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Abstract Using a recent result by RICCERI, we study the multiplicity of solutions to the following
problem

{—M (L(w)) (div(|Vu|”(x)_2Vu) — |u|”(x)_2u> = Af(z,u) + pg(x,u) in 2,

%:0 on 02,

where 2 C RN, N > 3 is a smooth bounded domain, v is the outward unit normal to 92, A, u are
positive parameters, p € C(£2), inf 5 p(x) > N, L(u) = [, ﬁ(wu\p(m)ﬂuw“)) dz, f,g: 2xR —> R

are Carathéodory functions, f(,t) is sublinear at infinity with respect to ¢, M : R — R is continuous,
nondecreasing and may be degenerate at zero.

Keywords p(z)-Kirchhoff type problems - Three critical points theorem - Sublinear term - Neumann
boundary conditions

Mathematics Subject Classification (2010) 35D30 - 35J60

Nguyen Thank Chung
Department of Mathematics
Quang Binh University

312 Ly Thuong Kiet, Dong Hoi
Quang Binh, Vietnam

E-mail: ntchung82@yahoo.com

Hoang Quoc Toan
Department of Mathematics
Hanoi University of Science
334 Nguyen Trai, Thanh Xuan
Hanoi, Vietnam

E-mail: hq_toan@yahoo.com

451



2 Nguyen Thank Chung, Hoang Quoc Toan

1 Introduction

In this paper, we are interested in the existence of solutions for a class of p(x)-Kirchhoff
type problems of the form

—M (L(u)) (div(|VulP®=2Vu) — |ulP®~2y)
5 = A (z,u) + pg(x,u) in 2, (1.1)

520 on 012,

where 2 C RY, N > 3 is smooth bounded domain, v is the outward unit nor-
mal to 02, A, are two positive parameters, p € C({2), inf_gp(x) > N, L(u) =

L (|1VulP@® 4+ |uP@®) dz, f,g : 2 x R — R are two Carathéodory functions,
2 p(z)

M : R{ := [0,400) — R is a continuous, nondecreasing function and satisfies the
following condition

My) There exist mo > 0 and a constant o > 1 such that M (t) > mgt® 1, V¢t € R,
0

Since the first equation in (1.1) contains an integral over {2, it is no longer a pointwise
identity; therefore it is often called nonlocal problem. This problem models several
physical and biological systems, where u describes a process which depends on the
average of itself, such as the population density (see [3]). Moreover, problem (1.1) is
related to the stationary version of the Kirchhoff equation

2 L 2 2
07u <P° £ d:v) % -0 (1.2)

"oz ~\n "ot ),

presented by KIRCHHOFF in 1883 (see [16]). This equation is an extension of the
classical d’Alembert’s wave equation by considering the effects of the changes in the
length of the string during the vibrations. The parameters in (1.2) have the following
meanings: L is the length of the string, h is the area of the cross-section, E is the
Young modulus of the material, p is the mass density, and Py is the initial tension.

In recent years, elliptic problems involving Kirchhoff type operators have been stud-
ied in many papers, we refer interested readers to [1,2,4-11,22]. In [10,11], the authors
firstly studied the existence of solutions for a class of p(x)-Kirchhoff type equations
with Ambrosetti-Rabinowitz type conditions. In [2,22], superlinear problems were
studied by using a variant of the three critical points theorem by RICCERI [21]. In
[1], the authors considered p(z)-Kirchhoff type problems in the asymptotically linear
case and the probems with sublinear terms and Dirichlet boundary conditions were
studied in [5,9]. Motivated by the results introduced in [4,6-8], we study the existence
of multiple solutions for problem (1.1) with sublinear term and Neumann boundary
condition. In particular, the Kirchhoff function M (t) may be zero at zero. The result
of this paper improves the previous ones in [18,23], in which the authors considered
problem (1.1) in the special case M(t) = 1 and p = 0. More precisely, using the
three critical points theorem by RICCERI [20] we prove the existence of at least three
solutions for problem (1.1). It is clear that our situation here is different from those
introduced in [2,6,9]. In order to state the main result of this paper let us assume
that the following conditions hold:

@
ox
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p(x)-Kirchhoff type problem 3

(Fy) There exist C > 0 and a function ¢(z) € C(£2), ¢ < ap™ such that |f(z,t)] <
C(1 + [t|9®)=1) Y(z,t) € 2 x R;

(Fy1) There exist top > 1 and R > 0 such that f(x,t) < 0 when [¢t| € (0,1) and f(z,t) > R
when |t| € (tg, +00).

(Go) g: 2 xR — R satisfies G(.,0) € L'(2) and supyy <, [9(x, )] < hg(x), for all k& >0

and almost every x € 2, where hy, € LY(£2), G(z,t) = fgg(m, s)ds.

Definition 1.1 We say that u € WP (£2) is a weak solution of problem (1.1) if
M(L(u))/ (]Vu\p(“’)_QVqu + |u|p(z)_2uv> dx
2
- )\/ flz,w)vde — ,u/ g(z,u)vdr =0,
2 2

for all v € W'P@)(2), where L(u) = [, ﬁ (|VulP® + uP®@)) dz.
The result of this paper is presented in the following theorem.

Theorem 1.2 Assume that inf o p(x) > N for any x € 2 and the conditions (My),
(Fo)-(F1). Then there exist an open interval A C (0,00) and a positive real number
0 > 0 such that, for each X € A and every Carathéodory function g : £2 X R satisfying
the condition (Gy), there exists p* > 0 such that for each p € [0, u*], problem (1.1)
has at least three solutions whose norms are less than §.

2 Preliminaries

We recall in what follows some definitions and basic properties of the generalized
Lebesgue-Sobolev spaces LP(®) (£2) and W'P(®) (2) where (2 is an open subset of RV,
In that context, we refer to the book of MUSIELAK [19] and the papers of KOVACIK and
RAKOSNIK [17] and FAN ET AL. [14,15]. Set C.(22) :={h: h e C(2), h(x) > 1, for
all z € 2}. For any h € C4(2) we define h™ = sup, ¢ h(z) and h~ = inf,c h(z). For
any p(z) € C(R2), we define the variable exponent Lebesgue space LP(®)(2) = {u :
a measurable real-valued function such that [, |u(z)P®dz < oo}. We recall the
following so-called Luxemburg norm on this space defined by the formula

p(z)
|u|p(z) = inf S >0 / dr <15.
9

Variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many re-
spects: they are Banach spaces, the Holder inequality holds, they are reflexive if and
only if 1 < p~ < p™ < oo and continuous functions are dense if p™ < oco. The inclu-
sion between Lebesgue spaces also generalizes naturally: if 0 < [£2| < co and p1, po
are variable exponents so that p1(z) < pa(x) a.e. x € £2 then there exists a continuous

embedding LP?>(®)(£2) — LP1(*)(£2). We denote by LP'(*)(£2) the conjugate space of

u(z)
I

453
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LP@)(£2), where
inequality

+ z%:r) = 1. For any u € LP®) () and v € LP @) (§2) the Holder

1
p(x) (
/Q = <p1 pl >| | o1
uv dx u vl
W)~ p(2) Vlp (x)
holds true.

An important role in manipulating the generalized Lebesgue-Sobolev spaces is played
by the modular of the LP(®)(£2) space, which is the mapping Pp(z) LP®)(2) = R de-
fined by

Pp(ay (u) = / |ulP™) da.
9]

Proposition 2.1 (see [15]) Ifu € LP®) () and p* < oo then the following relations

hold
- +
[0l < oy () < a7 21)
provided |u|p) > 1 while
" _
[0l7F < ey () < [l (22)
provided |u|pg) < 1 and
[t — tlpzy = 0 & pp(m)(un —u) = 0. (2.3)

Next, we define the variable exponent Sobolev space
Wie@) () = {u € LD (0): |Vu| € LM(Q)}

with the norm ||lul[y 1@ () = [ulreer () + [VUlpre) (@), which is a separable and
reflexive Banach space. It has the following equivalent norm

p(z)
||u||:inf{,u>0: /( )dazgl}.
0]

1
_ p() p() — - p() p()
I(u) /Q(|u| + V@) dz,  L(u) /QW) (ju@ + |[Vupr@) da,

p(x) N ‘Vu(w)
w

ulz)
W

Let

then there are the following relations

lull < 1(=1,>1) & I(u) < 1(=1,> 1), (2.4)
- +

[ull > 1= [lullP < I(u) < lulP, (2.5)
. .

[ull <1 = flull”” < I(u) < [lulf” . (2.6)
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p(x)-Kirchhoff type problem 5

Remark 2.1 If N < p~ < p(x) for any o € 2, by Theorem 2.2 in [14], we deduce
that W1P() () is continuously embedded in WP (£2). Since N < p~ it follows
that WP~ (£2) is compactly embedded in C(£2). Thus, we deduce that W1P®)(£2)
is compactly embedded in C(£2). Defining ||u|sc = sup, g |u(x)|, we find that there
exists a positive constant ¢ > 0 such that ||ul|s < cfjul, Vu € WHPE) ().

Finally, for proving our result in the next section, we introduce the following lemma.

Lemma 2.2 (see [20]) Let (X,|.||) be a separable and reflexive real Banach space;
@ : X — R a continuously Gateauz differentiable and sequentially weakly lower semi-
continuous fucntional whose Gateaux derivative admits a continuous inverse on X*;
J: X — R a continuously Gateauz differentiable functional whose Géteauz derivative
is compact. Assume that

(4) 1imyjy oo (@(u) + AJ(u)) = oo for all A > 0;
(i7) There are r € R and ug,u1 € X such that P(ug) < r < P(u1);

D(u1)—r)J (u (r—®(up))J (u
(i) nf yeq-1((—oor) 7 (u) > FEAZIZRE RN In)

Then there exist an open interval A C (0,00) and a positive real number 6 such that
each \ € A, and every continuously Gateaux differentiable functional ¥ : X — R with
compact derivative, there exists p* > 0 such that for each p € [0, u*], the equation
@ (u) + N (u) + p¥'(u) = 0 has at least three solutions in X whose norms are less
than &

3 Proof of the main result

In this section, we will prove the proof of Theorem 1.2 in details by using Lemma 2.2.
We use the letter C; to denote a general positive constant which value may change
from line to line.

Let us define the functionals @, .J : X := W'P@)(02) — R by

B(u)=M (/Qp(lx)(|Vu|P<f>+|u|P<m>)dx> ,J(u):—/QF(x,u)dx, (3.1)

where M fo s)ds and F(z,t) fo x,s)ds. It is easy to see that &,.J €
C1(X,R) w1th the derlvatlves given by

P =M ([ (TP @) de )

/ (|Vu|p(w)72VuVU+ \u|p($)*2uv) dx
Q

- /Q f(z,uw)vde,

for any u,v € X. In order to prove Theorem 1.2 it is enough to verify that ¢ and J
satisfy the hypotheses of Lemma 2.2.

and
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6 Nguyen Thank Chung, Hoang Quoc Toan

Now let us show that the operator @ : X — X* is invertible on X. On account
of the well-known Minty-Browder theorem (Theorem 26.A(d) of [24]), it suffices to
prove that @ is strictly convex, hemicontinuous and coercive in the sense of monotone
operators.

We have

() (v) = /Q (VulP@2TuVo + [uP @) da,

for all u,v € W'P@) (). The mapping L' : WHPE) () — (WP@)(02))* is a home-
omorphism; moreover it is bounded, strictly monotone and of type (S4) (see [13,
Proposition 3.1]). So, by Proposition 25.10 of [24], L is strictly convex.

Now let u,v € X with u # v, and A\, u € (0,1) with A + g = 1. Since L’ is
strictly monotone, L is strictly convex. Moreover, since the Kirchhoff function M is

nondecreasing, M is convex in [0, +00). Thus, we have ]\/4\<L()\u+,uv)) < M(AL(u)+

uL(v)) < AM(L(u)) + pM(L(v)). This shows that & is strictly convex.
For any u € X with |Ju|]| > 1, by (2.5), one has

V) _ M) o (V0P W) do oy

[l [l ~ (")

from which we have the coercivity of ¢'. Standard arguments ensure that @ is hemi-
continuous. Thus, in view of Theorem 26.A(d) of [24] there exists (')~ : X* — X and
it is bounded. Let us prove that (#')~! is continuous by showing that it is sequentially
continuous.

Let {fn} be a sequence converging strongly to f € X* and let u,, = (&)~ (fn),
u = (@)71(f). So, {un} is bounded in X and without loss of generality, we can
assume that it converges weakly to a certain ug € X. Since {f,,,} converges to f, it is
easy to prove that

|ap*—1
)

lim @ () (um — uo) = Hm  fr, (t — ug) = 0.
m—00 m—00
As the operator @' is of type (Sy), we get that {u,,} converges strongly to ug. The
continuity and injectivity of &', then guarantee that {u,,} converges strongly to u, so
(@)~ is continuous.
Next, we will verify that the condition (i) of Lemma 2.2 is fulfilled. In fact, by
relation (2.5), we have

B(u) = M < /Q L (1vup® £ up@) dx)

p(x)
1 o
> o (/ — (|VuP@ + u|p(r))dw>
a \Jop(@) (3.2)
mo
> I(u
~a(pt)e (W)
> 0P, Vue X, ful > 1.

a(pt)>
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p(x)-Kirchhoff type problem 7

On the other hand,
J(u) = —/ F(z,u)dx :/ —F(x,u)dx
Q Q
and due to the assumption (F}), there exists C; > 0 such that
1

F(z,t)| < Cy (|t +tq@>>, V(z,t) € 2 x R,

Pol< o (i+ - (@.1)
Therefore,

J(u)

v

1
—C’l/ |u|dm—C’1/ —— |u|?®) dz
2 2 q(z)

C - C -
Callull =2 [ ("™ + ") do== Callul = Z2(ulf] + D). (33)

Y

Using Remark 2.1, we know that X is continuously embedded in Le* (£2). Furthermore,
we can find two positive constants C3 > 0 such that

ulgr < Cslull,  lulg- < Csllull, Vue X. (3.4)
From (3.3) and (3.4), we have
J(u) = =Callul| = Calul|”" = Cyllu]?". (3.5)
Combining (3.2) and (3.5), it follows that for all v € X with [Ju|| > 1,
— 1
B(u) + \J(u) = ( / L (Tup® 4 jupe) d:):) 2 / Fla.u) do
2 p(z) 2
mo ap™ + —
Mo )\ )\ e T, .
alpt) [l Callull = AC(flull® + [[ul| ) (3.6)
Since 1 < ¢t < ap™, then limjj,_ o0 (P(u) + AJ(u)) = 0o and (i) is verified.

In the sequel, we will verify the conditions (ii) and (iii) in Lemma 2.2. Indeed, it
follows from the assumptions (F;) and (F») that F(x,t) is increasing for ¢ € (1, 00)
and decreasing for ¢ € (0, 1), uniformly with respect to = € £2.

It is clear that F(z,0) =0 and F(z,t) — oo when t — oo, because of the definition

of F(z,t) and the assumption (F3). Then there exists a real number d > ¢y such that
F(z,t) > 0= F(x,0) > F(z,7),Vz € X,t >, 7 € (0,1). Let a, b be two real numbers

such that .
0<a<min{l,c,c<Oé(p+)0é>ap+}7 (3.7)
mo
where c is given in Remark 2.1 and b > § satisfies
b 1021Y > 1. (3.8)
From (F3) we have F(z,t) < F(z,0) for all t € [0, a], which implies that

/ sup F(x,t)dxﬁ/F(x,O)dsz.
I7; I7;

0<t<a
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8 Nguyen Thank Chung, Hoang Quoc Toan

Furthermore, since b > § we get [, F(2,b) dx > 0 and thus,

b)d.
/ sup F(z,t)de <0<r. Jo F@,b)dr . (3.9)
2 0<t<a (fg o) dx)
Consider wug,u1 € X, up(z) = 0 and wi(z) = b for any = € 2, we define
r = a(?f)a(%)o‘p+. From (3.7), we have r € (0,1). A simple computation implies

D(ug) = J(up) =0 and

B(uy) > % (/Q p(lx)bpm da:)a

> a(p+)abap’|(2|a > a(p+)a'1 > ppEE (7) , (3.10)
Tuy) = /QF(x,ul(a:))dx: /QF(x, b) da. (3.11)

Thus, we obtain @(ug) < r < $(uy) and the condition (ii) in Lemma 2.1 is verified.
On the other hand, we have

_(B(ur) =) J(uo) + (r = P(wo))J(w1) _  J(w1)
P(ur) — P(uo) “D(u1)
Jo F(x,b)dx

>0.  (3.12)
( S 5 bP )d;C)

Next, we consider the case u € X with @(u) < r < 1. Since r > $(u) > a(gf)a( (u)®
we obtain (I(u))® < rM = (9)0‘1’+ < 1, which shows that |lu| < 1 by (2.4).
Furthermore, by (2.6), it is clear that ﬁHuH‘”ﬁ < o (I(w)® < d(u) < 7

a(pt)e
Thus, using Remark 2.1, for all w € X with &(u) < r, we have

a(pt)®
mo

apt
lu(z)] < cllul| <e¢ (r. ) =a, Yz€. (3.13)

The above inequality shows that

- inf J(u) = sup —J(u) < / sup F(z,t)dz <0. (3.14)
ueP=1 (—oo,r] uEP—1(—o0,r] 2 0<t<a

It follows from (3.12) and (3.14) that

F(x,b)d
L it J(u) < e @b
ueP—1(—o0,r] (f_() bp(x) dl‘)

That is,
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p(x)-Kirchhoff type problem 9

which means that the condition (iii) in Lemma 2.2 is verified.
Since the function g : 2xR — R is a Carathéodory function satisfying the condition

(Gp), the functional
= —/ G(z,u)dx
Q

is well defined and continuously Gateaux differentiable on X, with compact derivative,
and one has ¥'(u)(v) = — [, g(z, u)v dz for all u,v € X. So, according to Lemma 2.2,
there exist an open interval A C (0,00) and a positive real number ¢ such that for
each )\ € A, and every continuously Gateaux differentiable functional ¥ : X — R with
compact derivative, there exists p* > 0 such that for each p € [0, u*], the equation
& (u) + A\ (u) + p¥'(u) = 0 has at least three solutions in X whose norms are less
than §. It follows that Theorem 1.2 holds.
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