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ROW ORTHONORMAL INFINITE SQUARE MATRICES
BY
ALEXANDER ARIAN

in[init‘i’n r::\l‘x'at(cé?ll]l]g\l\]is \l.:g(‘tm‘jun{c wWe mean denttmerabl infinite. By an
L fseen Hcolumuivec (.“ We mean an infinite scquence written ho-

ontally  (vertically). The coordinates of all se s as w
matrices are real numbers. e s vl as al
e t}}\]%] fl.l.t {natmfwj and x"uct-nrs involved in our discussion are infinite -

inﬁni{z—”tt?. t}n ou'z str'ltomunt.s we constantly prefix them with the word
't‘o I)"rtain.l‘:) tﬁll?itit:llr:'h:tfmllmfﬁ ;‘L-d(] mdependently will not he interpreted
i puntai Lo fiiite 4 11((...\.':“].( vectors (althongh many results mentioned
11s paper are ohviouslv valid for the finite case).

Sp;l(;c_‘I::fflil(;]("lr](]’]‘:.-,tt:]]]::;h’ Hm[ m a natural wav in the study of Hilbert's
hace of s A B " Ao sequences where ciphasis is given to those in-
e m(‘)t(srlc.\.s"\’\ 1]?.\(} rows form a complete orthonormal <ot of vectors (4
P 0;-1110“0.”11-[; usglt“‘(‘)f }1':.,‘]‘(‘,' t}_ml infinite square matrices whose rows form
oo qign[ﬁ(";nt' . ..\.1.(‘tr}15 withort necessarily being complete possess
matrix (in spitc of the fct that multiphcation o e oy s, S 7
! o el ac at plication of infinite matrices i ;
ﬁsc;ma;n(\‘g)'n: - the case that A(ACY =C where M’ is the lttrrzit]f;s :)iem;
RV A n;“. 15 any infinite square summable column vector, e
o Sql.]arct}:u:r:rs;;i%).v}l‘:nr:;(}:as‘o(! (:11 #hc most basic and well known properties
R s e w(n(refnr-t ]ucfnf cs, Al‘l‘nost no Hilbert space terminology is
Thes, it 4 .—(,r o er to the S TOYIR of a vector, simply, as to its ,,lcnétb“.
e ’.,,dg, . 1.:) lb~ an 111f'1n!t(* vector then 4 s called of finite lengih

(¥ o0, and, as expected. we denote the length of 4 by 4 where
(1) .'f.'-:(? e,

. e + i
Obviously, the length of a vector
ZeTo \}ectorl which we denote by 0,

et A =(rdi e, and B = vinfinite v

we denote the(nzner j’:rudu--z‘ ull }f :ll(ll(jf‘)}f [ll;;ix.' inl’ih‘:'}]]l:}lr:n“) rectors s sl

Ais cqual to zero if and only if A is the

Clearly, Lorig
(3) .l_——(‘.j“”uz

Morcover, the i

& , e mner product of tw R .

: pre vo vectors cach of finite lene fists by
virtue of the Canchy-Schwarz Inequality [3, p. 381 : gth exists by

T — Matematioa



e

98 ALEXANRDER ABIAN

(4) 14 . Bl |4 {IBI.

As expected, a set (Ni)wgpa oo of vectors is called orthonormal if

(5) NeNi=1 and N N;=0 for i where 1.7=1,2, 3,...
We shall frequently use the following bLasic propertics of the ortho-
normal sets of vectors and the inner products :
Let {ci, ¢ €5-..) be an infinite vector of finite length, 1e., Zich e,
and let {N,, N, N,,...] bean infinite st of orthonormal vectors., Then
6) S N, converges pointwise (in foct, normuwisc) fo an infinte veclor of
finite length (Y BV
Furthermore, if A is anyv infinite vector of finite length we have 11, p. 49]:

(7) A Ye= N4 N,
and the well-known Bessel's incquality :
(8) N4, Nod, NoAd. s B4R
Also, if B is another infinite vector of finite length, we have the familiar
friangle inequality :
{9 id+ Bigidp+ Bl
Finally, if (b,, b,. by, ...) and {c,, ¢», €5, ...} arC infinite vectors of {inite
length, we have:
(10) Y N B E Ni= Ybic
Throughout this paper5 and T stand respectively for the zero {infinite’
vector and the unit (infinite} matiix and M’ for the transpose of matrix M.
Lemma 1. Let (i)t 20 5 ... b€ @ row ovthonormal infinite syunare
matrix and (¢, Ca, €3, ...) be an infinite columa vector of [inite length, Then
the following identity holds :

a1 g Iy - - an dazn 31 51

Gy O35 a8z - ayz oz A3a 141
(I l) 3 £y €3 =

31 @y dag - .- ary 23 a3 ‘2

Proof. Let us observe that, in view of the hypothests of the Lemma,

the column vectors appearing in the second factor of the product appearing
on the left side of the equality sign in (11) form an orthonormal set {V,, N,
N, ...} of infinite vectors. But then from (6) it follows that XN, is an
infinite vector of finite length. Clearly, by (7) the product appearing 1n
(11) yields an infinite column vector whose k-th coordinate, in view of_(?)
and (5) is given by N, Z, N0, = (N Ny)e, =¢,. Thus, the product appearing
in (11) is equal to the column vector (¢, ¢a, o, ..)', as desired.
Obviously, identity {(11) can be rewritten as:

t ROW OHTHC
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211 diz Ay ... A dn a4y ... gy €
( ]2) Ty @2 Oy ... 12 dsp @apg . .. 2 Cy
31 fze day ... Ay @ay Oag - .. o5 = s

\..

Remark 1, As (11} shows. the
b1 As s, the sceond factor of the i
11; (11) and (12) 15 the vector Nyop+Naco + Naeg + ... “hgzgdiﬁst}?ppeaﬁmg
of (3) and (10) is given Ly ‘ B e

(13) (X Noe) (X Neye= (8 ehvn,

Remark 2. Let M be an infinit i
_ N Y1 : Hinite square matrix whose rows f
?1t]:nno%'r?al\_.‘sot of row vectors. Then obviously, /31" =T, wherc;:ss '1;‘:11}1 ’aIn
tl:]ﬂblrjllila ¥ 1})}\‘, let € be an infinite column vector of finite lengih T}Ter;
mat;icéq' (i:;- ‘nogc':«,(.o;:i(-z?‘\thv other hand. since the multiplication of ilnfinitc
rices s boassocative, we cannot readily assert that M(AM'C) e
I}FI?\\;}\T. the validity of the last equality is ensured by Lemma (I. Ilgzl;g.
. _(.( —-( (rn;),—.js,,' 2. 3. ... be a row orthonormal infinite square meitriwc and
‘]._ 1{: t:I' €x ...)" be an infinite column vector of finite length. But. then
E(-;?;ﬁt;‘- qu_f;]?eicl?n(c:?{af,;ioihof thc product appearing on the left side of the
fqua (iz).b s the matiix M and M(W'C) = ¢ {ollows directly
']l-l;l view 0{1 (ILZ). (13} and Remark 2 we have
_ corem 1. Let M Be a row orthono nfini 7 J
an infinite column vector ofﬁm’f:' length. ;;}:‘?fz e R e
(14) (MMYC = {(M'Cy= C and 1 M'Ci=IC.
As shown below, Theorem 1 is ignifi
oA lTow. . $ mast significantly used in solving in-
finite systems of lincar cquations cach with infinitcl\'.many unkr?o:vrrllg i

Theorem 2, [ e

. Let the 7)1_/};1«;,',_- X - R .
. system of Iinear coual idl gar fiard
lely wany unkuowns x,, xo. x,. .. be civen by - puations each with infini

A Vit dy st v+ L =gy

(15) Tog Xy Hiloa Uy gy Yy L. = €y

where the cocfficient matri v '
. tatriv M={a,)) '
J coclficient Viifeioae voan oo 18 @ row orthonormal (infi-
nite squarc) matrix. Then the svstem has a solution o
16
{16) VI mS,, Xy=8, Yy=S$,. ...
with
7 o '
(1 ) E pS<t e if end only if Z,-:'% <o,

i which cas

(18) E.';“F‘k Zr-.‘?.



10N ALEXANDER ABIAN 4
Proof. Let us rewrite system (15) in the matrix form as:
(19) MXN=C.

where C =(cy. €2 ¢4, ...) and let N,oVLo N, L denote the rows of matrix
M. From the hypothesis of the Theorem it follows that {Ny, Ny, RPN
is an orthonormal set of {infinitc } row vectors.

Let (16) be a solution of (15) which satisfics the first inequality in (17).
Let S=(s1. $2. 55 ---)- Thus, |S)2=2si<w. Also, from (19) we have MS=
=(N.,.5, N.5. V.5, ...y =C, which by (8) implics X5 Xi5f <o cstablis-
hing (18) and the second incquality in (17).

Next. we show that the second inequality in (17) implies that (15) has
a solution, sav. given as in (16) which satisfies (18) and the first inequality
in (17). Thus, we assune that € ={c,. s ¢5. ...)" 18 an infinite column vector
of finite length. Let S=3'C. But then, from {14) and (19) it follows that
taking s,. Sz, S5 ... in (16) as the coordinates of vector S, expressions in (16)
vield a solution of (15). Moreover, from the sccond equality mn (14) it follows
that IS)=|Cl. i.c., ¥is?=2,} which implics (18} and the first inequality
in (17), as desired.

Using matrix notation,
from Theorems ! and 2.

Corollary 1. Let M be w row orfhonorinad infinite squarc malrix and C
an infinite column weclor of finite length, Fhe cyuation

the following uscful Corollary follows directly

(20) MX=C

has @ solution given by

(2 XN=MC with |MC =]C].
Morcover, if X =S is any solution of (20) then
(22) Ci< IS,

There are casy examples which show that if additional conditions
are not imposed, equation (20) has infivitely: many solutions. The Theorem
below gives an instance where equation (20) has a unique solution.

Theorem 3. Lot M be @ row orthonormal infinite square matrix and C
an tnfinite column veclor of finile length. Then N =M'C s the wiique solution
of length |C of the equation MX =C.

Proof. From (14) it lollows directly that X =M'C has length Cj and
is a solution of equation MX =C.

Now, let X =5, and X =85, cach be a solution of M X =€ such that'

(23) 19, 1= 18l = I

of of the Theorem it suffices to show that §,=5;: Te

To complete the pro
is also a solution of MA =C

this end, let us observe that X = }(S,+ 5:)

5 ROW ONTHONORMAL INFINITE SQUARE MATRICES
: : 101

.';1_1(1 as a.uch. by (18) its lcpgth Is greater than or cqual to ¢
rom this, (23) and the triangle mequality (9), we have

- Bt then,

Cls S +S0 2 LIS+ 118, =1C
From the above it follow ' S
- L ows that 'S5, +5. = § S -hi i i
Lot S 5. Sor+ 5. which -
‘;‘S‘,—_,lh.b: {01j a real :1&11111)(:1’ fr. However, if ¢ =lé(), from (23) itltl']nllll)(])l‘: q ;}iflt
ol 1n \\h‘xchl (:15(..‘ Sy =5., as desired. On the other hand, if ¢ —‘(; tl o
agaim 5, =S, since i this case by (23) and (1) we have §, =8 '—(T‘ o
Remark 3. We would like Theorem 3 is
3. ike to observe that Theorem 3§ i
L\(_a the \;dl known Riesz-Iischer Theorem (3, p. 153 . Ill(]e‘(‘lll}o({(!{ll{} KLI(‘J\I']1
“;ml} he ‘;n 0r1fh9nprmal set of infinite vectors and € =(r,, ¢ e .) ll?cA' o
SE--(;,L :egs or 0) 1:12:})&21:0112gth, 1.c.i ;¢4 < oc. Then the unique ;.llfl-al"li't.(;' \'L-ct‘j::
S =(81. Sa0 Say - 7 == o0 whose existence 1s ensured by i
R e G : s ensured by the Ries -
‘ s precisely the unique selution X' =§
er ' Is p ) 5 V=35 of the equa-
tion M =C mentioned in Theorem 3 where M is the infinite s hL_an&
trix whose rows are V,, V., \,, ... . Cae

Remark 4. let M be a v infi
) . Let | a row orthonormal infimite squar
i ; o 101 a SquUare matrix. As
mu]tlot'}ed in Remark 2, we have trivially MM =7 h?)\-.'vvcr H'ltfr'l.le. ':}Th
in general. For instance if the rows of 3 are (0. 1.0.0. 0. ). (0,0 1.0,0 s
(0.0,0, 1,0, ..), ... then obviously, MM/ T
Below we introduce a special t
- special type of row orthonormal matrices -
row r’o;n./b!efe orthonormal matrices such that if K is a row contigil:t(: g?tlll': !
:1}?311?_'1_111'1;11& matrix then AR'=A"N =] which, in view of {14) im )1i2;
i [\ is the unique inverse of A in the usual sensc of matrix a]gvbn}
. lgslstl,{::s“tf}']\:nrtllet uslobscr\'cfthat if M is a row orthonermal infinite
squz atrix then the columns of M need not form ; (

: : e . an orthonormal sct
ti’;ffi(;]oi]tl::ln'](] vl.ccztorf,. Fhis is obvious because if A7 is anv row orthonﬁm?;l
o obta?zilf‘}rt .m:;'tn,_\ which is also column orthonormal then the matrix
S ;ti]l ed by e iminating a finitc numbcer of rows of M is such that i
e a row orthonormal infinite squarc matrix, but A, is obviously n t1
olumn orthonormal. In {his connection, we have the fo]im;.'ing' o

Lemma 2. Let M be a ro ’
Lt w o e § poad
the coltomns. of Df i sicrmse of [e“g:éhogol):mu! i fonite square matrix. Then

Proof. Let N, N, N be the r 0]
. A K LS B 5000 e 'S "l 38 i
we show that the first Collzmn of M i;og}%lgligt{{ \*\ ll‘th;n:‘: R

(24) IFy=(1.0,0,0,.)
Clearly, the first column of M is given by
(25 ] .

3) ME, =(NE,, N.E|N,E,. ...

But tl}:c.ls, frm-n {8), (24) and (1) it follows that |MFE, < 1. as desired
- - us“rc;-ull that an orthonormal sct {K,. K,. K, . boof (irifi'nitv)
vectors is called com plefe if and only if 0 is the

s orthotomal £ L\\'efy . fn()]; _\C‘?tf?r(})r 1;_tllu zonil’_\ {infinitc) vector which
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(26) K 1'=0 implies 17=10
1 e

It is well known (2. p. 2371 that anyv complete orthonort_l?a‘ r;t_t g(f
vectors is denumerable and that every orthionormal sct of vectors can

ed ite rmal set.
enlarged to o complete orthonorma ; - -~ ‘

CjAlw it is well known 5, p. 165] that 1If (Ai=r. 2 a i tllb a completc
orthonotmal set of vectors and 1° anv vector of finite length then

(27) "= (K, . IR+ (K, VYR + (A, TR+
and the corresponding Bessel's cquality (given below) holds
(28) (K, U R, TR, 1

. o orthanor atrix

As expected, @ matrix is called a4 row complete 0\){'fro:10i ::{r;lbléié:: :

if its rows form a complete orthenormal set of vectors. leiprn tehonormal

curious fact, i.c.. a (finite or infinite) matrix is row complete or

if and only- if it is column complete orthonormalj ) e
Theorem 4. Let K be an infinite row completc orthonovmal matriy.

its travspose K is also row complete orthonornial. - "
Proof. Let X, K.. K, represent the rows of A and T,. z.i _-,i of

roof. L L A . h i .
those of K. First we show that {Fy. T.. Th ..} 1s an orill(mlzgn“];]';w Lo
vectors, To this end, without loss of generality, it is enough to _

(29) T Fy=1 and 1. T.=0.

Let
{30) E,=(1,0.0,0,..) and E,=(0.1,0.0...)

As in the case of (25). the first row 7, of K’ is given by
{31} Ty=(K,. EL N, . EL Ky By L)

However, since {K,. K4, K, ..} is a complete orthonormal set of
vectors, by (31}, (28) and (30) we have:
Toim=ih, EL KNy By Ky E L) =By =]
‘hic ishes the first cquality in (29). ] B
“hth‘\Cfi:iE:Ph:i]:;.cso t{h[:, K, 1\'5 .} 18 a complete orthonermal set, by (27)
AR s ] 5 G 3. v
we have:

(32) E o=(K,  EJNy + (K, EQR (K EQR+
As in the casc of (31), the second row 7, of K" s given by :

T,=(K,. E. K; . E. KRy Easi ).
Thus, by {31} we have:

(33) Ty Te=(K, ENRN,y E)+ (N EYRE) (R ENKy Ed+

On the other hand, from (32) and (30) it {follows that

X

~3

ROW ORTHONORMAL INFINITE SQUARE MATRICES 1,

By BEe=0=(K . E)NK,. E)+ (KN, E)NK, & (N BN, L)+ ...
which. in view of (33}, establishes the seeond equality in (29).

[t remains to shc?w that A" is row complete, To this end, we show
that fur every vector 17 of finite length we have

{34} K1 =0 implics 17 =0,

Now, fet A7 =0, But then by (14) and (26) we have i
which establishes (34). But then, clearly, (34)
K' is a row complete orthonormal matrix,

Observing that any (finite or infinite) row complete matrix must
be squarc, Theorem 4 can be rephrased as follows :

Corollary 2. The rows of u (frmite or infinite square
plete orthonormal set of vectors if and ond
thonormal set of vectors.

From Remarks 2 and 4 it follows that. in general,
of a row orthonormal matrix M/ {in spite of (14)) ¢
verse of M in the usual algebraic sense. However
orthonormal matrices we have :

(KN'I)=T"=0
- view of (26) implies that

) malrix fors a com-
tf its columns fors o com plete or-

the transpoge A/°
annot be called the -
S1n the case of row complete

Lemnma 3. Lot K be u row com plete orthonormal tufinite SUre Biatrin
Fhen the transpose K of K 4s the inverse of K oin the usidl sense. i

(35) KN'K=KN =& qnd A(R'H) = KNIy =l

for any matrix H owhose columns ure tnfinite vectors of finite lensih,

Proof. Clearly, K" =K Moreover, from Theorem 4 it follows that
A7 s also a row {complete) orthonorm. | nutrix. But then (35) is a direct
consequence of (14).

A significant application of Lomma 3 i given by :

Theorem 5. 7. K=(@iii 1 2 2 . be a rvow orthonormal fnfingt.

square smatyix and C =(¢y, c,. €3, ) an infinite column veetor of finile lenalh
and X =(x;, x,, x,. ) an Anfinite colimn vector of wuknowns y,, r,.
Then the infinite svstem of linear equations

(36) AX=(

X

5 aooc

i infindtel v omany wunknowns -

hus « unique solution tf and wnlv if N is row com plete arthanormad, Offeerwise,
the svstem has IRty masy (svstems of) selutions.

Proof. L.et K be row complete orthonormal, Then from (33} it follows
that X =A"C is a solution of {36} and in fact the anique solution of (36).

To prove the converse, we first observe that from (21) 1t follows that
X =K'C 15 a solution of (36). Now. let us assume to the contrary that X =
=K"C,is the unique solution of {36} and that A is not row complete. But
then. by (26), there exists an infinite colunin vector F#0 such that A1 = 0.
Obviously, XN = A'C41 = A0 is another solution of (36). contradicting
the uniqueness of the solution of (36). Henee our assumption is false and
A is row complete,
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To complete the proof of the Theorem,

Krt;)l\l: oirt_hoznczrn?al.hut not complete then (36) has infinitely many- solutions
gain, by (21) we see that X =A"C is a solution of (36). However, since N

is not ¢ e, by g 1%
U complete, by (26} there exists an infinite column veetor I'#0 such

that K1 =0, Let s by anv b
- ey voany real number, Then clearly, Vo i A0 L [7ey o0
inflinitely’ many solutions of (36). varly, V= (A'CH17) gives

it remaing to show that if A
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Cartea de fagd reprezinti un volum comemorativ cu ocazia a 200 ani de la moartea
jui Euler si contine articole a 30 de specialisti din 10 §dri si 4 continente. Nu-i vorba de
o revnire intimplitoare de articole fArd legdturd intre ele, ci volumul are o structurd unitard
reusind si dea o vedere de ansamblu nu numai asupra vastei sale activitdyi din domeniul
matematic {teoria numerelor, algebrd §i analiz), «i si din aproape toate stiintele naturii din
acea vreme (in special fizich, astronomie si teoria navigagiei) atrdgind atentia totodlatd §1 asu-
pra consccingzlor durabile ale rezultatelor sale pind-n ziua de azi. De asemenea, un articol
al lsi W. Breidert trateazi si despre preocupirile filozofice ale lui Euler. O parte importantd
(scrisi de F. A. Fillmann) este consacrati vietii sale, articole speciale referindu-se apoi la
desfigurarea acrivitdyii sate in cadrul celor 2 academii pe care lesa creat: cea din Petersburg
si cea din Berlin, cit §i la legiturile sale cu contemporani de marcd (L. Bernoulli, Lagrange,
Cramer), In sfirsit, J. J. Burckharde d o list3 completd (circa 700 titluri) ale scrierilor
despre Euler, Se di de asemenea o listi cronologicd a operelor fundamentale ale lui Euler.
Cartea se-ncheie cu un indice de figuri.

Petru Caraman

P. ]. BIKEL, K. DOKSUM, J. L. HODGES, Jr. (Editors): A Festschrifc for Erich
L. Lebmann. In Honor of Iis Sixty-Fifth Birthday, Wadsworth International Group Bel-
mont California, A Division of Wadsworth Inc., 1983, VIII 4+ 461 p.

Volumnl celebreazd cea de a 65-a aniversare a profesorului E. L. Lehmann, care s-a
n¥scut la Strasbourg la 20 noiembrie 1917, a studiat matematicile la Universitdyile din
Zirich i Cambridge si §-a dat doctoratul la profesorul J. Neyman de la Universitatea
Berkeley din California. Din 1946 este cetijean al Statelor Unite ale Americii, Este pro-
fesor la Universitatea Beikeley din California (intre anii 1973 si 1976 a condus Facultatea



