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1. Introduction. This is in continutation to our work [4] on asymptotic
and oscillatory properties of solutions of the nonlinear difference equation

(1.1) A™x(8) +f(t, 2(f)) =0, teI,

where [ is the discrete set 10,1, ...} and .:-(t) stands for (x(?), Ax(t), ...,
A*x{t)), A is the difference operator Ax{f) =x(t+ 1)~ x({). Besides ({1.1),
we shall also consider its variant

(1.2) AMx() +plh)glt. ¥(1) =hit, X(1))., L <1,

the form of which wiil be clear from the type of conditions we shall impose
onp, g and A,

In (1.1) and (1.2), we shall assume that /, p, g and & are defined in
their domain of definition and for all initial values of the tvpe

Alx(t)) =4y, O0OKiIi<n—1, 1, T

solutions of (1.1). (1.3} and (1.2), (1.3) exist for all 3¢, t<[.

Throughout the paper, by a solution we shall refer to a nontrivial
solution. A solution x(f) will be called nonoscillatory if it is eventually of fi-
xed sign ; the solution is called oscillatory if there is no end of ¢, and £.(t, <
<#) in T such that if x{¢,) >0(x(t,) <0) then x(f,) <0 (x({,) >0} ; and it is
called Z-tvpe if it changes sign arbitrarily but is ultimately nonnegative
or nonpositive. We shall denote by F, where & is a nonnegative integer,
the class of all functions u(¢} defined on I and ju(t) =0{(t)®) as t>w. A
solution x(¢), which belongs to £, will be called F, solution. For example,
the equation

(1.4) A() +8/3Ax() +4/3x(1) =0, te=]

has an oscillatory solution x{f) =(—1)!, and a nonoscillatory solution x(¢) =
=(1/3)*, whereas x(¢) =(—1)* for all finite ¢ and x{t) =0 otherwise, is a F,
solution.

Section 2, contains five lemmas, first threc of which are adopted
from our carlier work (I, 2, 4], whercas fourth lemma is the discrete ana-
logue of IL'Hospital rule, the last lemma is about a particular first order
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difference equation. In section 3, we prove several results about asymptotic
and oscillatory properties of solutions of cquations (1.1) and {1.2). Most of
the results are known for the continuous case c.g. see [3,5 - 12] and cover
some results known for the diserete case (#=2) v.g. sce references in (47,

In what follows, we shali denote the set {46, +1, ..} where {7
by I, ; (0 =#(t- 1) .. (f—m +1) the usual factorial notation and Vx(t)y=
=a(f) —a{f~=1). o : ' : " :

2. Some Lemmas’. . Lemma 2.1. [4]. Let u(f) be. some function defincd
on I,,. Then, for Oghgn —1

n‘i (t tl)\'i—k) 1 1—nik
¥ —_ Vv i, - : - p=k-1 AN
Atu(t) = X TH A u(r,)+—--—(” Ty ;, (f—s— 1) ¥1A"(s).

Lemma 2.2 [4]. Let 1<q<sn

I oand u(t) be some function defined
on I Thew, S 3

(a) " 'lim inl’h"it(!)'}() im plics lim A'.‘u(t) = 60, NgisKg—|
f-+n tesm
{b) lim sup A%e(f) <0 dmplies lim Alu(f) = —oc, Ogisg-—1.
t-sn f—=m

demma. 2.3: Lot A:2 0, f(t) 30 and u(£) 20 on Iy amd w(ty satisfies: an
diequealitoe s LT e s e, S
t—1

(2.1) 'It‘(f) = A+ E f(S)”:(g)

s-l_,

Then, for {=1y,

1 ‘ ' =1 in-n_ .
= T (af, it amtoaz [ 4 s s B0 | it st

IR
-1

If =1, it is asswmed that A0+ (1 —2) N sy >0.

Sontf,
For the proof and scveral linear and nonlincar generalizations of (2.1}
see 1.2) . -
.. Lemma. 2.4. Loty and »(f) be defined on I and v{t} >0, Vo(f) <0 for
all sufficiently large ¢ in I. Then. if u(t)—0 and v{f)—0 : :

ikE \Y TR
(2.2} lim Vull), s implies lim ) =7.

ik 5 F f-v V'y(f) I X ‘I'_,l(f)
©, Proof. Let ¢; be sufficiently large so that for all {24, in 1, 2(f) >0 and
Vel <0, If v is finite, I Vu(!),/Vo(t)=r implics that, there exists 1, large

o ar

enough so that 7;>/, and for all t =14,

Vaul(f
(r — < L(') £(r4-2).
' S Vu(h)
Since, Yo{f} =0 for all { 2£,. the above inequality implies that —(r—€)Ve(f) <
S —Vau(t) € - (r+)Vo(l). Let £,21, be arbitrary in I, then summing the
above intquality from f,4+1 to ¢, we find :
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| (r =) [w(f) ~u(ta)] € —[at(t) —1e(t,) 1< —(r + e)lu(f) — v(ty)]
which from o{,) >0, tmplics that ‘

(r—e)[l—v(t)JSH(!")— u(t) <lrae )
v(t,) w{ts) oty S )[, v(t,)]

€ - h CVe ing = 3 - g 4 £ I ij v“ ¥ ‘{ £.
lnd 11 t 4 (ll] v q“d.h[\ as , > LG wo {,t ( % -]
SINce !; IS ar I)lt[dl } LW '1b < .- < );\ ( ¢)/ ) €~ .
Sk i} meau 1 ! t
1 [SAN & q l]l[‘ ho]d i !0] 'l ; 3 ‘Ild tlllH (2 2)

o ;”{,fit:-::‘-”;\f'ml(t)e s}a\ \+o-o;_(the caze --00 can be treated similarly) then,
iy ary >0, there c.\:s:ts f2>{, such that for all ¢>¢, Vu(t)/Vet)> K,
nd from Ve(f) <0, we find Valt)< Ko(t). Let 1,24, be arbitrary in 7, then
summing t‘hc-aho\-c incquality from £, + 1 to £, we t:in(l 1{t) - 1{t,) Sf\';_'zr(t)“-
["d(l’a)_ and in tl.lc above incquality as f—00, we get 1;(t3)/v(£:)éh’. Since
v and Zs are arbitrary, the above incquality holds for all K >0 and 7. > ¢
which implies (2.2) for » being infimte. T

Lemma 2.5. Cousider the difference cquation

(2.3) : vl - !_:;2(,) +.L({1) -0

where u r; @ positive integer and [ s defined on 1 t,. 11 = and nomoscillatory
! | = () 1 : } i o
J 1212 Y = o, and () is the solution of (2.3} with z(t,) = 0, then
lim 2(f) = > o0,

f+ o
Dy - Tt e 5 o 3
Proof. By dircct substitution, it is casy to verify that

._~(.«)=_(z-,m=; Ss) I3,

. Stu+1: i

18 the solution of (2.3) satisfving ~(/,)

=0, Since, [ is of constant si
. ; AT stant sign for ;
large /. the summation g forad

5 fs)
Ko B 1 S(u+l)

exists in the extended real line. If the value of this snmmation is different

from zero, the resolt follows. [f it is zero, then let

= 2 A

EREE S|

and o{f) = 1/{#)*. so that Jemma 2.4 is applicable and, we find

Hin -ﬂ =lim fe) . (t)m”“'“_ _ [imﬁi)- _
s w ;;([) = (r)uu—l] i . e L = 0.

Thus, him =(f) = - .

I—= x
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3. Main Results. Theorem 3.1. Assumc that there cxist inlegers k1, m.

suchihat 0 <m <n—1,0<1 <k <n—m— 1 and for cuery nonoscillatory u(f) =
eF, with
0 = i?t(t” T . A g o
(3.1) lim inf | o £0. 2 (s)m f(s, 4, (s)) =+ 0.
I-2 0

; N _ by
Then, for all nonoscillatory I, - solutions x(t) of (1.1}, hmf.l.?,f (NP =0.
Proof. Let x(f) be a nonoscillatory [I;-solution with li":] ’iar:f |x(D)] (&) =

==0). Without loss of generality, we assume that. .r.(t) -0 on [, where ¢, =
=max{l, m}. The case x(f) <0 can he treated similarly.
We define

Aoty = T (5)OVx(t +9)
=1
and find : - .
) =(5)OV (s +2) | — X Al ON (s 4 p 4 1) = (1) A x4
! s=1{. Koty
(3.2) 1

+]‘))_(!l)fﬂ_\.1 lx(f1 +P)' 1. Z (s)(i-llaf—]x(s 4 P + 1)
) 2
also, since VgP* ;_(f) =(t - 1)V V= a(t +p), equation (3.2) takes the form

gt) =1V=(0) — (L) VIt + p) —i(d).

where 2(f) =¢%*} ,_4(f). Equation {3.3) can be written as

(3.4) Vz(#) %z(t) +-f-'1;-§-i)— =0, z(f;) =0y =)
where
(3.5) SB) = (L) VA xll + p) —gh(E)-

Let 1 =m, j=n and p =0 then, (3.5} from (1.1} is in fact

f=1 ~
fonlt) = — {0y ™AW Ia{t) + 25 () Sls. ¥{s)),
and from (3.1), fa.(¢) is nonoscillatory and lfllh fralt) =cc.

Thus, from lemma 2.5, we find
(3.6) lim (1) =1im ghos.n s{f) =+ €.
Next, since - .
Favnall) = ()OI 4 1) = s a(f)
and, from (3.6) we find, f% 1...:(f) is nonoscillatory and lim!f3 . () = cc.

f-+on

i ' : ¢ get lim g =+ 0. Con-
Thus, lemma 2.5 1s again applicable and, we get !1111 g% _rn_{t) ==

R

tinuing this way, we find
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(3.7) Hm ¢, () =-Lor.
! oain
From the definition of ¢%(t), we have

Fin-m{f) = A" "0 o)V om Le(fy 4om)

and from (3.7), we conclude Hm Av m 'v(f +iit) = 4-c0. The case lim A® m-1
f=r LR

X +m) =~ o0 is impossible from lemma 2.2, since it contradicts the fact
that x{f) is positive, and thus

Hm A" "t ) = 00, i, lim A" "=ty (f) = oo,

f-am ! =
Since, x(f) >0 and belongs to F. there exists € =0 such that x(f) <

<C{) for large f=1. Thus, the function v(f) = x(f) — C(O)™ is negative
forlargef =4, but sincc A <n—m—1, we find lim A7-» ') =lim A" m 1g(f) =
LETE R

=00, which from lemma 2.2, leads to a contradiction that #{l} is negative,
This completes the proof.

Remark., The conclusion in theorem 3.0 is only for nonoscillatory
F-solutions. In fact, for the cquation (1.4) the hypothesis for m =% =0 are
satisficd and for nonoscillatory solution #(#) ={1/3)*, lim inf u(f)| =0, wherecas

fom

for the oscillatory solution #(¢) =(~ 1)*. lim inf u(ty =1. It will be desirable
oy

to find corresponding result for all the solutions.
Remark, If in theorem 3.1, k=0 then, as conclusion we have that for
all bounded nonoscillatory solutions of (1.1). lim inf x(t) =0. The next

f—=m
result is a corresponding result for all nonoscillatory solutions.
Theorem 3.2. [f there exist K >0 such that Jor any u(t) defined on I
lim inf w(t) = K(lim inf u(f) < —K) we have
£

i—sm
(3.8) Z f(s, 1(s)) = + o0 {— o0},
then, ecvery nonoscillatory solution ) of (L) satisfies lim inf |x() < K.

‘ Proof. Let x(f) a be nonoscillatory solution, say xf{f) =0 for all ¢ >¢,
In [, and assume that lm inf x(f) > K 20. The case v(¥) <0 can be treated

i+ o

similarly, Summing the equation (1.1} from ¢, to ¢, we find

Ll

A"x(f) = AP ixt,) — Zﬁ_’s. .;(S}}—> —o0

as t—co. Thus, lim sup A" 14(#) <0 and lemma 2.2 implies that lim v(f) =
f—w = o
= —o0. which is a contradiction to our assumption that v(f) =0.
Theorem 3.3. Assume that there cxist integers b, m such that 0 < i <

Sn—10<k<n—m-—1;and for everv nonoscillatorv u{f) =1, with lim inf |1

f—m

(810 there cxist constants 4, B (AB=>0), such that for all large t€I, A<
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<ot )< B and for such u(l) there cxists a monncgative function H(t)
such that for oll large t &I, |h{t di{f)) < H{{).
If for ecverv py =0 and @, =0

S wpslt) - p (1 vHI) =

or
E(f)w wafp ()~ pall) - waH ()] = 0

where pi(t) =max[ p{f Py =max!| — p{i).
[.

1.0 0%; then, for all nonoscillatory
Fisolutions «ft )of( 2) hm mf |x{f)l. =0.

Proof. For any nonosuilﬁtor\ F.-solution with lim mf a0, we

f= 0

find for all large £ 4, in I, that

3 (51 mLAps(3) — B (8)—H(s)3 < A plolels, (s) = k(s (s)) <

< 3 () Bpals) - Ap(s) £HE).

Thus, for A4 and B pesitive

1 .
BZ(S)“’"[ (s)-— p.(s) E—[ ] 2(‘;‘”’@) {s, 1(s}) h(s,f},(.s)):lé

BZ: >[ pAs) - Buls) --f,;H(s)]

and, for 4 aud B nrhatne

£

4 —B ]
— A (s [T_Tp (8) — pals) — — H(9) J < 3 (s plslels. is))

f
—h(s, it(s))}] = !Z: q)‘m’[

Now, it is obvious that for f{2. #(L)) =p(t)e(t, #(2)) - k(1. #(t}). { =0 ; the
hypothesis of theorem 3.1 is satisficd, thus the conclusion follows.
Theorem 3.4, Lot for any u(f) defined on I and lim inf 1¢({) >0 (lin sup
{— oo X

1(t) -<0) there exist coustants A B (A B >0). sucithat for allt =, A< gL, #(f)) <
< B and for such w{ty there exists a nonnegaiive funiclion H(f) mch that for
alt lmff‘ ¢ a{) < Hil.

P~ — (o)

If Tor every p, =0 amnd p, >0, 8 [u pslf) —p () — 2 H(#) | = ¢ then, every
nonescillatory solution x{¢) of (1.2) satisfics lim inf |x{2}| =0.
[T

Proof. The proof is similar to theorem 3.3, here we need to show that
hypothesis of theorem 3.2 is satisfied for A =0,

Next, we shall consider equation (1.2) subject to some of these con-
ditions :
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(i) A0 ="1 for all fer,
() A1) =0 for all large te1,
(iii) pl) 20 for all t <7,
) At () =h(E),
(v} there exists a lunction H,{f} defined on 7, such that
At w(t) =2 Ho(f) for all =7 and (1) & k",
(v1) there (\ists a function H,(¢) defined on 7. such that Hait) =

It '\,(f) for all t=7 and m‘) ",
(vii) therc cxists a nonnegative fune tlon H(7) defined on 7. surh

that h(t, ()| <T(0) for all 21 and () & R»,
(viil) if v,#0. then xvg{l. vo o 1,2} 20,
{ix) if x,#0, then x,g(f, Xo, .. . Xu_y) €0,

(\) condition (viii) and g(f. x,. ... . v,.;) is bounded away from ze
ro if x, is bounded away from zero,

(iv

{xi) g(¢, .1'( )) €K for all te[ and ¥ 1‘)«- e,

(x11) g{Z, ;(t)) N for all tel and \(t) = R"
. Theorem 3.5. Let in cquation (1:2) ;:p. h cma‘,-:.ml'!::_f_r' (1), {vii). (x)
an

50 as t~-‘-, or X H(s)- oo

& (
(a) E pis b
Then, any nonosciilatory solution x(t) of {1.2) satisfies hm mf ) =0

Proof. We shall show fhat the hypotheses of t]umun 3.2 with K =
are satisfied. Let #(f) be some function defined on 7 such that lun mf u(t),

~0. Then, from (x) there exist - A-==0-and ¢, &7 such that g(z‘, u(t)),
for all ¢24,. Let ¢,24, and large enough’so that P)=0for all {2t in T.Ti
LH(s)<oc, then

i

2 [pis)g(s, f{s)) —h(s, 4(s))12 2 I«

[

"w H(s)]— o0

as t— ¢ and the conclusion follows.

If H(t)/p(t})—0 as t— o0, then we choose ¢, 24, such that H (O pl)y <Aj2
for all ¢2¢, in I, and we ﬁnd

'i._'p(s)g(s,ﬁ(s)) s, di(s Ep [ ;r((s)J Ep §)— .

as t—o0. The case lim sup u(f) <0 is treated similarly-.

{—

Theorem 3.6. Lot in equation (1.2) : p and I setisfv (i). (vii) and for
aill fEI (10,11,_”‘ X ”'__]m ' f) V. () ( ) ana |

He— ]

)l € 2 gt

=0

(3.9) g(t -\u, Viy veny



02 RAVI P. ACARWAL 8

where g (t). 0<i<n—1 are nomnegative functions defined on I and a;,

O<i<n—1 ase nonnegaiive constantl. Theu, of

(3.10) X H(s) o0
and 1
(3.11) J1 [1 + Zog.-(s)h(s)" ! "]“']<oo

n—1

the equation (1.2) has solutions which 1s asymplotic to Y adt)? as 1=+ .

i=0
where a,. | <i <n are rveal constants and a,_,#0,

Proof. Let x(f) be anv solution of (1.2), then from lemma 2.1 for any

i, =1, it follows that
n—1 (i o f'l)“‘h | founih
koffh — % {4 P
(317 A= Be—p A0 - T B
< (g(t, w(s)) ~h(s, d(s))}; i, 0shksn—1.

In (3.12), using (3.9) and (3.10) to obtain

(£ ~s—1)m=k=D x

t—nu+k n—1
(.13) A <A B0 T T ads) At ()
where :
n-1 ([)(i-k: 1 tugkhr
-(n-1-% Al |
‘11=(t) . . E;(i - k) 1 i’l 'l’(tl) + (il —k—l) | ) (S)
and
1
By= ———— .
(n—k-1)!
Tet 4 =max A, then since B, <1 incquality (3.13) implies that
os‘hé-g,":.-1
(3.14) A ()] S ()™ VRF(), 0k €n -]
where
tanthkn-1
(3.15) F(ty=d + Er Z.Dg,(s) Atx(s)|*
Using (3.14) in (3.13), to find
f -k a—1
(3.16) HUERES D WAOHO L PO}
s=4 [T
Let x=max =x,;, then (3.16) implies that
SRS t—mtk n-t
(3.17) Fiysi+ % Sbgyf(s)i(\f)“‘ SR O F
=iy 1

Using lemma 2.3, to obtain

3

o SOLUTIONS OF HIGHER ORDER NONLINEAR DIFFERENCE EQUATIONS IT 03
f—)_l ~k n—1
(3.18) Fitysda 1l [1 + Zgi(s)[(s)“"l“]“.’]. if a=1
s=t, i=0
y . fen-=ka—1
(3.19) FIOSLA™ 4 (1—a) 5 X aisyi(s)m 050005, if e 1.
s=t, 1=l
Thus, from (3.11}, (3.18) and (3.19), F(f) is bounded if 2 €1 and for a =1, if
f—mdkhn—]
(3.20) A= (a—1) Y, Y () (s)m o=,
st i-0

Sipge Ity =A. condition (3.20) corresponds to an appropriate choice of
initial conditions for the solution x(f) of (i.2).

_Thus, il (3.20) is satisfied for anv =, F{{} <c (some constant) and ine-
quality (3.14} takes the form

(3.21) [AYx{t}| (£ 10, Ol gn—1.
Next, from (1.2). we have

(3.22) AMI(x(f) = Amy(,) — f ¢l 5N+ A(s. (s))

and from (vii), (3.9), (3.10) and (3.21) we find that sums in the right side
of (3.22) converge as /=0 and therefore lim A" 1x(f) exists and is a finite

number. To ensure that —co this limit is not zero, we choose ¢, so large
1—1 ’

that SE’ (s, x(s))—h(s, x(s})]| <¢. Then, the solution x(t) with the con-

dition A" 1x(t,) =1 will have the desired tvpe of asvmptotic behaviour.
Corollary 3.7. Under the hypothesis of licorem 3.6, (1.2) has nonoscilla

forv solutions.

. Theorem 3.8: Lot in equation (1.2) ; p. h and g satisy (i), (Vii) and (viii)

Then, any nonoscillatory or Z-tvpe solution x() of (1.2) satisfies

(3.23) x(H| =0ty +r:".“.l ({—s—1)" "t H(s)}), t-—o0.

Proof. Let x{f} be any solution of (1.2), then from lemma 2.1 for any
tyel, it follows that

o ()t IR
(3.29y "= '%T,—--\‘M(AH ) !SZI (f—s5— )= x [

— gls, x(s)) +A{s, x(s)) .
1f x{(#) is nonoscillatory or Z-type, then (/) >0 or (1) €0 for all tz¢t, in [I.
If {t) 20, then from (3.24), we find

nE1 (1 M 1o

A g 8, sy

1Y 1
SRLEIP ey

and, if ()50
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n- 1 (ll . t:!)‘i) ] i _:n -
0zx(t)z Y GR Alx(ty) TR 1,‘ (t—s—1)= VH(s)

also, In either case
st )l
2‘0 (1) !

This completes the proof. -
Remark. If we impose additional condition

(=

f=mn

E (¢ -5 )"V H(s) =010 ). o,

for some nonnegative integer e, then every nonoscillatory or Z-_l_\'pc soh}L—
tion x(f) of (1.2) satisfics v{f} SO(()P). 1>, where & fmn.\{n ._l,m,}
Theorem 3.9. Lot in equation (1.2} ; p. b and g sutisfy {i). {iv). {ix} and
Jor cvery k>0 .
lim sup[ Z (F—s— 1" Vh(s) - RP"V] = 4o
forao
and

Fen "
lim inf 72 (f=s = 10 (s) 4 k()Y ] = - .
I S
Ti sof 1t s oscillalory.
Then, cverv bounded solution of (1.2) is escil AT o
! ]’r:)o_-f. If x(f) is bounded and nonoscillutory or Z-tyvpe, then x(f) 20
or x(t) €0 for all £ >4, in I. 1T x({) 20, then from (i.2) and (iv), we find

S (S N L I PR
(3.25) 0<x(h)= 3.(—(-1—)—,— ATy + W?‘T’:,U' s 1) Dh(s)

and, if ¥(?}=0

" l(t f_,)(ﬂ | f=n ‘
- { ——r f—5 = 1) 0]s).
(3.26) 0> x()< g:_(r)_'“i\ )+ !,.Z:,( 5= 1) Dh(s)
Next, let 45 24, be sufficiently large so that for some k= 0.

n=d (f—1,)" _
R(t)n < Zn(_(KL Alx(t) SR for all 121,

in I, then frem (3.25) and (3.26)

l f—n

O<x(t)= (T:l-)-‘ sgl(f._s_ Py D (s) — k{t)"
0z x(t) < : 'i" {{ s I)“"'UII(S) TR

] v i 'y 7 M o .
0 £lim sup ¥(4) =lim sup{?-- —[Z(! T ) L T T T TR DT (4 M + o

£ —a Per i

S—

i

(3.28)

Lhen, ail solutions of (1,2) are nonoscillalory or nonnegalive Z-lvpe.
strict tnequality holds 15 (3.28), then all solufions of (1,
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I fn
0 =lim inf x{2) <lim inf(—n—--]—)—' Y o(r—s-- D (s) 4 h(n— 1) ()" V= - o«
Fod x [ - cls=1,

|

henee in either case we get a contradiction to our assumption that x(¢) is
bounded,

Corollary 3.10. Let in equation (1.2) ; b land g satisfy (i), (iv), (vii)
and for cverv k=0 '
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lim suplZ (1= s — 1) 0h(s) —2(1)* DT 20
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t—-n
lim inf [E(f—s—1)"=0)(s) + k()17 <0,
[ R
Then, every solution of (1.2) 4s oscillatory or Z-1vpe.
Proof. The proof is similar to that of theorem 3.9,

Theorem 3.11. Lei in equation (12): p. b and o satisfy (1ii), (v}, ()
and for everv k-0 -

(3.27) linind (X {7~ s — 1) DTH (5) S Kp(s)i — k(1) 1> 0,
[

Lhen. all solutions of (1.2) are nonoscillotory or nomitegative Z-tvpe. Also,
if strict inequality boids in (3.27), then all solutions of (1.2) are nonoscitlutory.

Proof. From the equation (1.2), we obtain A'x(t) 2 H\() — K p(s). Thus,
from lemma 2.1, vee find for all F-N

n-1 f ,1 if) ] t =y
x(f) = ;0(——6?)—-.}.’.1'(!,) + T Ty };{ ({=s—~ 10 s [H (s) -~ Kps)], tzt,.

Let 4,214, be sufficiently large so that for some £3.0.

I | ({ =~ tl)tf)

LU

———— A({,), for all 72¢,. Thus, we have
-0 "I) !
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[ ! _n
Iim inf x(f) > lim inf(_;z-_T).'[ (s =1 DIH (5) - Kpls)

Pt oa, L] L=ty

kin 1) !{!)"'“’.

Hence, the conclusion follows,

=10,

Theorem 3.12. Let in equation (1.2): p, I and » salisfv {(iii), {vi), {xii)

and for everv k=0

f=n
i sup T (s — 1) 0 H (s) — Np(s) +R(H 1 <0,

P

B “\'u, J:f

2) are nonoscillator v.
Proof. The proof is similar to that of theorem 3.11.
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ROW ORTHONORMAL INFINITE SQUARE MATRICES
BY
ALEXANDER ARIAN

Im whs W Cornfing

- la'1t f;)llo\\s l‘:_\, mifinite we mean denumerabl v infinite, By an
il tL“ row '(‘co‘u'm]n) vector we mean an infinite sequence written ho-

ntallv  (vertically). The coordinates of all sequences as well
matrices are real numbers. s
m.\-c.rf?nl tl\{p matrices and vectors involved in our discussion are infinite
"nfinit"_““?b' :In our statements we constantly prefix them with the word
[U ppn;jnbt(i) tﬁllzliitt a htatn'cnu.‘nt i‘eud independently will not he interpreted
_ ¢ matrices and vectors (althoueh

R [ : d 3 s {although manv results mentione
1in this paper are obviously valid for the finite (:.'l?;v} . Zlitacs
qpqccl(?g]imtr I],].’l‘tl‘l(:(.’S enter in a matural wav in the studv of Hilbert’s
fin}te o iq_uart, s;ummablc .;‘uquunwrs where emphasis is given 1o those in
atrices whose rows form a ¢ ‘e or ‘mal . -

S S 1 a complete orthonormal set of vectors (4.
R oo W Shuw 1ere that infinite square matrices whose rows form
o qi;;;?[li?];l t.s(t ol \:v(‘tc}rs withow! necessurily being complete possess
A ant properties, Im particular, it is « hat i is such a
any sig ‘ . - 1t 1s shown that if 1/ is s
any lcan = ' tlar, it at af M ois such a
aSSO(‘in'(I'n\ spite of .the fnet that multiplication of infinite matrices is no([
5 ; allx(\‘c) it 1s the case that A(A/'C) =C where M’ is the transpose of

: n;H. 15 any infinite square summable column vector ’
o s(]{]arct}i;;:LSt{]%-:} i based on the most basic and well known propertics
ol e TII:II(I)L sequences. Almost no Hilbert space terminology is
'J“hus. ! ;c (,ru(- refer to.lhv ,gfq{ug" of a victor, simply, as to ity lc:zétl:“
s M A ={ry, 7o, 7, .-} ts an infinite vector then A is called of finite length

i< oo, and, as expected. we de : the ¢

- W denote the length of 4 by 141 where

(]) ‘]___.(v EE

Obviously, the le i aual

& sly, L. ength of a vector . is cquitl to zervo if and onlv if A is the
Zero vector which we denote hy 0, - .

I_L‘t 4 —-()') 5 )
y h=vaacand B={y), ..., ... beinfinite v .
we denote the inner product of 4 and B lh.\'a.!,[f whete e vectors. As usual,

Clearly, A= %
(3) A= (L Ayrre

Morecover, the i
: » e mner product of two vectors -
et . : cctors cach of finite lene wicte Jixe
virtue of the Cauchy-Schwurz Inequality [3, p. 38 SR
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