon) (- S EoRe) = 1
Hence (I +pR)™' =1~ 5 Rand V, = R(I +pR)™' = R(I - ;}5R) = ﬁR.
(ii) For every f € bX and p € (0,00) let us define V,,f = pﬁf + zﬁ‘ It is easy to
show that (V},)p>0 satisfy the resolvent equation (the relation (3.1)). For all f, g € bX
and p € (0,00) it follows that

p
Vof —pVogll = ——IIf —gll < If — g,
[PV = Vol = 217 —gll < I ~ o]
1
Vof = Vgl = ——IIf —gll < IIf — gl
Vol = Vosll = —1f = all <I1f =l

Therefore (V})p>o is nonlinear sub-Markovian resolvent on bX, lipV, < 1, for all
p € (0,00) and {V,0 : p € (0,00)} = {pﬁ :p € (0,00)} is a bounded set. According
to Theorem 3.3 the function V' : bX — bX,V f = lim, o V,,f = f + 1, for all f € bX
is the initial nonlinear operator of (V})p>0.

(iii) I Vo f = %f + %, for every f € bX and p € (0,00), then it is clear that (V})p>0
is a nonlinear sub-Markovian resolvent on bX.

Let us suppose that there exists the initial function of (V},),~0 denoted by V. In
view of the conditions (3.2) it follows that for all p € (0,00),V1 =V, (1+pV1) < for
all p € (0,00),V1 =V1+ %, which is a contradictory relation. Hence the nonlinear

sub-Markovian resolvent (V},)p~0 has no initial function.

4 Addendum: Proof of several results from Section 2

Proof of Lemma 2.2. We consider a nonlinear operator 7' on £ and the following sets
of positive numbers Ap := {c € (0,00) : for all f,g € L,|Tf — Tyl < cllf — gll},

mi={ce€(0,00): forall r € (0,00), f,g € L,||f—gl| <r=|Tf—-Tg| <ecr}, and

7 :={ce€ (0,00): forall r € (0,00),f,ge L, f <g+r=Tf <Tg+cr}, and we
shall prove that Ay C A}, C A} C Ar.

If ce Ap and r € (0,00), f, g € L are such that ||f — g|| < r, then ||Tf — Tyg| <
ol f —gll <er=ce Al

Suppose now that ¢ € A}, and let us take r € (0,00) and f, g € L such that
f < g+ r. Then we have f < sup(f,g) < g+ r = | sup(f,g) — gl < r. Therefore
T (sup(f,g))—Tg| < cr=Tf <T(sup(f,g)) < Tg+cr,ie. ce A7 Forevery c e Al
and f, g € Lit follows f < g+||f —gll,g < f+[f —gll = Tf <Tg+cllf —gll,Tg <
Tf+c|f—gl, hence |Tf —Tg| <c||f—g|, foral fgec L=ce Ar. O
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Lipschitz nonlinear operators and resolvents 9

Proof of the assertion of Remark 2.1. Property (i) (respectively (ii)) is equivalent to
the conditions 1 € Ap (respectively 1 € A”). Now the assertion follows by Lemma
2.2. 0O

Proof of Lemma 2.4. The implication (i)=-(ii) is clear.

(ii)=(i) Let f, g be functions in £ and «, €, p be positive numbers such that
Tf <Tg+aon{f > gH= sup{(Tf—-Tg)(x):xe€{f>g}} < a< a+e and
%sup{(f —g)(z):zeX}<at+e+inf{(Tg—Tf)(z):z € {f > g}} Then, for all
x € {f > g} we have that %(f(x)fg(x)) <a+te+Tglx)-Tf(x) < fx)+pTf(x) <
9(x) +pTg(x) + pla+e).

Since the nonlinear operator pT satisfies the weak complete maximum principle it
follows that pTf < pTg+ pla+¢€) on X & Tf < Tg+ a+ eon X, and € being
arbitrary positive number Tf <Tg+ «. 0O

Proof of Theorem 2.6. (1)=-(ii) We consider f, g € £ and «a € (0,00) such that f +
Tf <g+Tg+«aon {f > g}, and we define u := inf(f + Tf,g + Tg + «). Since
(T, N) is a pair of conjugated functions on £ and N is sub-Markovian we remark the
following relations:

(1) Nu<Tf; (2) Nu<Tg+a; B)u=f+Tfon{f>g}

If j :==u— Nu, then u = (I + T)j and we shall prove that f < j on X.

If x € {f > g}, then f(z) < j(x) is equivalent to f(z) < u(x) — Nu(z) = f(z) +
Tf(z) — Nu(z), and in view of condition (1) the last inequality is true.

When z € {f < g} we distinguish the following cases: u(z) := f(z)+Tf(x) and the
inequality is proved similarly to the previous case, respectively u(z) = g(x)+Tg(z)+«
and the inequality f(z) < j(z), means that Nu(z) < g(z) — f(x) + Tg(x) + o and
according to the hypothesis and the condition (2) it is also true.

By the inequality f < j and the monotony of T', it follows that f+Tf < (I+T)j =
(I+T)YI-Nu=u<g+Tg+a=Tf=N(f+Tf) < Ng+Tg+a) <

(I—i—T)g—i—a-Tg—l—a

(ii)=-(iii) It is clear.

(iii)=-(i) Let f, g be functions in £ and « € (0, 00) be such that f < g + «.

Then

f=U+T)I-N)f<I+T)I-N)g+a
S f-Nf+T(f-Nf)<g—Ng+T(g—Ng)+a

By the hypothesis (iii) Nf = T(f — Nf) < T(g — Ng) + « = Ng+ «, i.e. N is
sub-Markovian (Remark 2.1). O
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