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Abstract We investigate the nonlinear Lipschitz operators, their resolvents and the complete maxi-
mum principle, in connection with the approach of Dellacherie and van Gool. We present relevant
examples.
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1 Introduction

In the linear potential theory the kernels which satisfy the complete maximum prin-
ciple and the sub-Markovian resolvents are main investigation tools. In particular, it
was a main goal to find conditions on a given kernel, such that it becomes the initial
kernel of a sub-Markovian resolvent (see, e.g., [1] and [3]).

The aim of this paper is to investigate the nonlinear bounded (Lipschitz) opera-
tors and the nonlinear sub-Markovian resolvents. In this theory it is also a central
result to show that a nonlinear operator satisfying a (nonlinear) complete maximum
principle is the initial kernel of a nonlinear sub-Markovian resolvent. It was stated by
Dellacherie in [2] and a complete proof is due to van Gool (cf. [4]).

We give a new proof for the fact that a nonlinear Lipschitz operator satisfying
the complete maximum principle generates a regular sub-Markovian resolvent. Our
approach is new and we use some techniques which allows a better analogy with the
linear case. A basic ingredient is the couple of conjugated functions (cf. [5]).

The organization of the paper is as follows. In Section 2 we introduce our setup,
following essentially [2], [4], and [6] (see also [7] and [8]). Then we recall some results
concerning the conjugated functions (see [2] and [6]).
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2 M. Haiducu, C. Udrea

The main results are presented in Section 3 (Theorem 3.2). The last section is an
addendum and contains the proofs of several results from Section 2.

2 The general framework

In this work, L is a linear lattice of bounded real valued functions on a non-empty set
X. The lattice L is supposed to be complete with respect to the uniform norm (denoted
by ‖ · ‖). The symbols T, V, N, Vp (where p is a positive number) denote functions
from L into L (in what follows we shall say that they are functions on L) and I is the
identity map of L. For every f, g functions in L, {f > g} := {x ∈ X : f(x) > g(x)},
and similar notation will be used for {x ∈ X : f(x) ≥ g(x)}.

Definition 2.1 ([2]) (i) The function T on L is called nonlinear operator on L if T
is an increasing mapping on L.

(ii) A nonlinear operator T on L is called nonlinear bounded operator on L if T
is Lipschitz function on L and lipT denotes the Lipschitz constant of T (i.e. lip T :=
inf{C ∈ (0,∞) : ‖Tf − Tg‖ ≤ C‖f − g‖, f, g ∈ L}).

(iii) We say that the nonlinear bounded operator T on L is sub-Markovian if lipT ≤
1.

Lemma 2.2 ([4]; see [6] also for the sub-Markovian operator) For every T a
nonlinear bounded operator on L we have that

lipT = inf{C ∈ (0,∞) : for all r ∈ (0,∞), for all f, g ∈ L,
f ≤ g + r ⇒ Tf ≤ Tg + Cr}.

Remark 2.1 ([6]) It is clear that for every function T on L the following assertions
are equivalent.

(i) The function T is nonlinear sub-Markovian operator.
(ii) The mapping T has the following property:

for all f, g ∈ L, for all α ∈ (0,∞) : f ≤ g + α⇒ Tf ≤ Tg + α.

Definition 2.3 (i) We shall say that T satisfies the weak complete maximum prin-
ciple if for all f , g ∈ L and for all α ∈ (0,∞), f + Tf ≤ g + Tg + α on {f > g} ⇒
Tf ≤ Tg + α.

(ii) We shall say that T satisfies the complete maximum principle if for all f , g ∈ L
and for all α ∈ (0,∞), Tf ≤ Tg + α on {f > g} ⇒ Tf ≤ Tg + α.

Remark 2.2 (i) It is clear that every function T which satisfies the complete maxi-
mum principle satisfies the weak complete maximum principle too.

(ii) If the function T satisfies the weak complete maximum principle then it is
nonlinear operator on L.

Lemma 2.4 ([6], see [4] also) For a function T on L the following assertions are
equivalent.

(i) The application T satisfies the complete maximum principle.
(ii) For all p ∈ (0,∞), the mapping pT satisfies the weak complete maximum prin-

ciple.
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Lipschitz nonlinear operators and resolvents 3

Definition 2.5 ([2]) Assume that the following identities hold on L:

(I + T )(I −N) = I = (I −N)(I + T ). (2.1)

Then T is called the conjugate function of N , respectively, N is called the anticonju-
gate function of T . Moreover, the pair (T,N) is called a pair of conjugated functions
on L.

Remark 2.3 (i) It is easy to verify that for all functions T, N the following assertions
are equivalent: (a) (T,N) is a pair of conjugated functions; (b) the following identities
hold: T (I −N) = N , N(I + T ) = T ; (c) I + T is invertible and (I + T )−1 = I −N ;
(d) I −N is invertible and (I −N)−1 = I + T .

(ii) If (T,N) is a pair of conjugated functions on L then we have that N = T (I +
T )−1 and T = N(I −N)−1.

(iii) Moreover the function T has an anticonjugate function if and only if I + T is
invertible.

Theorem 2.6 ([6] and [4]) Suppose that I + T is invertible and N = T (I + T )−1.
The following assertions are equivalent.

(i) The function N is nonlinear sub-Markovian operator and T is nonlinear operator.
(ii) The application T satisfies the weak complete maximum principle.
(iii) The mapping T is nonlinear operator and satisfies the following property: for

all f , g ∈ L, for all α ∈ (0,∞), f + Tf ≤ g + Tg + α⇒ Tf ≤ Tg + α.

Proposition 2.7 ([4]) If the function T is Lipschitz and t ∈ R is such that lip(tT ) <
1, then the application I + tT is invertible.

Proof. Let f be a function in L and Tf be the function on L defined by Tfu := f−tTu,
for all u ∈ L. Since Tf is contraction on L, there exists a unique element uf ∈ L such
that Tfuf = uf ⇔ f = uf + tTuf . Therefore I + tT is surjective function and being
injective too, it is invertible. ut

Remark 2.4 Let T be a Lipschitz function on L. If lipT = 0, then T is a constant
function on L, i.e. there exists ω ∈ L such that Tf = ω for all f ∈ L. Therefore
(I + tT )(I − tT ) = I = (I − tT )(I + tT ), for all t ∈ R, hence I + tT is invertible for
all t ∈ R.

From now on we suppose that lipT > 0.
(i) By the previous proposition, for all t ∈ (− 1

lipT ,
1

lipT ), I + tT is invertible. Let us

denote T (I + tT )−1 by Nt. In view of Remark 2.3.(i) we have that (tT, tNt) is a pair
of conjugated functions on L.

(ii) Moreover (− 1
lipT ,

1
lipT ) ⊂ {t ∈ R : I + tT is invertible } =: J, and for all s, t ∈ J ,

(I+(t−s)Ns)(I+(s−t)Nt) = I, that is ((s−t)Nt, (s−t)Ns) and ((t−s)Ns, (t−s)Nt)
are pairs of conjugated functions on L.

Proposition 2.8 ([4]) We consider T a nonlinear bounded operator on L such that
the function I + T is invertible and the application T (I + T )−1 is nonlinear operator.

Then the nonlinear operator T (I+T )−1 is bounded and lipT
1+lipT ≤ lipT (I+T )−1 ≤ lipT.
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4 M. Haiducu, C. Udrea

Proof. For all f, g ∈ L and r ∈ (0,∞) with f ≤ g+r we have that (I+T )−1(sup(f, g))−
(I + T )−1g≤ (I + T )(I + T )−1(sup(f, g)) − (I + T )(I + T )−1g≤ r ⇒ T (I + T )−1f −
T (I+T )−1g ≤ T (I+T )−1(sup(f, g))−T (I+T )−1g ≤ rlipT. According to Lemma 2.2
T (I + T )−1 is nonlinear bounded operator, with lipT (I + T )−1 ≤ lipT. Furthermore

(I + T )f − (I + T )g = f − g + Tf − Tg ≤ (1 + lipT )‖f − g‖
=⇒ Tf − Tg = T (I + T )−1(I + T )f − T (I + T )−1(I + T )g

≤ (lipT (I + T )−1)‖(I + T )f − (I + T )g‖
≤ (lipT (I + T )−1)(1 + lipT )‖f − g‖,

i.e. lipT ≤ (lipT (I + T )−1)(1 + lipT ). ut
Remark 2.5 By Theorem 2.6, if the function T on L is such that T satisfies the
weak complete maximum principle and I + T is invertible, then N = T (I + T )−1 is
nonlinear sub-Markovian operator. Therefore if we assume that T is Lipschitz, then
lipN = lipT (I + T )−1 ≤ lipT.

Proposition 2.9 We suppose that (T,N) is a pair of conjugated functions on L and
T satisfies the complete maximum principle. Then N satisfies the complete maximum
principle.

Proof. Let f, g be functions in L and take α ∈ (0,∞) such that Nf ≤ Ng+α on {f >
g} ⇔ T (f − Nf) ≤ T (g − Ng) + α on {f > g}. Since {f − Nf > g − Ng} =
({f − Nf > g − Ng} ∩ {f > g}) ∪ ({f − Nf > g − Ng} ∩ {f ≤ g}), on the set
{f −Nf > g −Ng} ∩ {f > g} we have that T (f −Nf) ≤ T (g −Ng) + α ⇔ Nf ≤
Ng + α. On the other hand for all x ∈ {f − Nf > g − Ng} ∩ {f ≤ g} it follows
that 0 ≤ g(x) − f(x) < Ng(x) − Nf(x) ⇒ Nf(x) < Ng(x) < Ng(x) + α. Therefore
T (f − Nf) = Nf ≤ Ng + α = T (g − Ng) + α on {f − Nf > g − Ng}, and by the
complete maximum principle Nf = T (f −Nf) ≤ T (g−Ng) +α = Ng+α on X. ut

3 Nonlinear resolvents

In this section we present the main results of our paper concerning the nonlinear
sub-Markovian resolvents and their initial nonlinear operator.

Definition 3.1 ([2]) Let V := (Vp)p>0 be a family of functions on L.
(i) If, for all p, q ∈ (0,∞), the following identity holds on L

(I + (p− q)Vq)(I + (q − p)Vp) = I (3.1)

then V is called nonlinear resolvent on L.
(ii) Let V be a nonlinear resolvent on L and V be a function on L.
(a) If, for every p ∈ (0,∞) we have

(I + pV )(I − pVp) = I = (I − pVp)(I + pV ). (3.2)

the function V is called the initial function of the resolvent V.
(b) When pVp is nonlinear sub-Markovian operator on L, for all p ∈ (0,∞), the

resolvent V is called sub-Markovian.
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Lipschitz nonlinear operators and resolvents 5

Remark 3.1 Let V := (Vp)p>0 be a nonlinear resolvent on L and V be a function on
L.

(i) Let us assume that V is the initial function of the resolvent V.
(a) The conditions (3.2) are equivalent to the following equations Vp = V (I −

pVp) and V = Vp(I + pV ), for all p ∈ (0,∞) and they mean that (pV, pVp) is a pair of
conjugated functions on L.

(b) From the previous point and Remark 2.3.(ii), for every p ∈ (0,∞), Vp =
V (I + pV )−1, hence there exists at most one nonlinear resolvent on L satisfying the
conditions (3.2).

(c) Similarly, for every p ∈ (0,∞), V = Vp(I−pVp)−1 which means that there exists
at most one initial function of V.

(d) By Lemma 2.4 and Theorem 2.6 it follows that the resolvent V is sub-Markovian
if and only if V satisfies the complete maximum principle.

(ii) (a) The condition (3.1) (named the resolvent equation) means that, for every
p, q ∈ (0,∞), ((p− q)Vq, (p− q)Vp) is a pair of conjugated functions on L.

(b) If we suppose that V is sub-Markovian, then for all q ∈ (0,∞) and p ∈ (q,∞),
the nonlinear operator (p− q)Vp is sub-Markovian hence (p− q)Vq satisfies the weak
complete maximum principle (Theorem 2.6). Since p ∈ (q,∞) is arbitrary it follows
that Vq satisfies the complete maximum principle, for all q ∈ (0,∞).

Theorem 3.2 Let V be nonlinear bounded operator on L which satisfies the complete
maximum principle. There exists a unique nonlinear sub-Markovian resolvent V :=
(Vp)p>0 on L having the following properties.

(1) The function V is the initial operator of V.

(2) There exists r ∈ (0,∞) such that lipVp ≤ 1
r , for all p ∈ (0,∞).

(3) For all f ∈ L we have that limp↘0 ‖Vpf − V f‖ = 0.

Proof. (see [4] or [6] for another proofs) Choose r ∈ (0,∞) with lip(rV ) < 1. By
Propositions 2.7 and 2.8 the nonlinear operator I + rV is invertible and if Vr :=
V (I + rV )−1 then (rV, rVr) is a pair of conjugated operators, rVr is nonlinear sub-
Markovian operator (Theorem 2.6) and liprVr = liprV (I + rV )−1 ≤ liprV < 1.

We suppose that for k ∈ N∗ there exists (I + krV )−1 and if Vkr := V (I + krV )−1

then rVkr is nonlinear sub-Markovian operator and liprVkr ≤ liprV < 1.
Define (Vkr)r := Vkr(I + rVkr)

−1 and remark that (rVkr, r(Vkr)r) is a pair of con-
jugated functions on L. Since Vkr satisfies the complete maximum principle (Propo-
sition 2.9), r(Vkr)r is nonlinear sub-Markovian operator (Theorem 2.6). Therefore
lipr(Vkr)r ≤ liprVkr ≤ liprV < 1. Moreover, I + (k + 1)rV = (I + rVkr)(I + krV )
is invertible and V(k+1)r := V (I + (k + 1)rV )−1 = V (I + krV )−1(I + rVkr)

−1 =

Vkr(I + rVkr)
−1 = (Vkr)r.

That is I + (k+ 1)rV is invertible, (k+ 1)rV(k+1)r = (k+ 1)rV (I + (k+ 1)rV )−1 is
nonlinear sub-Markovian operator and liprV(k+1)r = lipr(Vkr)r ≤ liprV < 1. Hence,

for every k ∈ N∗, I+krV is invertible and the nonlinear operator rVkr = rV (I+krV )−1

is sub-Markovian such that liprVkr ≤ liprV < 1.
Let p now be a positive number and choose k a natural number with kr < p < (k+

1)r. We have that I+pV = (I+(p−kr)Vkr)(I+krV ), and lip(p−kr)Vkr ≤ liprVkr < 1;
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6 M. Haiducu, C. Udrea

then I + (p− kr)Vkr is invertible, I + pV is invertible too and if

Vp : = V (I + pV )−1 = V (I + krV )−1(I + (p− kr)Vkr)−1

= Vkr(I + (p− kr)Vkr)−1 ⇒ liprVp

=
r

p− kr lip(p− kr)Vp ≤
r

p− kr lip(p− kr)Vkr = rlipVkr < 1.

The general statements follow now by Remarks 2.4.(ii) and 3.1.(i)(b) and the prop-
erties (1) and (2) of the theorem are now clear.

To prove assertion (3) remark that for all f ∈ L and p ∈ (0,∞), ‖Vpf − V f‖ =
‖Vpf − Vp(f + pV f)‖ ≤ 1

p‖pV f‖ = ‖V f‖ ⇒ ‖Vpf‖ ≤ 2‖V f‖. Therefore the set of

functions {Vpf : p ∈ (0,∞)} is bounded in (L, ‖ · ‖), hence limp↘0 ‖pVpf‖ = 0 and
‖Vpf − V f‖ = ‖V (f − pVpf)− V f‖ ≤ 1

r‖pV f‖ ⇒ limp↘0 ‖Vpf − V f‖ = 0. ut

Remark 3.2 We consider V and V := (Vp)p>0 as in the previous theorem and we
suppose that V 0 = 0 (which by the resolvent equation means that Vp0 = 0, for every
p ∈ (0,∞) what it is equivalent to, or there exists p ∈ (0,∞) such that Vp0 = 0)
(where 0 is the null function on X).

(i) Let f be a non-negative function in L. Then for every p ∈ (0,∞) and q ∈ (p,∞)
we have that V f ≥ 0, Vpf ≥ 0, V f = Vp(f + pV f) ≥ Vpf, and Vpf = Vq(f + (q −
p)Vpf) ≥ Vqf. Therefore (as in the linear case [1]), (Vpf)p>0 is uniformly decreasing
to V f on X.

(ii) Similarly for every non-positive function f in L it follows that (Vpf)p>0 is
uniformly increasing to V f on X.

Theorem 3.3 Let us consider V = (Vp)p>0 a nonlinear sub-Markovian resolvent on
L which satisfies the following conditions:

(a) There exists r ∈ (0,∞) with lipVp ≤ 1
r , for every p ∈ (0,∞).

(b) The set of functions {Vp0 : p ∈ (0,∞)} is bounded in (L, ‖ · ‖).
Then there exists V nonlinear operator on L with the following properties.

(1) The operator V satisfies the complete maximum principle.
(2) The nonlinear operator V is the initial operator of V.
(3) For all f ∈ L, limp↘0 ‖Vpf − V f‖ = 0.
(4) The (nonlinar) operator V is bounded with lipV ≤ 1

r .

Proof. For every f ∈ L and p, q ∈ (0,∞) we have the following statements ‖Vpf‖ ≤
‖Vpf − Vp0‖ + ‖Vp0‖ ≤ 1

r‖f‖ + ‖Vp0‖. Since {Vp0 : p ∈ (0,∞)} is a bounded subset
in (L, ‖ · ‖), the set {Vpf : p ∈ (0,∞)} is also bounded in (L, ‖ · ‖). Moreover,

‖Vpf − Vqf‖ = ‖Vpf − Vp(f + (p− q)Vqf)‖ ≤ |p− q|
r
‖Vqf‖

⇒ (p 7→ Vpf) : (0,∞)→ (L, ‖ · ‖) is uniformly continuous.

Therefore there exists limp↘0 Vpf (in (L, ‖ · ‖) and so that define V : L → L, V f :=
limp↘0 Vpf and the assertion (3) follows. Furthermore, for all f and g elements in
L ‖V f − V g‖ = limp↘0 ‖Vpf − Vpg‖ ≤ 1

r‖f − g‖, i.e. V is Lipschitz with lipV ≤ 1
r

(a part of the assertion (4)). On the other hand Vpf = Vq(f + (q − p)Vpf), for all
f ∈ L, for all p, q ∈ (0,∞) and limp↘0 ‖f + (q − p)Vpf − (f + qV f)‖ = 0, for all
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Lipschitz nonlinear operators and resolvents 7

q ∈ (0,∞), for all f ∈ L. In view of the continuity of Vq, for all f ∈ L, it follows that
V f = limp↘0 Vpf = limp↘0 Vq(f + (q− p)Vpf) = Vq(f + qV f), for all f ∈ L. Moreover

‖Vq(f + (q − p)Vpf)−Vq(f − pVpf)‖ ≤ q

r
‖Vpf‖, for all f ∈ L, p, q ∈ (0,∞)

⇒ Vpf = lim
q↘0

Vq(f + (q − p)Vpf) = lim
q↘0

Vq(f − pVpf)

= V (f − pVpf), for all f ∈ L, for all p ∈ (0,∞).

So that (pV, pVp) is a pair of conjugated functions on L and the other assertions of
the theorem follow now by Lemma 2.4 and Theorem 2.6. ut

Corollary 3.4 Let V := (Vp)p>0 be a nonlinear sub-Markovian resolvent on L such
that Vp0 = 0 for every p ∈ (0,∞). Then the following assertions are equivalent.

(i) There exists a nonlinear bounded operator V on L which is the initial operator
of V.

(ii) The set {lipVp : p ∈ (0,∞)} is bounded.

Proof. (i)⇒(ii) It is a consequence of Theorem 3.2.
(ii)⇒(i) Since {Vp0 : p ∈ (0,∞)} = {0} we apply Theorem 3.3. ut

Example 3.1 We present some examples (see [9]) and we study their essential prop-
erties concerning our aim. From now on (X,X ) is a measurable space and the nota-
tion f ∈ X means that the numerical function f on X is X -measurable. Moreover
bX := {f ∈ X : f is bounded}.

(i) Let N (respectively SN ) be a linear sub-Markovian kernel on (X,X ) (respectively
the convex cone of N -supermedian functions ([1])). We define, for every f ∈ X , their
reduit function Rf := RNf := inf{s ∈ SN : s ≥ f} = R(f+).

(a) Since, for all s ∈ SN , Rs = s (in particular R1 = 1, where the symbol 1 denotes
the function from X into R identically equal to 1), for all f , g functions in bX we have
that ‖Rf −Rg‖ ≤ ‖f − g‖, i.e. R is a sub-Markovian nonlinear operator on bX .

(b) If f, g ∈ bX and α ∈ (0,∞) are such that Rf ≤ Rg + α on {f > g}, then f ≤
Rf ≤ Rg+α on {f > g}, and f ≤ g ≤ Rg ≤ Rg+α on {f ≤ g}. Therefore (according
to Mokobodzki theorem ([1])), f ≤ Rg + α, and Rg + α ∈ SN ⇒ Rf ≤ Rg + α i.e. R
satisfies the complete maximum principle.

(c) In view of Theorem 3.2 there exists V := (Vp)p>0 a nonlinear sub-Markovian
resolvent on bX such that R is the initial nonlinear operator of V. Thus for all p ∈
(0,∞), Vp = R(I − pVp), and R = Vp(I + pR).

(d) Let f be an element in bX . We have that

f − p

p+ 1
Rf ≤ 1

p+ 1
Rf,

1

p+ 1
Rf ∈ SN ⇒ R

(
f − p

p+ 1
Rf

)
≤ 1

p+ 1
Rf.

On the other hand for every s ∈ SN with s ≥ f − p
p+1Rf it follows that

f ≤ s+
p

p+ 1
Rf ⇒ Rf ≤ s+

p

p+ 1
Rf,

i.e. 1
p+1Rf ≤ s.
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8 M. Haiducu, C. Udrea

Since s ∈ SN is arbitrary with s ≥ f − p
p+1Rf , we have that

1

p+ 1
Rf ≤ R

(
f − p

p+ 1
Rf

)
, and

1

p+ 1
Rf = R

(
f − p

p+ 1
Rf

)
.

Therefore, for all f in bX and p in (0,∞)

1

p+ 1
Rf = R

(
f − p

p+ 1
Rf

)
⇔ (I + pR)

(
f − p

p+ 1
Rf

)
= f.

Hence (I + pR)−1 = I − p
p+1R and Vp = R(I + pR)−1 = R(I − p

p+1R) = 1
p+1R.

(ii) For every f ∈ bX and p ∈ (0,∞) let us define Vpf = 1
p+1f + 1

p+1 . It is easy to

show that (Vp)p>0 satisfy the resolvent equation (the relation (3.1)). For all f, g ∈ bX
and p ∈ (0,∞) it follows that

‖pVpf − pVpg‖ =
p

p+ 1
‖f − g‖ ≤ ‖f − g‖,

‖Vpf − Vpg‖ =
1

p+ 1
‖f − g‖ ≤ ‖f − g‖.

Therefore (Vp)p>0 is nonlinear sub-Markovian resolvent on bX , lipVp ≤ 1, for all
p ∈ (0,∞) and {Vp0 : p ∈ (0,∞)} = { 1

p+1 : p ∈ (0,∞)} is a bounded set. According

to Theorem 3.3 the function V : bX → bX , V f = limp→0 Vpf = f + 1, for all f ∈ bX
is the initial nonlinear operator of (Vp)p>0.

(iii) If Vpf = 1
pf + 1

p , for every f ∈ bX and p ∈ (0,∞), then it is clear that (Vp)p>0

is a nonlinear sub-Markovian resolvent on bX .
Let us suppose that there exists the initial function of (Vp)p>0 denoted by V . In

view of the conditions (3.2) it follows that for all p ∈ (0,∞), V 1 = Vp(1 + pV 1)⇔ for
all p ∈ (0,∞), V 1 = V 1 + 2

p , which is a contradictory relation. Hence the nonlinear

sub-Markovian resolvent (Vp)p>0 has no initial function.

4 Addendum: Proof of several results from Section 2

Proof of Lemma 2.2. We consider a nonlinear operator T on L and the following sets
of positive numbers AT := {c ∈ (0,∞) : for all f, g ∈ L, ‖Tf − Tg‖ ≤ c‖f − g‖},
A′T := {c ∈ (0,∞) : for all r ∈ (0,∞), f, g ∈ L, ‖f − g‖ ≤ r ⇒ ‖Tf − Tg‖ ≤ cr}, and
A′′T := {c ∈ (0,∞) : for all r ∈ (0,∞), f, g ∈ L, f ≤ g + r ⇒ Tf ≤ Tg + cr}, and we
shall prove that AT ⊂ A′T ⊂ A′′T ⊂ AT .

If c ∈ AT and r ∈ (0,∞), f, g ∈ L are such that ‖f − g‖ ≤ r, then ‖Tf − Tg‖ ≤
c‖f − g‖ ≤ cr ⇒ c ∈ A′T .

Suppose now that c ∈ A′T and let us take r ∈ (0,∞) and f, g ∈ L such that
f ≤ g + r. Then we have f ≤ sup(f, g) ≤ g + r ⇒ ‖ sup(f, g) − g‖ ≤ r. Therefore
‖T (sup(f, g))−Tg‖ ≤ cr ⇒ Tf ≤ T (sup(f, g)) ≤ Tg+cr, i.e. c ∈ A′′T . For every c ∈ A′′T
and f, g ∈ L it follows f ≤ g+ ‖f − g‖, g ≤ f + ‖f − g‖ ⇒ Tf ≤ Tg+ c‖f − g‖, T g ≤
Tf + c‖f − g‖, hence ‖Tf − Tg‖ ≤ c‖f − g‖, for all f, g ∈ L ⇒ c ∈ AT . ut
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Proof of the assertion of Remark 2.1. Property (i) (respectively (ii)) is equivalent to
the conditions 1 ∈ AT (respectively 1 ∈ A′′T ). Now the assertion follows by Lemma
2.2. ut

Proof of Lemma 2.4. The implication (i)⇒(ii) is clear.
(ii)⇒(i) Let f, g be functions in L and α, ε, p be positive numbers such that

Tf ≤ Tg + α on {f > g}(⇒ sup {(Tf − Tg)(x) : x ∈ {f > g}} ≤ α < α + ε) and
1
p sup{(f − g)(x) : x ∈ X} < α + ε + inf{(Tg − Tf)(x) : x ∈ {f > g}}. Then, for all

x ∈ {f > g} we have that 1
p(f(x)−g(x)) < α+ ε+Tg(x)−Tf(x)⇔ f(x)+pTf(x) <

g(x) + pTg(x) + p(α+ ε).
Since the nonlinear operator pT satisfies the weak complete maximum principle it

follows that pTf ≤ pTg + p(α + ε) on X ⇔ Tf ≤ Tg + α + ε on X, and ε being
arbitrary positive number Tf ≤ Tg + α. ut

Proof of Theorem 2.6. (i)⇒(ii) We consider f, g ∈ L and α ∈ (0,∞) such that f +
Tf ≤ g + Tg + α on {f > g}, and we define u := inf(f + Tf, g + Tg + α). Since
(T,N) is a pair of conjugated functions on L and N is sub-Markovian we remark the
following relations:

(1) Nu ≤ Tf ; (2) Nu ≤ Tg + α; (3) u = f + Tf on {f > g}.
If j := u−Nu, then u = (I + T )j and we shall prove that f ≤ j on X.
If x ∈ {f > g}, then f(x) ≤ j(x) is equivalent to f(x) ≤ u(x) − Nu(x) = f(x) +

Tf(x)−Nu(x), and in view of condition (1) the last inequality is true.
When x ∈ {f ≤ g} we distinguish the following cases: u(x) := f(x)+Tf(x) and the

inequality is proved similarly to the previous case, respectively u(x) = g(x)+Tg(x)+α
and the inequality f(x) ≤ j(x), means that Nu(x) ≤ g(x) − f(x) + Tg(x) + α and
according to the hypothesis and the condition (2) it is also true.

By the inequality f ≤ j and the monotony of T , it follows that f +Tf ≤ (I+T )j =
(I + T )(I − N)u = u ≤ g + Tg + α ⇒ Tf = N(f + Tf) ≤ N(g + Tg + α) ≤
N(I + T )g + α = Tg + α.

(ii)⇒(iii) It is clear.
(iii)⇒(i) Let f, g be functions in L and α ∈ (0,∞) be such that f ≤ g + α.
Then

f = (I + T )(I −N)f ≤ (I + T )(I −N)g + α

⇔ f −Nf + T (f −Nf) ≤ g −Ng + T (g −Ng) + α.

By the hypothesis (iii) Nf = T (f − Nf) ≤ T (g − Ng) + α = Ng + α, i.e. N is
sub-Markovian (Remark 2.1). ut
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9. Yazidi, N. – Sur les resolvantes non-linéaires, [Nonlinear resolvents], Stud. Cerc. Mat., 50 (1998),

445–454.

438




