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Abstract All rings are commutative with 1 # 0. The purpose of this paper is to investigate the
concept of weakly n-absorbing ideals generalizing weakly 2-absorbing ideals. We prove that over a
u-ring R the Anderson-Badawi’s conjectures about n-absorbing ideals and the Badawi-Yousefian’s
question about weakly 2-absorbing ideals hold.
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1 Introduction

Throughout this paper all rings are commutative with a nonzero identity. Recall from
[2] that a proper ideal I of a commutative ring R is said to be a weakly prime ideal
of R if whenever a,b € R and 0 # ab € I, then either a € [ or b € I. BADAWI in
[4] generalized the concept of prime ideals in a different way. He defined a nonzero
proper ideal I of R to be a 2-absorbing ideal of R if whenever a,b,c € R and abc € I,
then ab € I or ac € I or bc € I. ANDERSON and BADAWT [3] generalized the concept
of 2-absorbing ideals to m-absorbing ideals. According to their definition, a proper
ideal I of R is called an n-absorbing (resp. strongly n-absorbing) ideal if whenever
a1-+apy1 €I for ay,...,apns1 € R (vesp. I - Inyq C 1 for ideals I, ..., I,41 of R),
then there are n of the a;’s (resp. n of the I;’s) whose product is in I. Thus a strongly
1-absorbing ideal is just a prime ideal. Clearly a strongly n-absorbing ideal of R is also
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2 H. Mostafanasab, F. Soheilnia, A.Y. Darani

an n-absorbing ideal of R. Anderson and Badawi conjectured that these two concepts
are equivalent, e.g., they proved that an ideal I of a Priifer domain R is strongly
n-absorbing if and only if I is an n-absorbing ideal of R (see [3, Corollary 6.9]). They
also gave several results relating strongly n-absorbing ideals. The concept 2-absorbing
ideals has another generalization, called weakly 2-absorbing ideals, which has studied
in [5]. A proper ideal I of R to be a weakly 2-absorbing ideal of R if whenever a,b,c € R
and 0 # abc € I, then ab € I or ac € I or bc € I. Generally, we say that a proper
ideal I of R is called a weakly n-absorbing (resp. strongly weakly n-absorbing) ideal if
whenever 0 # a1+ -apy1 € I for ag,...,apy1 € R (vesp. 0 £ Iy -+ - I,,1q C I for ideals
Ii,...,I,41 of R), then there are n of the a;’s (resp. n of the I;’s) whose product is
in I. Clearly a strongly weakly n-absorbing ideal of R is also a weakly n-absorbing
ideal of R. In [13], QUARTARARO ET AL. said that a commutative ring R is a u-ring
provided R has the property that an ideal contained in a finite union of ideals must
be contained in one of those ideals. They show that every Bézout ring is a wu-ring.
Moreover, they proved that every Priifer domain is a u-domain.

In section 2, we give some basic properties of weakly n-absorbing ideals. For example,
we show that I is a weakly n-absorbing ideal of an integral domain R if and only if
(I,X) is a weakly n-absorbing ideal of R[X]. If I is a secondary ideal of a ring R
and J is a weakly n-absorbing ideal of R, then I N J is secondary. Let I be a weakly
n-absorbing ideal of R that is not an n-absorbing ideal. Then /I = Nil(R), and also
if w € Nil(R), then either w™ € I or w™ " I**1 = {0} for every 0 <i <n — 1.

In section 3, we prove that if R is a ring and n is a positive integer such that
every proper ideal of R is a weakly n-absorbing ideal of R, then dim(R) = 0, R has
at most n + 1 prime ideals that are pairwise comaximal, and Jac(R)"*! = 0. Let
(Ry, M), ..., (Rs, M) be quasi-local commutative rings and let R = Ry X - -+ X Rj.
If every proper ideal of R is a weakly n-absorbing ideal of R, then M]' = M3 =--- =
M} = {0}. Moreover we show that every proper ideal of a decomposable commutative
ring R = Ry X Rg X -+ X R,41 is a weakly n-absorbing ideal of R if and only if all of
R;’s are fields.

In section 4, we investigate the following conjectures of ANDERSON and BADAWI
[3]:

Conjecture 1 Let n be a positive integer. Then a proper ideal I of a ring R is a
strongly n-absorbing ideal of R if and only I is an n-absorbing ideal of R.

Conjecture 2 Let n be a positive integer, and let I be an n-absorbing ideal of a ring
R. Then (VI)" C I.

In [3], they proved that Conjecture 1 implies Conjecture 2. Also, they show that if
R is a Bézout ring and I is an n-absorbing ideal of R such that /T is a prime ideal
of R, then (v/I)™ C I. For n = 2, BADAWI [4] shows that these two conjectures hold.
In the case where R is a u-ring, we show that these conjectures hold. In [5], BADAWI
and YOUSEFIAN offered a question as follows:

Question Let I be a weakly 2-absorbing ideal of R. Is I a strongly weakly 2-absorbing
ideal of R?

Regarding this question we will prove that for an arbitrary positive integer n, a
weakly n-absorbing ideal I of a u-ring R is a strongly weakly n-absorbing ideal of R.
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On weakly n-absorbing ideals of commutative rings 3

2 Properties of weakly n-absorbing ideals

Let n be a positive integer. It is obvious that any n-absorbing ideal of a ring R is a
weakly n-absorbing ideal of R, also the zero ideal is a weakly n-absorbing ideal of R,
by definition. Therefore I = {0} is a weakly n-absorbing ideal of the ring Zyn+1, but
it is easy to see that I is not an n-absorbing ideal of Zyn+1.

Consider elements aq, . .., a, and ideals I, ..., I, of aring R. Throughout this paper
we use the following notations:

-G Qp: i—/t\h term is excluded from aq - --a,,.

Similarly; Iy ---I; - - I,,: i-th term is excluded from I - - - I,,.

Moreover, Nil(R) denotes the ideal of nilpotent elements of R.

Theorem 2.1 Let R be a ring and let m and n be positive integers.

1. A proper ideal I of R is a weakly n-absorbing ideal if and only if whenever 0 #
T1 Xy € I for x1,...,2;, € R with m > n, then there are n of the x;’s whose
product is in I.

2. If I is a weakly n-absorbing ideal of R, then I is a weakly m-absorbing ideal of R
for allm >n.

8. If I is a weakly n;-absorbing ideal of R for each 1 < i <k, then 1 N--- N1 is a
weakly n-absorbing ideal of R for n = ny + --- + ng. In particular, if Py,..., P, are
weakly prime ideals of R, then Py N ---N P, is a weakly n-absorbing ideal of R.

4. If Py, ..., P, are weakly prime ideals of R that are pairwise comazimal ideals, then
I =P P, is a weakly n-absorbing ideal of R.

Proof. The proof of (1) and (2) are routine, so it is left out.

(3) Let aq,...,an+1 € Rsuchthat 0 # ay -+ - apy1 € I1N- - -NIg. Since I;’s are weakly
ni-absorbing, then, for each 1 < ¢ < k, there exist integers 1 < ji,j2,...,Jn, <n+1
such that a;, a;, - - - aj, € 1. So we have a1, a1, - ai,, a2,G2, A2, - OpGpy - An, €
I N -+~ N I which implies that I; N --- N I is weakly n-absorbing.

(4) is a direct consequence of (3). O

Proposition 2.2 Let I be a proper ideal of a ring R. Then the following conditions
are equivalent:

1. I is strongly weakly n-absorbing;
2. For any ideals I1,...,Iny1 of R such that I C Iy, 0 %# Iy ---Ih+1 C I implies that
there are n of I;’s whose product is in I.

Proof. (1) = (2) is clear.

(2) = (1) Let J, Is,...,I+q be ideals of R such that 0 #£ JIy---I,11 C I. Then
we have that 0 # (J+I)Iz]n+1 = (JIQIn+1) + (IIQIn+1) - I. Set Il =
J + I. Then, by hypothesis Is---I,+1 C I or there exists 2 < i < n + 1 such that
(J—i—])]g---ﬁ---]m_l C I. Therefore, Is---I,11 C I or there exists 2 <i <n+1
such that JIy---I;--- I,41 C I. So I is strongly weakly n-absorbing. O

Theorem 2.3 Let R be a commutative ring and J be a weakly n-absorbing ideal of

R.

1. If I is an ideal of R with I C J, then J/I is a weakly n-absorbing ideal of R/I.
2. If T is a subring of R, then J NT is a weakly n-absorbing ideal of T'.
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4 H. Mostafanasab, F. Soheilnia, A.Y. Darani

3. If S is a multiplicatively closed subset of R with J NS = 0, then Js is a weakly
n-absorbing ideal of Rg.

Proof. (1) Let R=R/I,J = J/I and ay,as,...,a,11 € R such that @jas---a,41 €
J\{0}. Since @1as - - - dpt+1 # 0,80 a1as -+ - apy1 € R\ I. Hence ajas -+ - any1 € J\{0}.
As J is a weakly n-absorbing ideal of R, we have n of a;’s whose product is in J. Then
there are n of a;’s whose product is in J.

(2) Tt’s obvious.

(3) Assume that 0 # (ay/s1)(az/s2) - (ans1/sns1) € Jg such that ay, as, ...,
an+1 € R and s1, s, ..., Sp41 €5 and

(ar/s1)(az/s2) -~ (ai/s) - (ans1/5011) & T,

for any 2 <i <n+ 1. Now let (a1az---ant1)/(s182+ Spt+1) = (z/u) for some z € J
and u € S. Then there exists v € S such that vu(aias - - apt1) = vr(sisa -« Sptr1)- SO
we have (vuaq)as - -+ any1 € J\ {0} but the product of (vua;) with n—1 of a;’s for 2 <
i < n+1isnotin J. So we conclude as - - - an41 € J and then (ag/s2) - - (ant1/Snt1) €
Jg, that is, Jg is a weakly n-absorbing ideal of Rg. 0O

Theorem 2.4 Let I C J be proper ideals of a ring R. If I is a weakly n-absorbing
ideal of R and J/I is a weakly n-absorbing ideal of R/I, then J is a weakly n-absorbing
ideal of R.

Proof. Suppose that I is a weakly n-absorbing ideal of R and J/I is a weakly n-
absorbing ideal of R/I. Let 0 # ay---any1 € J where ay,...,an41 € R, so (a1 +
I) - (aps1+I) € J/I.May - -apy1 € I, thenforsomel <i<n+1l,a1---a; - apt1 €
I C J, because I is weakly n-absorbing. If aq - - - ap41 € I, then for some 1 <i < n+1,
(e +1I)---(a;+1I) - (ans1 +I) € J/I, since J/I is a weakly n-absorbing ideal of
R/I.Soay--a;---apy1 € J. Consequently J is a weakly n-absorbing ideal of R. O

Theorem 2.5 Let I be an ideal of an integral domain R. Then (I,X) is a weakly
n-absorbing ideal of R[X] if and only if I is a weakly n-absorbing ideal of R.

Proof. By Theorem 2.3(1), Theorem 2.4 and regarding the isomorphism (I, X)/(X) ~
I in R[X]/(X) ~ R we have the result. O

Proposition 2.6 Let I be a weakly primary ideal of a ring R, and let (ﬁ)” C I for

some positive integer n (for example, if VT is a finitely generated ideal). Then I is a
weakly n-absorbing ideal of R.

Proof. Let 0 # ay---anyr € I for ay,...,ane1 € R. If one of the a;’s is not in /1,
then the product of the other a;’s is in I, since I is weakly primary. Thus we may
assume that every a; is in v/I. Since (\/7)” C I, we have ay---a, € I. Hence I is a
weakly n-absorbing ideal of R. O

Remark 2.1 Let R be a ring such that its zero ideal is n-absorbing (e.g., let R be an
integral domain). Then every weakly n-absorbing ideal of R is an n-absorbing ideal.
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On weakly n-absorbing ideals of commutative rings 5

Let M be an R-module. We say that M is secondary precisely when M # 0 and,
for each r € R, either rM = M or there exists n € N such that r"M = 0. When this
is the case, P := /(0 :p M) is a prime ideal of R: in these circumstances, we say that

M is a P-secondary R-module. A secondary ideal of R is just a secondary submodule
of the R-module R (see [10]).

Theorem 2.7 Let I be a secondary ideal of a ring R. If J is a weakly n-absorbing
ideal of R, then I NJ is secondary.

Proof. Let I be a P-secondary ideal of R, and let a € R. If a € P = /(0 :g I), then
clearly a € \/(0:g INJ). If a ¢ P, then o™ ¢ P, and so a™I = I. We suppose that
a(INJ)=1nNJ. Assume that 0 # = € I N J. There is an element b € I such that
x = a"b € J. Since J is weakly n-absorbing we have either a” € J or a"~'b € J. If
a® € J,then I = a"I C Jandsoa(INJ) =al =1 =1NJ.If a" b € J, then
x=a"be a(INJ)and we are done. 0O

A weakly prime ideal P of a ring R is said to be a divided weakly prime ideal if
P C xR for every x € R\ P; thus a divided weakly prime ideal is comparable to every
ideal of R.

Theorem 2.8 Let P be a divided weakly prime ideal of a ring R, and let I be a weakly
n-absorbing ideal of R with /I = P. Then I is a weakly primary ideal of R.

Proof. Let 0 # 2y € I for x,y € Rand y ¢ P. Then x € P. If y"~! = 0, then
y € VI = P, which is a contradiction. Therefore ™! # 0, and so y" ' ¢ P. Thus
P C y" 'R, because P is a divided weakly prime ideal of R. Hence z = y" 'z for
some z € R.As 0 #£y"z=yx €I, y" ¢ I, and I is a weakly n-absorbing ideal of R,
we have x = y" 'z € I. Hence I is a weakly primary ideal of R. O

Let I be a weakly n-absorbing ideal of a ring R and ay,...,ap41 € R. We say
(a1,...,an+1)is an (n+1)-tuple-zeroof I'ifa; - - a,41 = 0, and foreach 1 < i <n+1,
ar @ aper & 1.

In the following Theorem a; ---@; - - - @; - - - a, denotes that a; and a; are eliminated
from aj - - - ay,.

Theorem 2.9 Let I be a weakly n-absorbing ideal of a ring R and suppose that
(a1,...,ant1) s an (n + 1)-tuple-zero of I for some ay,...,any1 € R. Then for every
1<a,an,...,0m <n+1 whichl<m<n,

Q1 Gar Gy Gan - anp I™ = {0).
Proof. We use induction on m. Let m = 1 and suppose that

al...aal...an+1$#07

for some xz € I. Then ay -+ Gq, - ant1(aa, + ) # 0. Since I is weakly n-absorbing
and ay -+ Qq, -+ any1 ¢ I, we conclude that

al...aal ...aa2 ...an+1(aa1 _I_x) (= I’
for some 1 < ay < n+1 distinct from ay. Hence ay - - - Gq, - - - apt1 € I, a contradiction.

Thus ay -+ g, - - any1l = {0}.
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Now suppose m > 1 and assume that for all integers less than m the claim holds.
Let a1+ Qoy* Qoy o, " Qi 1T1T2  + - Ty, # O for some x1,x9,...,T,m € [. By
induction hypothesis, we conclude that

—_—

al...aal... aaz...@"\...aﬁﬂ(aal/iml)(aaz+x2)...(aa’rL+xm)
:al...aal...aa2...aam...an+1w1x2...mm#0.

Hence either

o —

al"'@"'@"'@"'an—l—l(aal+xl)"'(aai+xi)"'(aam+xm)EI

for some 1 < i < m; or

—_—

al...aal...aa2...a}am...a/,\j...a,n_,’_l(a/al +x1)(aa2+x2)...(aam+xm)€I7

for some j distinct from «;’s. Thus either aq - aq, o, - -

Lt Qq,, Qpy1 € 1 or
ai -G, - - Aq,, - - G- apy1 € I, a contradiction. Thus

—_—

_ m
a1 Gy Qo+ oy, + s A1 L™ = {0}
O

Now we state a version of Nakayama’s lemma.

Theorem 2.10 Let I be a weakly n-absorbing ideal of R that is not an n-absorbing
ideal. Then

1. 1" = {o}.

2. /I = Nil(R).
3. If M is an R-module and IM = M, then M = {0}.

Proof. (1) Since I is not an n-absorbing ideal of R, I has an (n 4 1)-truple-zero

(a1,...,any1) for some ay,...,ant+1 € R. Suppose that zyxe- - 2,41 # 0 for some
Z1,%2,...,Tnt1 € I. Then by Theorem 2.9 we have (a1 + 1) (@nt1 + Tnt1) =
1T Tpp1 # 0. Hence (a1 + x1) -+ (a;+x;5) -~ (apy1 + ®ny1) € I for some

1<i<n+1. Thusay @ ---an+1 € I, a contradiction. Hence I"*1 = {0}.

(2) Clearly, Nil(R) C V. As I"*! = {0}, we get I C Nil(R) = /{0}; hence
VI C Nil(R), as required.

(3) Since IM = M, we have M = IM = [""1M = {0}. O

The following example shows that a proper ideal I of a ring R with I"*! = {0}
need not be a weakly n-absorbing ideal of R.

Example 2.1 Let R = Zgn+>. Then I = {0,271} is an ideal of Zgn+» and "1 = {0},
but 2---2=2""1 € [ and 2" ¢ I.

Corollary 2.11 Let R be a ring such that Nil(R) is an n-absorbing (resp. a weakly n-

absorbing) ideal of R. If I is a weakly n-absorbing ideal of R, then \/T is an n-absorbing
(resp. a weakly n-absorbing) ideal of R.
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On weakly n-absorbing ideals of commutative rings 7

Proof. Assume that Nil(R) is an n-absorbing (resp. a weakly n-absorbing) ideal of R
and I is a weakly n-absorbing ideal of R. If T is an n-absorbing ideal of R, then v/
is an n-absorbing ideal, [3, Theorem 2.1(e)] and so /T is a weakly n-absorbing ideal.
If I is not an n-absorbing ideal of R, then by Theorem 2.10 and by our hypothesis,
VI = Nil(R) which is an n-absorbing (resp. a weakly n-absorbing) ideal. O

Theorem 2.12 Let I be a weakly n-absorbing ideal of a ring R that is not n-absorbing
and let J be a weakly m-absorbing ideal of R that is not m-absorbing, and n > m.
Then I + J is a weakly n-absorbing ideal of R. In particular, /I + J = Nil(R).

Proof. By Theorem 2.10, we have VI + v J = V0 # R, so I + J is a proper ideal of
R. Since (I +J)/J ~1/(INJ) and I is weakly n-absorbing, we get that (I 4+ .J)/J is
a weakly n-absorbing ideal of R/J, by Theorem 2.3(1). On the other hand J is also
weakly n-absorbing, by Theorem 2.1(2). Now, the assertion follows from Theorem 2.4.

Finally, by [14, 2.25(i)] we have vT+ J = V/VT +VJ = /0 = Nil(R). O

Let R be a ring and M an R-module. A submodule N of M is called a pure sub-
module if the sequence 0 - N ®rp F — M ®p F is exact for every R-module E.
As another consequence of Theorem 2.10 we have the following corollary.

Corollary 2.13 Let R be a ring. Then the following conditions hold:

1. Ewery nonzero weakly n-absorbing ideal of R/Nil(R) is n-absorbing.

2. If I is a pure weakly n-absorbing ideal of R that is not n-absorbing, then I = {0}.

8. If R is von Neumann reqular ring, then the only weakly n-absorbing ideal of R that
is not n-absorbing can only be {0}.

Proof. (1) Notice that Nil(ﬁ(m) = {0}.

(2), (3) Note that every pure ideal is idempotent, and every ideal of a von Neumann
regular ring is pure (see [9]). O

Theorem 2.14 Let I be a weakly n-absorbing ideal of R that is not an n-absorbing
ideal. Then

1. If w € Nil(R), then either w™ € I or w™'I'*1 = {0} for every 0 <i<n — 1.
2. NI = {0}, in which N denotes the ideal of R generated by all the (n — 1)-th
powers of elements of Nil(R).

Proof. (1) Suppose that w € Nil(R) and w™ ¢ I. We show that for every 0 <i <n—1,
w ¢ [*1 = {0}. We use induction on i. For the first step, fix i = 0. Assume w"I # 0.
Let m be the least positive integer such that w™ = 0. Then m > n+1 (w™ ¢ I)
and for some z € I we have w"(z + w™™ ") = w"z # 0. Since w™ ¢ I and I is a
weakly n-absorbing ideal, then (w" 1z + w™ 1) € I. Hence w™ ! € I. On the other
hand w™~! # 0. Therefore w™ € I, which is a contradiction. Now, assume that for
every 0 < j < i the claim holds. We will show that w" ‘I'*! = {0}. Assume that
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8 H. Mostafanasab, F. Soheilnia, A.Y. Darani

n—i

w"'x1xg - - - i1 # 0. By hypothesis we have

W (w A+ x1) (w4 ) (W i) = w™ 4 w™ Y Z xr)

1<r<i
—2 —i —1
w™ E TpXg) + oW wy e xy + whmip +w" T ( E Ty )Tig1
1<r,5<s 1<r<e
r#£s
n—2 n—i n—i
+w" g TpZs)Tip1 + -+ W wy -y = Wy Ty
1<r,s<4
r#s

Therefore, either w" *(w + 1) -+ (w + x;) € I or for some 1 < t < i, w" *(w +

1) (WA m) - (W) (W rg) € Tor w N (w A wy) - (w A x) (W™ 4
xi+1) € I which the first case implies that w™ € I, a contradiction, and two other
cases imply that w™ ! € I. Now w™ ! # 0 again shows that w" € I, a contradiction.

(2) Let ay,...,a, € Nil(R). If at least one of the a!’s does not belong to I, then
ai---a,I™ = 0, by part (1). Therefore, a7~ '---a?~'I" = 0. Hence suppose that for
every 1 <i <mn, a’ € I. Then al---an(a’ffl +o+aH el If (al,...,an,a?fl +
<-4+ a" 1) is an (n + 1)-tuple-zero of I, then ay---a,I = 0, by Theorem 2.9, and

hence @' al '™ = 0. If (a1, . .., ap, a4+ +a?"!) is not an (n+ 1)-tuple-zero

of I, then we can easily see that there is an 1 < i < n such that a; - - - a?_l ceeap €1
or aj---a, € I. Hence a}'---a?~' € I, and so a} *---a? 'I" = 0, by Theorem

2.10(1). Consequently N"I" = {0}. O

Theorem 2.15 Let R = R; X --- X Rg be a decomposable commutative ring and let

L=1 X x1In—1XRay XIoyy1 XX 1o, 1 X Ra; X Io;41 %+ XIs be an ideal

of R in which {a,...,a;} C{1,...,s}. The following conditions are equivalent:

1. L is a weakly n-absorbing ideal of R;

2. L is an n-absorbing ideal of R;

3 L i=10 X X1Ty_1XIn 11X X Io, 1 X 1o, 41X+ % Ig is an n-absorbing ideal
OfR, I:Rl X - X Ra1,1 XRa1+1 X - X Raj,1 X RajJrl Xoees XRS,

Proof. (1) = (2) Clearly L ¢ Nil(R), so by Theorem 2.10(2), L is an n-absorbing

ideal of R.
(2) = (3) Assume that L is an n-absorbing ideal of R and

1 1 1 1 1
(a/g )7...701(11)71’ (()41)—‘,-1’"”a(()éj)*17a((1j)+1""7a§1))...
+1 +1 +1 +1 +1
(@™, 7a$_1)7 giﬂ)’ . ,agj,_l),ag“), Lamy el

OF

in which for every 1 <t <n+1, a;’’s are in R;, respectively. Then

1 1 1 1 1
(a(l),...,a((h)_l,l,a((ll)ﬂ,...,a((lj)_l,l,a(aj)ﬂ,...,agl))~~~
(agnH), e agitll), 1, agnl:ll), e ag:fi), ,ag;ii), aY)y e L
So there are n of (agt),...,agl)fl,l,agl)ﬂ,...,agjfl,l,agj)ﬂw..,a%t))’s

whose product is in L, because L is an n-absorbing ideal of R. Thus the product
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On weakly n-absorbing ideals of commutative rings 9

of n of (agt),...,agl)fl,asl)_%l,...,asj)fl,agg_kl,...,ag))’s is in L/, and so L' is an

n-absorbing ideal of R'.
(3) = (1) Let L' is an n-absorbing ideal of R’. It is routine to see that L is an
n-absorbing ideal of R. Consequently, L is a weakly n-absorbing ideal of R. O

Theorem 2.16 Let R = Ry X --- X R, where Ry,..., R, are commutative rings with
identity. Suppose that Iy X Iy X -+ x I, is an ideal of R which I; # 0 and for each
1<i<n-—1, I; is a proper ideal of R;, and for some 2 <1 < n, I; is a nonzero ideal
of R;. The following conditions are equivalent:

1. I) x Iy x --- x I, is a weakly n-absorbing ideal of R;

2. I, =R, and Iy x Iy X - - - X I, _1 is an n-absorbing ideal of R1 X --- X Rp,_1 or I, is a
prime ideal of Ry, and for each 1 <i <n—1, I; is a prime ideal of R;, respectively;

8. Iy x Iy x -+ x I, is an n-absorbing ideal of R.

Proof. (1)=(2) Suppose that Iy x Iy x --- x I, is a weakly n-absorbing ideal of R.
If I, = R, then I1 x Is X --- x I, is an n-absorbing ideal of Ry X --- X R,,_1, by
Theorem 2.15. Assume that I, # R,,. Fix 2 <1i < n. We show that I; is a prime ideal
of R;. Suppose that ab € I; for some a,b € R;. Let 0 # x € I. Then

i—th i—th
~ =
(z,1,..,1)(1,..,1,7a>1,. ., 1)(1,..., 1,7 b, 1,...,1)(1,0,1,...,1,...,1)
i—th i—th
= ~ =
(1,1,0,1,...,1,..,1)--(1,...,1,0,"1 ..., 1)(1,...,” 1 ,0,1,...,1)---

i—th
=
(1,..,1,0) = (2,0,...,0, b ,0,...,0) € I x - x I\{(0,...,0)},

Since I7; x Is x --- x I, is weakly n-absorbing and I;’s are proper, then either

i—th
(1‘,1,...,1)(1,...,1, a 71,...,1)(1,0,1,...,1,...,1)(1,1,0,1,...,1,...,1)
i—th i—th
~~ P
~~(1,...,1,0, 1 ,...,1)(1,..., 1 ,0,1,...,1)---(1,...,1,0)
i—th
= (z,0,...,0,7a ,0,...,0) € [1 x -~ X I,
or
i—th
~~
(z,1,...,0)(1,...,1, b ,1,...,1)(1,0,1,...,1,...,1)(1,1,0,1,...,1,...,1)
i—th i—th
~~
(1, 1,0, 1 . 71)(1, , 1 ,0,1,. ,1) (1, 71,0)
i—th
~~
Z(a:,O,...,O, b ,0,...,0) €y x - x I,

and thus either a € I; or b € I;. Consequently I; is a prime ideal of R;. Since for some
2 <i < n, I; is a nonzero ideal of R;, similarly we can show that I; is a prime ideal
of R1 .
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(2)=3)If I, = R, and Iy X I3 X - - - x I, is an n-absorbing ideal of Ry XX Ry—1,
then Iy X Iy x --- x I, is an n-absorbing ideal of R, by Theorem 2.15. Now, assume
that I,, is a prime ideal of R, and for each 1 < ¢ < n — 1, I; is a prime ideal of R;.
Suppose that

(agl), . ,ag))(agz), ca?)y . (agn—H), ey e I x Iy x - x I,
Ej)’s are in R;. Then for any 1 < ¢ < n at least one of the agj)’s is in
I (2) (1) 1)y, (2) (2) (n) (n)
iy say a; . Thus (ay’,...,an " )(ay”,...;an )+ (ay ', ...,an ) € It X Iy X -+ X I.
Consequently I; x Iy x --- X I, is an n-absorbing ideal of R.

(3)=(1) is obvious. O

in which a

Theorem 2.17 Let R = Ry X --- X R, be a commutative ring, and let for every
1 <i<n-—1, I; be a proper ideal of R; such that I # 0 and I, be an ideal of R,.
The following conditions are equivalent:

1. I x -+ xX I, is a weakly n-absorbing ideal of R that is not an n-absorbing ideal of
R.

2. 1 is a weakly prime ideal of Ry that is not a prime ideal and for every 2 < i < n,
I; = {0} is a prime ideal of R;, respectively.

Proof. (1)=(2) Assume that I; x --- x I, is a weakly n-absorbing ideal of R that is
not an n-absorbing ideal. If for some 2 < i < n we have I; # {0}, then I; x -+ x I, is
an n-absorbing ideal of R by Theorem 2.16, which contradicts our assumption. Thus
for every 2 < i <mn, I; = {0}. A proof similar to part (1)=-(2) of Theorem 2.16 shows
that for every 2 < i < n, I; = {0} is a prime ideal of R;. Now, we show that I is a
weakly prime ideal of Ry. Consider a,b € R; such that 0 # ab € I;. Note that

(a,1,...,1)(b,1,...,1)(1,0,1...,1)(1,1,0,1,...,1)---(1,...,1,0)
= (ab,0,...,0) € (I x {0} x --- x {O}\{(0,...,0)}.

Since I; x {0} x- - -x {0} is a weakly n-absorbing ideal of R, we have either (a,0,...,0) €
I x {0} x -~ x {0} or (b,0,...,0) € I; x {0} x --- x {0}. So either a € I or b € I.
Thus I, is a weakly prime ideal of Ry. Assume [ is a prime ideal of R;, since for
every 2 < ¢ < n, I; is a prime ideal of R;, it is easy to see that I; x --- x I, is an
n-absorbing ideal of R, which is a contradiction.

(2)=-(1) Suppose that I; is a weakly prime ideal of R; that is not a prime ideal and
for every 2 <4 <mn, I; = {0} is a prime ideal of R;. Assume that

(a§1)7 s 7a7(11))(a§2)3 R a£12)) U (a‘gn—i_l)’ SR ’agszrl))

€ I x {0} x -+ x {ON{(0,..,0)}
in which agj)’s are in R;. Then at least one of the agj)’s is in I, say agl), and for any
2 < i < n at least one of the az(])’s is zero, say agl). Thus (agl), e afll))(a?), e

a?)- (@™, alM) e I x {0} x -+ x {0}. Consequently Iy x {0} x - -- x {0} is an
weakly n-absorbing ideal of R. Since I is not a prime ideal of R, there exist elements
a,b € Ry such that ab =0, but a ¢ I; and b ¢ I;. Hence

(a,1,...,1)(b,1,...,1)(1,0,1,...,1)(1,1,0,1,...,1)---
~(1,...,1,0) = (0,...,0),
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On weakly n-absorbing ideals of commutative rings 11

but neither

(a,1,...,1)(1,0,1,...,1)(1,1,0,1,...,1)---(1,...,1,0) € I; x{0} x --- x {0},
nor

(b,1,...,1)(1,0,1,...,1)(1,1,0,1,...,1)---(1,...,1,0) € I; x{0} x --- x {0},

also the product of (a,1,...,1)(b,1,...,1) with any n — 2 of elements (1, 0, 1, ...,
1),(1,1,0,1,...,1), ..., (1, ..., 1,0) is not in I} x {0} x --- x {0}. Consequently
I; x {0} x -+ x {0} is not an n-absorbing ideal of R. O

Theorem 2.18 Let R = Ry X --- X Ry411 where R;’s are commutative rings with
identity. If I is a weakly n-absorbing ideal of R, then either I = {(0,...,0)}, or I is
an n-absorbing ideal of R.

Proof. We know that the ideal I is of the form I; X --- x I,,11 where I;’s are ideals
of R;’s, respectively. Since {(0,...,0)} is a weakly n-absorbing ideal of R, we may
assume that I = Iy X -+ x I,41 # {(0,...,0)}. So, there is an element (0,...,0) #
((ll, . ,(ln+1) € I. Then

(al,l,...,l)(l,az,L...71)~~~(1,...,17an+1) el.
Since [ is a weakly n-absorbing ideal of R, for some 1 <i<n+1

(al,l,...,l) (1,...1,&1',1,1,...,1)(1,...1,04_5_1,1,...,1) (1,...,1,an+1)
= (al,...,ai_l,l,aHh...7an+1) el.

Then I; = R;, for some 1 < i < n+1. Hence I ¢ Nil(R). Therefore, by Theorem 2.10,
I must be an n-absorbing ideal of R. O

Theorem 2.19 Let R = Ry X --- X Ry411 where R;’s are commutative rings with
identity. Let L = I1 x---xIp41 be a nonzero proper ideal of R. The following conditions
are equivalent:

1. L=11 X - - X Iny1 is a weakly n-absorbing ideal of R;

2. L=11 x--- X Inq1 is an n-absorbing ideal of R;

8. L=I x---xIi_1 xRy xIiy1 X+ - xXInqq for somel < i <n—+1 such that for each
1 <t < n+1 different from i, I is a prime ideal of Ry or L = I3 X -+ - X I, 1 X Rqy X
Toy41 % - X do,—1 X Roy X Io,q1 -+ X Iy in which {aq, ..., 05} C€{1,...,n+1}
and

It X oo X gy o1 X gy g1 X oo X g1 X g q1 - X I

is an n-absorbing ideal of
Ry X X Roy1 X Royqp1 X oo X Ry 1 X Rojp1 X000 X Rpgq.

Proof. (1)=-(2) Since L is a nonzero weakly n-absorbing ideal, L is an n-absorbing
ideal of R by Theorem 2.18.

(2)=-(3) Suppose that L is an n-absorbing ideal of R, then for some 1 <i <n+1,
I; = R; by the proof of Theorem 2.18. Assume that L =17 X --- X [;_1 X R; X I;11 X
«o+ X Inyq for an 1 <4 < n+ 1 such that for each 1 <t < n + 1 different from ¢, I
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is a proper ideal of R;. Fix an I; different from I; with ¢ > i. Let ab € I; for some
a,b € R;. In this case

t—th t—th
PSS
(1a a17 a ,1, al)(lv 717 b 71a" al)(0a17 31)(1a0717 al)
i—th i—th t—th
~~ ~~
(1,...,1,0, U B 1§ P ,0,1,...,1)---(1,...,1,0, 1 ,...,1)
t—th
—~~
(1,....,71,0,1,...,1)---(1,...,1,0)

i—th t—th
~ =~ ~=
=(0,...,0,71,0,...,0, ab ,0,...,0) € L.

Since Iy X - -+ x I4q is weakly n-absorbing and I;’s different from I; are proper, then
either

t—th i—th
N ~~
(1,...,1,7a>1,...,1)(0,1,...,1)(1,0,1,...,1)---(1,...,1,0,7 1 ..., 1)
i—th t—th t—th
~~ ~~ ~~
(1,..., ,0,1,...,1)---(1,...,1,0, 1 ,...,1)(1,..., 1 ,0,1,...,1)
i—th t—th
= N
(1,...,1,0)=(0,...,0, 1 ,0,...,0,7a ,0,...,0) € L,
or
t—th i—th
~~
(1,...,1, b ,1,...,1)(0,1,...,1)(1,0,1,...,1)---(1,...,1,0, 1 ,...,1)
i—th t—th t—th
~~ ~~ =
(15' 9 1 70a17 71) (1a 7170a 1 9. 71)(17 9 1 70717 71)

~(1,...,1,0)=(0,...,0,”1,0,...,0," b ,0,...,0) € L,

and thus either a € I or b € I;. Consequently I; is a prime ideal of R;.
Now, assume that L = I1 x -+ X Io, 1 X Ry X Ioy 41 X -+ X Lo, 1 X Ro; X Io, 11 X
- X T4 in which {aq,...,a;} C {1,...,n+ 1}. Since L is n-absorbing, then I; x
X Toy 1 X Toyq41 X oo X Do, 1 X I, 41+ X Ingy1 is an n-absorbing ideal of Ry x
o X Roy 1 X Ray41 X -+ X Ro,—1 X Roj41 X -+ X Ryyq, by Theorem 2.15.
(3)=(1) If L is one of the given two forms, then it is easily verified that L is an
n-absorbing ideal of R, and hence L is a weakly n-absorbing ideal of R. O

3 Rings with property that all proper ideals are weakly n-absorbing

Theorem 3.1 Let R be a ring and n a positive integer such that every proper ideal
of R is a weakly n-absorbing ideal of R. Then

1. dim(R) = 0.
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2. R has at most n + 1 prime ideals that are pairwise comaximal, in particular, R has
at most n + 1 maximal ideals.

Proof. (1) Suppose that dim(R) > 1; so R has prime ideals P C Q. Choose z € Q\P,
and let I = 2"t'R. Then 2" € I, since I is a weakly n-absorbing ideal of R and
0 # 2"*1 € I. The reminder is similar to the proof of [3, Theorem 5.9].

(2) Suppose that Py, ..., P,yo are prime ideals of R that are pairwise comaximal.
Let I = Py -+ Pyyq. By [3, Theorem 2.6], I is not an n-absorbing ideal of R. Hence
I is a weakly n-absorbing ideal of R that is not an n-absorbing ideal of R. Thus
I"*1 = {0} by Theorem 2.10. Hence I"*! = P ... pPfl = {0} C Po40, and thus
one of the P;’s, 1 <i < n + 1, is contained in P, 42, which is a contradiction. Hence
R has at most n + 1 prime ideals that are pairwise comaximal. O

For a commutative ring R, we denote by J(R) the intersection of all maximal ideals
of R.

Lemma 3.2 Let R be a commutative ring and x1,...,Tn11 € J(R). Then the ideal
1 Tpr1 R s a weakly n-absorbing ideal of R if and only if x1 - xpy1 = 0.

Proof. Set I = x1---axpt1R. If 21 -+ xp41 = 0, then I is a weakly n-absorbing ideal of
R. For the converse, assume that [ is a weakly n-absorbing ideal of R and 1 - - - &, 41 #
0. Since z1---xpy1 € I\ {0}, then there are n of z;" whose product is in I. We
may assume that y = z1---z, € I. Hence y = yx,1b for some b € R and so
y(1 — xp41b) = 0. Since 2,410 € J(R), 1 — 2,,41b is a unit of R. Therefore y = 0 and
then x1 -+ - x,41 = 0, which is a contradiction. Hence 1 ---xp+1 =0. O

Corollary 3.3 Let R be a ring. If every proper ideal of R is weakly n-absorbing, then
Jac(R)" =0, and so Jac(R) = Nil(R).

Theorem 3.4 Let R be a semi-local ring with mazimal ideals M1, . .., My. If for every
nonnegative integers o, . .., ap with aq +- -+ oy = n+1 we have M{* - -- M = {0},
then every proper ideal of R is weakly n-absorbing.

Proof. Let I be a proper ideal of R and suppose that 0 # x1---xp+1 € I for some
X1y, Tnr1 € R.If for some 1 < i < n—+1, z; is invertible, then @1 -+ T; - - - xp1q € 1.
If for every 1 < i < n + 1, x; is noninvertible, then there are nonnegative integers
ai,...,qp with o + -+ 4+ ¢ = n+ 1 such that a1 -+~ 241 € M- M = {0}, a
contradiction. Consequently I is weakly n-absorbing. 0O

As an immediate consequence of Corollary 3.3 and Theorem 3.4 we have the next
corollary.

Corollary 3.5 Let (R, M) be a quasi-local ring. Then every proper ideal of R is weakly
n-absorbing if and only if M"t = 0.

Theorem 3.6 Let R be a semi-local ring with mazimal ideals My, . .., M. If for every

nonnegative integers i, ...,y with ag + -+ + ap = n we have M --- M = {0},
then every proper ideal of R is n-absorbing.
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Proof. Let I be a proper ideal of R and suppose that x1---xp,+1 € I for some
Z1,...,%n+1 € R. By Theorem 3.4, I is a weakly n-absorbing ideal of R. Hence if
Z1 -+ Tpy1 7 0, then we are done. Thus assume that 1 -+ -z = 0.

If for some 1 < i < n, x; is invertible, then xy---Z;---x,11 = 0 € I. If for every
1 < ¢ < n, x; is noninvertible, then there are nonnegative integers ag,...,a; with
a; + -+ + oy = n such that zq-- 2z, € M --- M = {0}. Consequently I is n-
absorbing. 0O

Corollary 3.7 Let (R, M) be a quasi-local ring such that M™ = {0}. Then every
proper ideal of R is n-absorbing.

Theorem 3.8 Let s > 1 be an integer, (R, M1), ..., (Rs, Ms) be quasi-local commu-

tative rings and let R = Ry X--- X R. If every proper ideal of R is a weakly n-absorbing
ideal of R, then M} = MY} = --- = M = {0}.

Proof. Assume that every proper ideal of R is a weakly n-absorbing ideal. Take an
arbitrary integer 1 <14 < s and let aq,...,a, € M; such that a; ---a, # 0. Then

I={0} x---x{0} x (ar---apnR;) x {0} x--- x {0}
is a weakly n-absorbing ideal of R. So we have

(1,...,1,a1,1,...,1)---(1,...,1,an,1,...,1)(0,...,0,1,0,...,0)
=(0,...,0,a1 - an,0,...,0) € I\{(0,...,0)}.

Since I is weakly n-absorbing, there exists 1 < j < n such that

(1,...,1,(11,1,...,1)-"(1,...,1,(1]‘,1,1,...,1)(1,...,1,aj+1,1,...,1)
- (,...,1,an,1,...,1)(0,...,0,1,0,...,0) € I.

Then a; ---aj_1aj41 - an = a1 - - - ab for some b € R;.
So ay---aj_1aj41---an(l —a;b) = 0. As 1 — a;b is a unit of R;, we can conclude
aj - aj_1aj41 - -ap =0, a contradiction. Thus for every 1 <i <s, M* = {0}. O

Theorem 3.9 Let (Ry, M;) and (Ra, Ms) be quasi-local commutative rings with M} =
M3 = {0} and let R = Ry X Ry. If either Ry or Ry is a field, then every proper ideal
of R is a weakly n-absorbing ideal of R.

Proof. Let Ry be a field. Since MJ* = {0}, so every proper ideal of R; is an n-
absorbing ideal, by Corollary 3.7. Thus, by Theorem 2.15 the ideal {0} x Ry is a
weakly n-absorbing ideal of R. Since Ry is a field, the ideal Ry x {0} is a weakly
n-absorbing ideal of R. Now let J be a proper ideal of Ry such that J # {0}. Then
J is an n-absorbing ideal of Ry and so J X Ry is a weakly n-absorbing ideal of R,
by Theorem 2.15. At last, we show that I = J x {0} is a weakly n-absorbing ideal
of R. Assume that (ai,b1) - (ant1,bn1) € T\ {(0,0)} such that ay,...,anr1 € Ry
and by,...,bpy1 € Ro. Since 0 # ag -+ -anq1 € J and M = {0}, then at least two
of the a;’s are not in M, say a, and a,+i. Since a, and a,4+1 are unites of R
and aj ---apnt1 € J we conclude that a;---a,—1 € J. On the other hand, Ry is a
field and by ---by+1 = 0, at least one of the b;’s is equal to 0, say b,+1 = 0. Hence
(a1,b1) - (an—1,bp—1)(an+1,0) € I. Therefore I is a weakly n-absorbing ideal of R.
O
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Theorem 3.10 Let Ry, Ra,...,Ryy1 be commutative rings and let R = Ry X Rg X
-+ X Ry41. Then every proper ideal of R is a weakly n-absorbing ideal of R if and only
if all of R;’s are fields.

Proof. Assume that every proper ideal of R is a weakly n-absorbing ideal of R and
one of the R;’s is not a field. Now we may assume that R; is not a field. Hence R;
has a proper ideal. Say J such that J # {0}. So the ideal I = J x {0} x --- x {0} of
R is a weakly n-absorbing ideal. Let a € J such that a # 0. Then

(a,1,...,1)(1,0,1,...,1)(1,1,0,1,...,1)---(1,...,1,0)
= (a,0,...,0) e I\ {(0,...,0)}.
Since J is proper, there exists 2 < ¢ < n + 1 such that
i—th
=
(a,0,...,0, 1 ,0,...,0) €1,

which is a contradiction. Hence all of the R;’s are fields. Conversely, suppose that
R is ring-isomorphic to D = F; & F5 @ --- & F,+1 where F;’s are fields. Since every
nonzero proper ideal of D is a product (intersection) of m distinct maximal ideals
of D, for some 1 < m < n, we conclude that every nonzero proper ideal of D is an
n-absorbing ideal of D, [3, Theorem 2.1]. Hence every nonzero proper ideal of R is a
weakly n-absorbing ideal of R. O

4 On Anderson-Badawi’s conjecture and Badawi-Yousefian’s question

Theorem 4.1 Let I be a proper ideal of a u-ring R. Then the following conditions
are equivalent:

(a) I is strongly n-absorbing;

(b) I is n-absorbing;

(¢) For every t ideals Iy, ..., Iy, 0 <t <n, and for every elements x1,...,Tn—t € R
such that x1 -+ xp—¢l1--- I} Q I,

(I:Rxl"'xnftll"'lﬂz[ (I:Rl'l“‘fi"'xnftll”’lt)]

=

~
Il
—

-~

=

~
Il
—

(d) For every t ideals In,...,I;, 0 <t <mn, and for every elements x1,...,Tn—t € R
such that x1 - - xp_¢I1--- I g_ I,

(I:Rxl"'mnftfl"'lt):(I:Rxl"'@"'l'nftll"'lt)a
for somel <i<n-—tor

(Ipay-@p iy L) =T :gay-xp iy I Ip),

for some 1 < j <t.
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Proof. (a)=(b) It is clear.
(b)=(c) We use induction on ¢. For ¢ = 0, consider elements z1,...,2, € R such
that x1 - -z, ¢ I. We show that

n

(I:Rx1~~~xn)=U(I:Rwr--fi---xn).
=1

Leta€ (I :gx1---xy), 80 21 -xpa € I. Since x1 -+ -z, ¢ I, then for some 1 <i<n
we have x1 - Z;---xpa € I,ie., a € (I g x1 -+ Ty -+ - ). Therefore

(Lipwr-ma) C | JU im G ).
i=1
Now suppose ¢t > 0 and assume that for integer ¢t — 1 the claim holds. Let x1,...,z,—¢
be elements of R and let Iy,...,I; be ideals of R such that x{---x,_4[1--- I} g I
Consider element a € (I :g x1 -+ @p—tly - - It). Thus Iy C (I :g w1 -+ Tp—yaly - L_1).
By hypothesis

(I:gay-an_galy---T_1) =T :gay-Ti-xp_galy - I_1)

for some 1 <i<n-—tor
(I:gaxy - xpaly---I11)= (g xl~~~:rn_ta_71~~~j;~~~ft_1),
for some 1 < j <t—1.
Consequently either a € (I :g x1--- &+ @p_yly - L1—11;) for some 1 < i <n—t
ora€ (l:gxy- - xp_yly---Ij---I_11;) for some 1 < j <t — 1. Hence

(I:garxnydi 1) (I:gar- B ap il 1)

I

~
Il
A

~

(I:gay-an_idy--- I L))

-

~
Il
—

(¢)=(d) Since R is a u-ring, we are done.
(d)=(a) In special case of part (d), for every ideals I,...,I, of R such that
Iy --- 1, € I we have

([;le...[n):([;le...fi...]n)’
for some 1 < ¢ < n. Now, easily we can see that [ is strongly n-absorbing. O

Remark 4.1 Note that in Theorem 4.2, for the case n = 2 we can omit the condi-
tion u-ring, by the fact that if an ideal (a subgroup) is the union of two ideals (two
subgroups), then it is equal to one of them.

In the next theorem we investigate weakly n-absorbing ideals over u-rings. Notice
that any Bézout ring is a u-ring, [13, Corollary 1.2].
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Theorem 4.2 Let I be a proper ideal of a u-ring R. Then the following conditions
are equivalent:

(a) I is strongly weakly n-absorbing;

(b) I is weakly n-absorbing;

(¢) For every t ideals Iy, ..., I;, 0 <t <n, and for every elements x1,...,Tn—t € R
such that 1 -+ xp_y Iy - I € I,

n
(Iinl"'J?n—th“'It):[U(I2R$1"'@"'$n—tf1"'ft)]

(d) For every t ideals In,...,I;, 0 <t <n, and for every elements x1,...,Tn—t € R
such that x1 - - xp_¢Il1--- I ¢_ I,

(I:Rxllllxnftll“'lt>:(I:le“'i‘\i“'xnftll...lt)a

for somel1 <i<n-—tor

~

(Iray-apidy- L) =T :gxy - xpydy - I 1),
for some 1 < j <t or
(I:gay - xpyli-- ) =0:gay - xptly-- Ip).

Proof. (a)=-(b) It is clear.
(b)=(c) We use induction on ¢. For ¢ = 0, consider elements z1,...,2, € R such
that x1 -+ -z, ¢ I. We show that

(I:pay-oxp)=U (T :gar- T ) U0 g x1 -+ - ).

Letae (I :gxy- -xy),80 21 Tpa € I. Assume that 1 - - - x,a # 0. Since 7 - - -z, ¢
I, then for some 1 <7 <n we have x1---Z; - zpa € I, ie, a € (I :gx1 -+ T+ Ty).
Consequently

n

(Iiparan) =[JU g2 T 20)]U(0 g 21 2).
i=1
Now suppose t > 0 and assume that for integer ¢t — 1 the claim holds. Let x1,...,z,_¢

be elements of R and let Iy,...,I; be ideals of R such that x{---x, 4[1---I; 52 1.
Consider element a € (I :g x1 -+ @p—¢ly - - It). Thus I C (I :g w1 -+ Tp—yaly - L_1).
By hypothesis

(I:igpay-angaly - L_1) =T :gay- T xn_galy - I_1),
for some 1 <i<n-—tor

~

(I ‘R -Tl"'xnftall"'ltfl) = (I ‘R 551"'xnftafl"'fj"'ltfl),
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forsome 1 <j<t—1or
(I RX1 ~xn_ta11 c 'It—l) = (0 RT1 ~xn_ta11 c 'It_]_).

Consequently either a € (I :g @1+ @+ @p—yly - L1—1L;) for some 1 < i < n—1
ora € (I :g x-—xpyly--Ij---L_11;) for some 1 < j < t—1ora € (0:p
1 @nyy - I). Hence

n
(Lig oy edntly--1t) = [U(I CRT1 Ty Tpegdy - 1)
i=1
" o~
U [U(I Ry Ty ) I )]
=1

U (0 ‘R x1~~~xn_t11---ft).

(¢)=(d) Since R is a u-ring, we are done.

(d)=-(a) In special case of part (d), for every ideals I,...,I, of R such that
I -1, £ I we have (I :g I ---1,) = (I :g Ilw‘j;---]n) for some 1 <3 < n or
(I:gli---I;) = (0:g I---I,). Now, easily we can see that I is strongly weakly
n-absorbing. O
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