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DUALITY FOR VECTORIAL NONCONVEX OPTIMIZATION
BY CONVEXIFICATION AND APPLICATIONS
BY
CONSTANTIN ZALINESCU

Introduction. Many papers concerning (strong) vectorial optimization
have appeared in the last few vears. In the convex case, the main attempt
was to generalize the results from the scalar one as, f.i., the Fenchel-Rocka-
fellar duality theorem ({1]. [10]. [23]. [30]). the formulac for conjugate
operators and e-subdifferentials ({101, [13). [14], [15], {23], [24)) and
theorems of Kuhn-Tucker type ([10], [30]). The non-convex case was also
considered and for this case Fenchel type theorems ([8] for the scalar case,
[20]) were established and the Lagrangeans asociated with such problems
were studied ([71. [16]). We elaborated ourselves a paper {[28]) in which
we extended the Fenchel-Rockafellar duality theory for (strong) vectorial
programming. The objective functions were non-convex, the imposed con-
ditions assured the existence of their convex hulls and the validity of dua-
lity results for the relaxed problems. Thus it was reobtained all the formulae
for the calculus of conjugate operators and subdifferentials established
in [13], {14], some of them in wmore gencral conditions, in an unified and
simpler manner. Meantime some papers have appeared with similar results
(see [3], [4], [24]), so that our mentioned paper could not be published in
the initial form. So, the main ideas are taken from (28], but we insist mainly
on the non-convex case. The paper is divided in four scctions. The first
section presents the preliminary results and notations needed in the sequel.
The sccond one is devoted to duality theory. The main result is Theorem
2.3 which states the existence of the convex hull of the considered function
and gives a duality result. Theorem 2.3 will help to obtain many duality
results and formulae for calculating conjugate operators and e-subdifferen-
tials, In fact, as mentioned in [H1], as soon as a duality result is valid, it
is casy to establish such formulae. We also apply Theorem 2.3 to obtain
the same kind of results for functions of the form gof, where f. g are convex
and g is increasing, getting the corresponding formulae from {141, [15] in
more general conditions. In the same manner there are obtained a |, Farkas
lemma” and a ,sandwich” theorem. Tt is also given a simple proof of (17,
Th. ] concerning the separation of scts in product spaces, In the third
section there are given conditions which assure that the primal problem
and the relaxed primal problemn have the same value, or an optimal solution
of the primal problem is also optimal for the relaxed onc. As applications
of these conditions and the results of Scction 2, we reobtain the results
concerning the non-convex programming in (8|, [16, (20 . some of them
in more general conditions. We also give a Kuhn-Tucker theorem for con-
vex programming. Finally, in Section 4 it is underlined the continuous case.
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The main resuits of this section are :l:lln’<):'c111 4:1.. \\'hich_;;'cnemliz’vg-‘. s,
Th. 3.14.201 from the scalar case. and Theorem 4.5, _s:'e:]u-ruhzm_s{ 30, Th. 6.

1. Preliminary Definitions and Results. et £ /7 be real linear spaces.
If Pek is a convex cone {le. x+veEl el l‘"m all vovel jeke)
we write ¥€pv (or simply x<y) for v xvs P L(E, ) denotes the space
of linear operators from I into I if Pk and Qef are convex cones,
L(E, F) =it el(E )T :—_{),'._ 11 E..J' are real tpp(r]oglgal _Imc;n‘ spaces
(t.1s.), B(E Fy={Fel(E )|l cqutmuous}, while B £ I) . B(E F) n
n L+(E, F) when el <k aregiven convex cones. For {-‘EL(E,'}'),
N(T), R(F) denote the kernel and the nm,{,:e.of I, respectively. The projec-
tion of EE xF on E is denoted by P If Eis :1\[.1.5. -”O{E_) donptes the class
of symmetrical neighborhoods of the origin of . Let @A cll G denotes
the 'afﬁ'm: manifold spanned by 4, while 24 denotes the c!gsed aﬁn{e m'aquld
spanned by A when I s a t.ls. 1 denotes the algebraical relative interior
of 4, that is *l={ved|Vve'd D -0 Vas(0,2): .1:‘—1-_1(_'.' x) A}, while
11 denotes the topological relative interior when Eisatls, fe. i d
={re4|I sQE): (x+ ) Acd} H A _=E, ' is denoted by AY, and,
i Eisatls and *4 =F, ri A is denoted by int 4. co 4 and cone 4 denote

the convex hull and the conic hull of A, respectively. So cone A xUOl.A.
=

Note that if .4 is convex (convex cone) then 0 =84 iff Vyed, 32.>~0, such
that —Jxved (4 is a lincar subspace) or equivalently cone o is a linear
subspace. If . cIl Is a nonempty {convex) set and A i_=.~1. we (!c=note by
C(A. x) and H{d) the convs_L;}U}.(A- v} and ;Liﬂ‘(” x {11}, respectively,
Proposition 1.1. Let 12, I be real linear spaces, A, Be B, CoF and I'<
s L(E F). Then ‘
(1) co(d xCj=cod xcoC. B
(48) T{co A)=co T{4): T{cone ) =cone T(1}).
(#ii) co{d +B)=co 4 +co B
{iv) cone d s convex iff co‘lCc?nt_' A0
Provf. (ie) can be {found in (1710 So it is sullicient to show that co A x

L " L4 m
3 - S - S
xcoCocofd xC). Let v --Er...x,, v::Z_};L,-\',, T y,_-(},Z{/ﬁ._El‘J; -
v 1 1 1 I
n "

vwed, v,eC, Igign, I<jsm Then (v, y) = 22 na(ve viieEco(d xC).
’ ’ E taal o |

Definition 1.1. T/e nonempty convex subsets A, ... A, of K are in
general position if

ko1
(1.1 o=Y (N, -1, VR 2<k<n.
7=1

Proposition 1.2. (29, Lef A, ... A =k be nonempty convex sets.
The following stalements are equivalent:

(£) A oo, s are i general position,

{i1) h A7 @ and for all {one) ve A, C(d, x) . O, )

: J=1 bl
are Tn general position, N

(it H(A). . H(A) are in general /Jf,sa!:on. o

(e} (0. .0 &(rv—nx. . x=p)vEE red; 1gjsn).
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Remark 1.1 Kututeladze [13] has introduced the notion of
convex cones in general position asking that (1.1) be satisfied for a Tearran-
gement of the sets. From Proposition 1.2 we see this notion does not depend
on the order of the :ets,

Throughout this paper # is an ordered linear space with positive cone
75 having the least upper bound property (Lu.b.p). Le. every nonempty
subset B8 which has an upper bound (lower bound) has a least upper bound
(greatest lower bound) called a suprentiom (énfimam) of B. Such an element
will be denoted sup B (inf B). aithough it is generally not unique. To avoid
complication of writing. we shall suppose 2+ - Z*={0}, so that sup B
and inf B arc unique when thev exist. As usually, max is an attained
supremum. £ is a linecar lattice when inf {r,3}=xA v and sup {x. vl =ay
exist for any v, veZ. A<= is said to be lineally closed if cach line meets
the set in a closed subsct of the line.

Proposition 1.3. Let 7 be an ordered lincar space with the Lub.p. Then

(1) Z* 1s lincallv closcd,

(1) if v he Rebas upper (lower) bounded then <0 {x=0).

Proof. (1) is proved in 7217, while (17) follows from (7) applyving [i2.
Ih. 1.3.4].

Let f: D E—I" be an operator. where FFis ordered by the convex
cone ). We say that [ is conwvex if D is convex and FOx + (=20 < af(x) +
+H(L=2)Ax) for all v, v&D) 550, 1) [ is a sublincar operator if D 4s a
convey cone und frx)=if(x). flx +3)<f{x) +/(v) for all x, vel, reR-.
Ii s also ordered by the convex cone 2, fis increasing if D— P < D and

S)<f(v) for v v =D with y< . Every time when we write f(x)<z, we mean

v&D. Somctimes the domain of definition of / will be denoted by D(f).

Let now .Y he a lincar space, Z as above and A« X xZ ; we say that
A s of epigraph type il (v,z)ed, 22z imply (x,z') =4, Note that if
AcX xZ then L(d) =4 +{0} xZ+ is the smallest set of cpigraph type con-
taining 1. From Proposition 1.1 (/) we have that E{co A) =co E(4).

Propsiotion 1.4.(7) /: D« X—>Z is convex iff epif={{x.z) X xZ | f(x)<
<zt dis convex. .

(¢) Let ACX xZ be such that inf {z|(x, 2) €4} =g ,(x) eaists for all
xe Py(A). If E(A) is convex then oa Dyld)y=2Z s convex. Moreover, if
2 Py(d)=Z. Acepio then p<o,. = e

The proof can be made in the same way as in the scalar case.

Proposition 1.5. (¢) Lot A < X xZ be such that E(A) 1s convex. Suppose
that inf{z|(xo. <) €A} exists for some v, € Py(A). Then inflz|{x, z) =AY exists
for any x & pPy(A).

(i) Let [:DCXN=Z If infl{z/(x, 2) sco(epif)} exists for some v,e
i D then Inflz|(x, 2} Sco(epi )} cxists for every x<co D,

The proof of {7} is as in the case Z = R. For (¢} apply (¢) for A =co{epi f).

When i]]f{gf(_\', z) E(;o(cpi f)} = 0 (t'l'if](\.) exists for all x eco D, the ope-
rator cof : co D=2, o f{x) =gea i si(¥) 15 called the convex hull of f.

Very important for the sequel is the following result, ")

Theorem 1.1 [31).Lét X.7 be as above and [: DC X7 a convex opera-
tor. If xy&'D) then there exists T =1L(X, Z) such that Tx - Tx,<fla)—f(x,)
for all xeD.

Matematicd 212
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Definition 1.2. Lot f: D e XovZ and xvye D, eeZt, The e-subdiffcren

fial of f at x, is the set
& f(xo) ={T €L(X.Z)|Tx-— Tx,f(x) f(.r.,) +e YyreD].
The subdifferential of f at x,=D is the set éf(x,) =& f(v.).

Remark 1.2. If f: Dc X7 is a sublincar operator then ¢ f(0)=£f(0)
and & f(x)={T €if(0)|Tx2f(x)—¢! for cvery veD and ¢>0.

W e shall also decal with problems of the forin
(P) inf{f(x)|x=C}.

X, is an optimal solwtion {z-solution) for (I} f v, =C and flx,) =inf P=
=inf{f{x)ix €CCD}(f(x,)<inf I’ +¢).

2. Duality Theory. In the following, X. Y} arc real lincar spaces and
Z is as above. Let ACY xZ be a nonempty sct. According to Stoer and
Witzgall [22, Def. 4.65), we introduce the conjugate 4° of the set A
by 4¢={(P, 2YeL(Y,Z)xZ|z+2'2Ty V(3 z)=AL

Proposition 2.1. (1) A€ is a convex set of cpigraph tvpe,

() Af=(co A)*=(E(A))";

(i5i)y  If A2 QG then oua(v)=inf{z[(v, 2} €co A} exists for all y &
ePly(cod) and
(2.1) Peo a(y)Zsup{Tv—2" (T, 2') = 4°}.

The proof is immediate.

Theorem 2.1 Let AcY x7Z and v, s Py(co A). If inffz|(v,, z) €co A}
exists then AA @ and inf{zl(v,, z) =co A} =max{Tv,—z'|(T. ') =4}

Proof. From Prop. 1.5 (i) and Prop. 1.4 (ii), we have that 9w 4 exists
and is a convex operator. Since v, =9, ) \\L can apply Th. 1.1 to get
TyeL(Y,Z) sothat Fov—Tiyy< ocoa(v) — 9o a{ ) V¥ ED(9e 1). Therefore,
z+Toy —0wa(de)z Toy ¥(v, 2) €epine 422l 50 that (T Tovo—2e a(V0)) &
e A . Hence

inf {z!(ve, 7) €co A} =0 a{vo)zsup {Tv,—2'|(FP.2') €A} >
= To-\ L :Fl'-vﬂ + + Do -{(_)'n) = Deu A( _\'o)-
which ends the proof.

Corollary 2.1 [17]. Let B, CcY xZ be such that a) 0 €' Py(co(B—-C))
and b) (0, 2) €co(B C)=>z>0 Then there exists T = =I(Y,Z) and zy €2 such
that Ly, —ni €z Ly, —2 Yy 2} =8B, (3. 5) =C.

Proof. Let A =B —-C. We are in position to apply Th. 2.1 with y,=0.
£0 that there exists (7, z') €4° such that 0ginf{z|(0.2) €co(B-C)} ==
But (T, 2')e4’ is the same with

n—mn+'> I')k—I v, V(v m)e B, (v, 2)eCes
Ty =g Pyi—2,+2< Py, —z, V(v 2) €8, (3w 2)eC.
The proof is complete taking z, =sup{Ty,—x|(v.. z,} € B}.

In fact, in [17] Condltion b) is given in the equive alent form (0, x)e
=co(cone(B— C))=>z>0 while condition a) is replaced by the condition
@) Vye!Py(co(cone(B—C))) Iz&Z such that (v.z)=co(cone(B—C}). ie.
¢ Py(co(cone( B —C))) C Py(co{cone{ B —C})) «Pp(co(cone(B —C))) is a linear
subspace. But Py(co(cone(B C)}} =cone Py(LO(.B -C)), so that a) and a’)
are equivalent, It is clear that from Corollary 2.1 one can state Th. 2.1, so
that the above results are equivalent.
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Definition 2.1. Lol [ F e X—=Z. The conjugute operafor o/’f:s_[f - Fo2,

F(r) *—-‘;up{f x—flx)x el where F={Pel(X Z)sup{Tx— f(x)|x = F}

exists).
Theorem 22, Let fiFC X—=Z. Then
(1) cepilfo=(epif)y and ff s o convey operalor,
{riy If F#Q)’ then co f exists mui fe={co ).
(i) Ted fix)eT el and f(T)+f(x)< Ty, +e,
T edfix)eT =F and f(T) +f(x ) = ey

The proof is immediale.

Let now @ : DCN xY-—=Z be an operator. Consider the problem :
(P inf d{x, 0),
called the primal problem (PP), and, when vo ® exists, the relaxed primal
problem (RPP):

(P) inf co ®(x, 0).

To the operator ®, we assnciate the set d ={{y.z)e¥ xZ|IxeX
Pix, vy 2}, Tt is clear that the folowing relations hold :
(2.2) A =Py, {epi®). co d =Dy g{colepi 1)),

Py(Ad) = Py(D) = Py(epi ). Pylco )= FPylco Iy=1y{co(epi ©))
Remark 2.1 A4 1s a set of epigraph tvpe. If & is convex, so is 4.
Lemma 2.1, Lt 0 DCX xY >/ Ilzuz
(7} inf{d(x, 0)|(x.0) € D} =inf{z|(0, ) s 4}

(if) If co® exists then u:.f{co@(x 0) (). 0) =co D}-_mf{..j(o sysco AL
Proof. 1t is clear that for a function /: 'C.X xY—=Z, we have
inf inf flv.ay= inl  inl flyv. v})= mf f(\ V)
sEPUF) ye, ¥EPIF) veF, {x,
as soon as onc of th( above qudnutles exists, \\hcre I =1vi(x, V) EF} for
x € Py(F). Let us take I ={{x. 2)[(x.0.z) Scpi ®} 'm(lj FaZ, flx, z)=

Therefore  inf  inf r= inf inf z= inf = But inf z =inf{z|(x, 0, ")E
vair(f ;Ef Efytf; 15} X118 |1 zE.F

€epi OF =d(x, 0). sothat inf inf ~—1nf{(l)(\ | (x, O)t-D} while inf{z|r &
th U Ef

& I',(F)] =inf{z}{0, 2} = .1}, since :FPZ( Ve Ixv =X (x, 0, 2) cpide(l, 2) =
.1, 50 ihdt {7) holds. To obtain (/7)) replace ® by co® in (i)

Let us determine now A€

(P, Yede V(v )l iz 2TreV(x, )& Oy, v) +5'2 Ty

e V(x. 1) =D 200+ Te—®(x, v)e(0, 1) and /2040, 7).
Therefore A<= {(T. =)0, TY D, 200, I)].

Taking into account the above relation, Lemma 2.1, and (2.1) it
is natural to consider that the dwal problem (DP) of (P} or (P) is
(D) sup —@°(0, T)1.
If A% & then from the definitions of (P), (P} and (D) we have inf Pz
>inf P2 sup D,
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Theorem 2.3. 7f O=co I'y(D) and inf{z|(v. 0., ) =colepi ®)} exists,
then co® exists and
(2.3) inf{co ®(x, 0)|(x. 0) =co D} =max{—®(0. T)[(0, T} IR,
Morcover, x, is an optimal solulion for () and min P=max D iff 3T <
sL(Y,Z) such that (0, T) €é®{x,, 0).

Proof. In our condltlons by (2.2) and Lemma 2.1 we have 0 €4 Py(co A) =
=*co Py(D) and inf{z/(0, z) €co 41—1nf{z|(1 0. ) sco(ept P)} exists. Hence
we canapply Th. 2.1 to obtam that inf{z/(0. z) sco A} =max{—z|(7, ) €A}
Therefore A¢% @, so that ept des Q I']Ll‘](‘(, co ® exists and max{—z|{(F, z} =
= A =max{-®(0, F)1(0, 7) €L The rest of the proof follows immedia-
tch'.

Theorem 2.4. Lot f: FaY—=Z and S e L(X,Y) besuch that 0 € R(S)—
—co F).

)(?') If inf{z|(Sxy, 2y =colepi f)! exists, then co f exists and
(2.4 inf{co f{Sx)|Sxy=co Fl=max{—f(T)|F sk, FoS=0L
Ny 1S an optimal solution of the corresponding primal problem and min I'=
=mux D iff 3T «df(Sx,) such that ToS=0. Morcover, if [ is convex and
o{x) =f(Sx} then B

(1) Do) ={ToS|TF), = (O)“mm{f(] eF, ToS=U.

{(#i1)  dp(x)={ToS TEE‘J(S&)1 VyeD{g) = (I), e2 0.

Progf. Tet®: D~Z O(x, ) =f{Sx—x}). where D fr. v)eX x YISy —
—v&Fl={{x, Sx—v)|x exX. v Therefore co Pyp(D)y=R(S)—co F, <o
that 0 =*co Py(D). To apply the pre ccdmb theorem we must calculate epi @,

epi®={(v, 3, 2) X x¥Y xZ|P(x, vz} ={{x. v, }/(Sxy—r)gz)} =
={(x. Sx—r.2)|xeX, (y,2) ecpif} ={X xepi f).

where V:XxY xZ—=XxY =xZ V(iy,v.z)=(r.Sx—v,2}. ¥ is a lincar
operator, so that co{epi ®) = V(X xco{cpif}). Therefore inf{z|{v, 0, :z}e
=co(epi @)} =inf{z|x =X, (Sx, ) €colepif)} exists, so that formula (2.3)
is true. We have

(P, Ty) = sup{T v + Torv - Dz, ¥)|{x, 1) =D}

=sup{Tyv+ Ty —flSx—y)jxeX, v, Sv—veF]

sup{ Ty v + To(Sy—y)—f(M |y EX, vel}
sup{(T, + TyoS)vixr X} +supf(— Po)v—f(v) Iy &F).

Il

Therefore

(2.5) ={{TeS. T)IT=F} and &(TeS, F)=f(1)

Hence, since D @, F# . so that cof exists. On the other hand. taking
into account (2.5), (2.3) becomes (2.4) in our case. The rest of part (i) is
obvious. -

(7} Suppose f is convex and take U €D{g?). Consider @®: D2,
®(x, ¥)=0(x, v})—Ux, where @ is defined at (7). We have that 0='Py(D}
and inf{®(x, 0)|(x, 0) € D} = —g(U)}. Therefore
(2.6) —¢*(U) =max{ (0, T)|(0. T) = D(de)}.

-~
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But &0, T) =sup{Ty -
(2.6). (1) follows.

(z17) It is obvious that {TeS|T =c, f{Sv.)] cdo{x,) for v, =85 1(F)

Let U =éo(x,) e D= the n l]luL exists Tl such that U=7ToeS and
o (U7) = fo( ). Thus f(Sx, V(T =2(v) +29(U)< Uxg+e=T(Sy,) + . There-
me T=¢,f(Sx,). and the pmof is complete,

From Ihcorcm 2.4 we obtain the following important cases.

Theorem 2.5. Lot [ Fe X x Y2, SeL(X.Y) and supposc that 0=
HSx—v|(x, ~;)E(‘of}

(1) If infizl(x, Sx.2) Scolepif)] cxists then cof exists and
inf{co f{x, Sx)|(x. Sx) €co I} =max{- [(ToS. — )|(TaS. — T) ek}
Yo 15 ant optimal solution of the corresporiding primel problem end min [ =
=max D iff 3T eL(Y,Z) such that (ToS. —T)<éf(x,, Sx,). Morcover, if f
15 convex and o{v) =[{x. Sx) then

(1) Dr l‘) ={U|U="T + 7,08, (T

VAR - +f pS =17} , ,

(iri) ¢ -:.( ) ={T + F.c oS (T, Ty) e flx. Sx)} vveD(3)=
={x|(x, 51)*-[1 ez 0,

Pr oof. This case can be reduced to the one in Theorem 2.4 considering
the operator SeL{X, X x 1), Sxy=(x.Sx), and noting that 0&¥Sx—v|
{x.y) =co Fles(0, 0) &' (R(S) —co F).

Theorem 2.6. Lot X, Yy, U<k<n be linear spuaces, [ o Y, »Z and
Se = L(XUYL), I<ksn, Suppose that (0. 0y sH{(S;x—v, .. Svv)|x e
=X, wecoF Ickenl,

() Ifinf{z, + + 5| (Sex. o) Scofepl f), 1hsnl cxists. then co fi
cxists for all k, 1<kgn and

O(x, )+ Ux|(v. v) =D} =d(U. T). From (2.5) and

W Ty =R o(U) =min{f(T,, T.)

inf {2 ca fil(S)|SpyEco L 1ghg n} =
ko1

" H
=ma.\'{ R T LY '17,_.0.'5*.=0}.
L2 kel
Yo 15 an optimal solulicn of the correspioiuding primel problen: and min P =
u

=max 1 iff Vi o1gkgn 3T, eifi(Sva) suck that E TroS5,=0. Moreover,
L |

if fe 1<k are convey operafors end

o(x) = g FlSex). then

(t7) 1o --{C' = 2 T,oS,, F,sF,. 1<k< n} .

k=1

o*(L) =in {2[{( TPl 1<k Z: TieS, = l’.'} .
o Raal

2 ToS Ty €0, [l Sya), &2 0. isk@”-z &= E}

koo

(i1} éppln
Vi & D).
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Proof. Take §: Y=Y =Y, X.. X ¥,. Sv=(5,1....5,x) and [: F=F 5
XF,CY—=Z, f(3. oo 20} =100 1) + o () In tholun 2.4. Note that cnf
exists L\autl} when co f; cxists for all [<kgn and then

€O f(x1, oo ¥n) = QCO_{I‘(J"A')»

(2.7) D(f) =DUfs) X e < D). AT, o Tu) = 2 ST
(2.8) & f(30 e da =U{EAD LK C faldm) a2 00 et L b Ea=g

Corollary 2.2. Let f, - F,C X—Z, i<ksn. Suppose that co Fi, 1<kgn.
are in gencral postiion.

) If inf{z;+ ... +% x€X, (1,
co f. extsts for all 1<k<n and

- = K . L . . n . : _ . 13 ‘
inf {; co filx) v e DI o F;-} = max§ — g_f,,(?’k) T, =F,, 2 T, =0[_

X, 15 ait opivmal sotut:’ou for (P) and min P=max D iff V&, l<k<n If, =

& cfi(x,) such Hmtz T.=0. Morcover, if fi are convex and (x Efk {x},
then

7} €colepi fi). 1<k} cxisls, then

(i) D(3) = {L"L': ?:1 P Ty L_F,,}, 5(U7) = min {gf,:(n) T, =
EI-‘L.,Z“: T = L'} .

aeyd

(11} &y .\')=U{2 Cofi(v) a0, Igksn, e+ .. +e,,=-a}.
k=1

VreD(s) = mF.

I’aoof prh Theorem 2.6 for S;=identity of X, 1<hgn. and take
into account Proposition 1.2.

Theorem 2.7. Let [ 1 FC X—Z and S=L(Y . Z). Suppose that 0 =ico S(F).
If inf{zlxeX, (x,z2) co(epif). Sv=0] exists, then cof exists and

(2.9) inf{co f(x) Sx =0} =max{ f(ToS)|T =l(Y.2), ToS EF}.

Morcover. x4 is an optimal solution for the corresponding primal problem and
min P’=max D #ff

Svo=10 and QTC](}' /) such that ToS i f(x,)

Proof. Consider @ : D=2, ®d(x, v} =f(x). where D={{v, y) =F xY |5y =
=y} ={(x, Sx)|x el}. Thereforc P, H{Dy= S(F). so that 0='co Py(D). To
apply Theorem 2.3 we must calculate epi .

epi ®@={(x, v, 2)ISx =13, fx)<z} ={(x, Sx. 2} (x, 2) Sepif]

~¥

9 DUALITY FOR VECTORIAL NONCONVEX OPTIMIZATION 23

so that co{epi®) ={(x, Sx, 2)|(x. ©) =colepif}}. Therefore inf{z|{x, 0,z) e
=co(epi ®}} =inf{z|(x, 2} =cofepi f). Sx=0] exists. But ®(0, T") =sup{Fy—~
—d(x, 3} (v, ¥) €D} =sup{Tyv-f(x}| Sy =v}=f (FecS). Hence cof exists
and (2.9) follows from (2.3). The rest of the theorem follows immediately.
Corollary 23, Let [ FCX ~Z be a convex operafor and S<L(X, Y.
Suppose that »(y) =inf{f{2)|Sx =1} cxists for cvery v €S(F) (this is the case
when o(vo) exists for some vo='S(F)). Then
(i) D(&) ={U|UsS <F}. ¢(U) =[{US),
(1) for every attained »(x), c.g. »{v) =f(x

ter{ V) ={U US =& f(x)}.
Proof. (1) It is just clear that 2 is convex. Let UeD(s%).
—o(U) =inf (1)~ UrvlrveSE)} =inf{f(x) - Uy}Sy- yv=0, yeF, yeYl

Let us take f:F xY=Z, fla, v)=f(x})— Uy and 5: X x YY), S{x, )=
=Sx—1v. Since 0 &' S(F xY)=YS(F)—Y)=Y we can applv the preceding
theorem, so that —-;a‘([’)—-nrw{—f"(Toﬂ] ToSeD(f}. But for Te
eL(Y. Z), ToS=(ToS, —T} and [(ToS)= f(TeS. —~T)=sup {ToSx -
—Ty —f(x} + UylyeF, ve¥}l=supfloSy - f(y)ve= I} +sup {(D — TY¥i
vell, so that ToS el)(j) iff ToS<F and U =T. This shows that D(¢f) =
={U"|UoS =/} and 7 (U) =/(U0S).

(1) Let v=Sx such that (v} =f(x). Then for Ued, 9(v), UeD(3%,
so that UoS «F and f(x -=-f {7eS)= 3(\) +590) g Uv +e=UoSy+¢, which
shows that UeS E(_f( c e Gn(v)CH{U U eS & &, f(x)). The converse in-
clusion is obvious.

Corollary 2.4. Let fi: I, C X =Z. t<h<n, be convex operators. Suppose
o(x) =Iinf{fi{x)} + ... x| TF Igken, x4+ . v X, =3 exists for
crery X € . A Fp =1 (this is the case when o(x,) eaists for some x, €'F),
Then

(1) D7 f)~nu o ka

{12} for cvery attaincd _:(1). (i ;-( v) =)+

n

=X pla) = U{k 1(',,]}(\',, )iarz0, er4... Fe, =2,

Proof. Take in Corollary 2.3 ¥, =X, 5: X" X, S{vy e ) =2+ +
txpand f1 F, % o xFyZ, flan o xa) = fi(0) + o +fulv) and use (2.7)
and (2.8).

Tn the sequel, supposc that Y is ordered by the convex cone o, f:
F—Y is convex and g:(G 7 is convex and inecreasing (see Section 1}.
Note that D(g)C LY. Z) so that dg(v)C LY, Z). 1t is simply enough
to show that = : H—+Z. o(x) =g{f(x)), where H ={v J7{/(x}) =G}, is a convex
operator.

Theorem 2.8. Lot f. ¢ be as abore and 0 €XG —f(F)).

(1) If infl{o{x)!x € H} exists thei

V). Sx=y, we have

c A falxe), v+ o+
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(2.10)  inf{o(x) [y € H} =maxi—g(T) —(Fof)(0) P & 0 =D((Tof))l.
Moreover x, is an oplimal solution iff
AT e8g(f(xa)) such that 0 = (T of)(1.).

(@) (Dg) =UIPUT o)) T =G},
(2.11) o' (U7) =min{g(T) + (Fof) (L) U e D{(Tof)5). T E(:j

(#i2) Qeo(¥) =U{ée(TofH W) [T €f0g( (X)), £, 6,20, &, 4, = el

Proof. (1) Let @: D-Z, ®(x, vy =g(f(x) ). where D={{x v)el x
XY fla)—y =Gy ={(x. f(x) —v)lx =F, v &G) Therefore 0 P (D) =Y f(I)

—(G), so that we can apply Theorem 2.3 to got inf{o(x)lx e H} = max {—d°
{0, T}|{0. T) € D). But

.M ST =sup{Pur —Tox —g(f(v) —x) v &F, f(x) —v &) =
sup{Tix—(Toof)(x) + Tay—g(v)x €F, ve(; =sup{l,v—(T,of 1) v =
| S} 4 sup{Tey—g(3) iy <G} =(Taof J(T,) +g4(T),

as soon as T. 6 and T,eD{(Tof)?). So (2.10) is verificd.
(t7) Let UsH and take ®: D~Z, O, V) =@(x. v} Ux. where &
15 defined above. We have

=9 (L) =inf{®(x, 0)|(x. 0) € D} =max{ b0, T) (0, - T) = D(d)} =
. =max{--0(U. —-THWI, —T) &ﬁ}
So we get immediately (2.11).

(77i) Let now UEE},?(.\')CJ?. There exists T &6 such that U e D((Te
of )) and " (U) =g (T) +(Tof)o(L). Thercfore

SN +& (1) H{Lof Y (U) = 9(x) +9(L)s Un +5,

or cquivaiently,

SN +&(T) = TUH0) AT of)(x) + (Tof)(U) — Uasce.

Taking e, =g(f(2)) +2(T) = T(f(x))>0 and e,=¢ e, we have T e, g(f(1),
U<ae{Tof)(x). Thus we proved an inclusion in (7if). The converse is ob-
vious.
Corollary 2.5. I'n Fheorciii 2.8, suppose that g is sublincar. Then
(z)  inflo(x)[x eI} =max{—(Tof)(0)| T =ég(0). 0eD((Tof) )2,
(51)  D{of) = UID(Tf)) T Seg(0)}. (L) =mind(Pef)(L) T
<eg(0). UeD((Tof)).
(2)  &plx) =Uea(T o) ()| T =ig(0), T(f()22(f(x)) =, &1 €2
20, g, +s,=¢}.
Proof. We must only note that gy =¢g(0) and ake into account
Remark 1.2,
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Theorem 2.9 Lot Y e o lincar lafiice. Fel(Y 2y und fi: F,C N Y

I<hsn. convex opertors. Suppose that I, . I, are in sencral position,
"
Fake o OF =2, 2(0) =TI v ).
&1

{1} If nf "i'(f,(.\': oLy ~=Jhll",\} exists, then

inf{'l:(f,( 5 RN EY) IF: té ]'-.z-} - ma,\{ - z(lhu[,)’(ﬂ) Tesl+y(Y. 7,

2o Te=T. S, D((Tyof)). i.SA.=0} .

LA |

(i) D(of) = {; Syl 3T LY. 7). 2 Pe=T. 8. =DUT, ofk)')}. '
»(U) =min é (_T,;.oﬁ.)"(Sk) T,el+(Y. Z). i Iv=T,
K=l . . . A=
Se € D((Trofi)?). QSA- = f"} .

(ti1) Eep(x) = {Q E Tuof ) (NP LY. 2), IS To=T, 20,

-1

(%) ?31 Tl fl ) + ,,2 o = e} :

Proof. Take f:(MFy=F=Y" flx) ={f,(¥). ... fo{x)) and g:¥Y" =2,
L3
gl Vo) =T (v ooV v), Y7 being ordered by 07, o is an mcreasing sub-

lincar opcrator. Morcover 0 &¥(f(F) —Y") =" and éo(0) ={{T). ... T )T, =
”

LY. Z), 2 Ty=T} . The assertions follow then from the preceding coro-
k=1

llary and Corollary 2.2.

Remark 2.2 The duality resulls in the preceding propositions are new
for wectorial optimization (except the Fenchel duality in Corollary 2.2},
as well as those assuring the cxistence of convex hulls. Alto new. for
this case. is the method to obtain the formulae for conjugate operators
and e-subdifferentials.

Remark 2.3, The formulae stated in Corollarics 2.3 and 2.4 are new
for the vectorial case (for the scalar one see [117. [197) and are dual to
those in Theorem 2.4 and Corollary 2.2.

Remark 2.4, In (14 Theorem 2.8 (12) and (1i7) are esteblished in the
condition f{FING's &.
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Remark 2.5. From Corollary 2.2 and Remark 3.2 one obtains Theo-
rems 1 and 2 and Lemma 3 from [201, taking into account that (0, oo}
(F,~F,;)=X implics 0 e(co Fy—co I},

Remark 2.6, Corollary 2.2 (i) is nothing clse but [1. Th. 67. Taking
into account the disccussion in Section 4. one obtains '8, Thms. 2.3, 2.4
and 130, Thms. 2,31

An immediate consequence of Corollary 2.2 is the following.

Corollary 2.6. Let f: FCX—~Z. g GC X-»Z besuch that [ and g arc
convex and 0 F—-G). 1f f(x)zg(x) for all veFNG ther there exist TE
el(N, Z) and z=Z such that
(2.12) g(0)< Pr—z for all veG. flvyz Ta—z for all xel.

In the scquel we give a necessary and sufficient condition for the
existence of TeL(X. Z) and : €7 satisfying (2.12) {(compare with Sandwich
Theorem 4.3 in [317).

Theorem 2.10. Let [ FC X2, g2 :GC X +Z be such that [, g are
convex. The following stalements are cqtervatend

(1) there exists a convey operator b X->Z wilh H0Y< 0 such that

) —g(x> —h(xy-xe) for all x,<F, 528G,

(11) there cuast Tell\, Z) and : £ satisfying (2.12).

Proof. Taking h=-T. it is clear that (fi)=>(s). For the converse
implication take h: X x N2, T(x,. x2)=T(x,— w)and At F xG—Z, k(¥
xg) = f(x,) —g{x,). For 2 and % onc applies the preceding corollary, aud the
conclusion follows.

Theorem 2.11. Let [:FCX 2 he a sublinear ofrerator, PCX.QCY
conver cones. SeL{N.Y) and v, €Y. Suppose that T P is a lincar sub-
space and yo={(S(FNP) ). Then
(2.13) 20, Sy2v=fx)>15
if
(2.14) 3IF, eL+X.2). T, e LY. Z) such that T, + 108 cef(0) and Tixa2 za.

Proof. It is clear that (2.14)=(2.13). For thc converse implication
take ®: D—Z. d{x. v} =f(x). where D ={{x. )|y eFNP. SxSyv ty +0Q}.
® is convex and Pyp(D)=S(FNP)—0 —! therefore 0 €2 Py (D). Since %€
<inf{®(x. 0)|(x. 0) € D}, from Theorem 2.3, there exists 1. e1{}Y, Z) such
that (0, T.) D) and %< —¢e(0, T,). But

(0, T') =supf Fav —P{x. V(. v} E Dy =sup{le{Sy— 2o V) —fla) v e

eFNP, ve@} =supi oS« - f{)jxeFN P} psupl — T,y v Q) =T
Therelore TosL Y. Z). T.o8x<flx) for all veFnP and (0. T3}
= ~Tyvo W [ P>Z. T{x)=0. then P.oS =&(f +1,)(0) =f(0) +¢I,(0)
= f(0) LN, Z), which completes the proof.

Remark 2.7. Theorem 2,11 represents a generalization of the FFarkas

lemma analogous to the onc in [26]. but in different conditions, Theorem
2.11 provides a new condition in which Problem Il in (7] has solution.

(1
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3. Applications. In this section we cmphasize conditions in  which

inf P =infl 7 and an optimal solution for (PP) is also optimal for (RPD},
respectivelv. Using these conditions and the duality 1esults from Section 2,
we reobtain the results for nonconvex programming in [16], 7201, We give
also a Kuhn-Tucker tvpe theorem. ' o

Let 4C Y xZ and suppose that inf{z{(0. =) &1} =@ cxists. It is ocbvious
that «=inf{z/(0. z) =co A} iff

(3.1) Y(yzded. w20, lsksn.::,:-.i.:l. N v =0 2 bz
=1 Rl hel

A sufficient condition for ©=inf{z(0.z} =co A} is

(3.2) co (A —{0. 0)) C cone{A — (0, v))<>cone (A — (0, v)} is convex.
Indeed, if (v z) =4, %20, 1g kgn, 2 =1, E 21 =0 then 2 Al 3
k=1 1.-1 kol

2—v) = (0, 21 - E') eco{d (0. 2)). so that. by (3.2). there exist x20,

(y,2)ed such that (0. ﬁ ).;.zk—v) =a{{y, 2y = {0, ¥)) = Ay 2 —1). 1If x=0

=]
then ::{ Moy =2 v if 22=0 then v =0, so that z2 @ which impliesz M2y B T
= Rl
Therefore (3.1) holds. Also note that if (3.1) or (3.2) is satisficd for v<inl
then sginf P..\\'c emphasi‘ze especially the situation d =Ly, {epi @). where
®:DCXxY 7 (as in Theorem 2.3). In this case conditions (3.1) and
(3.2} become

(3.3) V(x, myeD, n20, I<ksn, E?.kzl, E7~A~)'A-=0=>E 2O (a2,
Aol Ko ]

ka1

Vi, w)eD, 120, I<hgn, E rp=1320, (v, v)=D: E i P TR TN
[ k=l
(3.4)

; MD (g, v 2 20(x, 3) + (1 -1,

respectively. Let us remark that {3.2)=(3.4)=(3.3), but the converse im-
plications arc generally not truc. If x, is an optimal solution for (PP). i.c.
2 =®(x,, 0) and one of the conditions (3.3) or (3.4) is valid then X, is also
optimal for (RPP).

~ We rewrite conditions (3.3} and (3.4) for some situations from Sec-
tion 2. Thus in the casc of Theorem 2.4 the above conditiens become res-
pectively :

H " n
Yy, el, 20, l<hgn, E =1, 2 by = R(5) = E Sz,
ki e E-t -
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l and ‘EIL,.f(_\,,);)\_f(_-.-) +(1 — )

For the case of Corollary 2.2 with # =2 condition (3.3} becomes

0. 1<hkg w=1 30z S 1wl . e
\n,kzl). P 320 va] ulth;)_*}k 2y e R(S)

L] n L]
Vo el vl M200 1<k Db =1, 200k = o gt =
ko1 k=1 bt T

"

1‘21 Mfi(xe) + k,zll Fafelvi) = v,

while in the case of Theorem 2.7 (3.3) and (3.4) become

{3.5)

1M

Vo el M2 00 1Sk, 2o =1, 30 hery €N(S)= 0 nflx)2 2, -
kel e | Boal

Yy eF, n20, I<hen, Eh | Bzorelk: 2) 1, —hx € V(S),

E)nf(‘ﬂ (1 —2)u.

Remark 3.1, The above conditions do not assure the existence of the
convex hull of the respective functions.
_ Remark 3.2. Condition (3.5) is nothing clse but condition (CI) from
20] for f—¢ and — o,

Let now f: ' CXN—Z and g: GC XN»Y with ¥ ordered bv the convex
cone Q. Let D=FNG. Consider the problem

(P} inf{ f{x)|g{x)< 0L
To problem (P} corresponds the Lagrangean
{3.6) L:Dx XY Z)—Z. L(x. T)=f(x)+ Tg(x).
The saddle problcin associated with (P) is
(SPY) {]’imi (V. To) =D x LH(Y, Z) such that
L{xe, Ty L{x,, T)<L(x, T,) VxeD, Tel«(Y, 2).

- Tl;lieorem 3.1, Supposc that 0 s'co(g(D)+Q). If x, is an e-solution for
{ an

3.7) co BCcone B
where B={{glx)+g. f(x)—v+2)xveD, 200, ¢
(3.8) 3IT LY.L} such inat Tg(x)+¢

l’roo_f. Let @
g(x).g _'\,}, We have

berng inf P'- Then
g2 0 and 0=c. (f+ Tog){x,).
D)y —Z, ®{x, v) =f(x), where D(D) =!(x, v)vel,

-

15 DUALITY FOR VECTORIAL NONCONVEX OPTIMIZATION )

(3.9) A =Pp o epi®) ={{g(x)+y. flx)+2)a €D, g, 220} =5 +(0, v}
and Pp(D(D)) =¢(D) +0Q. (3.7) and (3.9) show that co(- (0, )) C cone(d
(0, #)). Therefore the relaxed primal problem has the smine value as (P7)
Since 0 &fca Pe(D(®)), by Theorem 2.3, there exists T €L(Y. Z) such that
= —0(0, — )= —sup{—Tv—fla)g(x)< v}
= —sup{—Tg{x) —f(x) v €D} —sup{—Fqlg =0}
2y, sup! —Tg¢lgeQ} =0 and v= —{f + Fog){0), o that
flx€o+e=—(f+T0og)(0) + e=0< f{xy) + T¢( ) A

(4 Tog)(0)< e + Ty(xe) =<,

Therefore T e LY,

Hence 0 éq(f + Tog)(v) which together with Tg(v,) +c=¢,20 show that
the conclusions of the theorem hold.

Reprark 3.3. 1f (3.8) holds for an admissible x, then v, is e-solution
for (P*) Taking €=0. and therefore v =/(x,) in the conditions of Theorem.
3.1, it follows Icr( o) =0 and (x,. 7} is a saddle point for L given by (3.0)
Le. (v, T) is solution for (S5P').

Remark 3.4 1 ¥, is an optimal solution for ('), the existence of T
such that (x,, 7) be a solution for (SP) is prov ed in [16] in the conditions:
0 ei(e(D) +0) and g(D) +( is expansive. In [16] there are also indicated
some exemples of nonconvex problems for which (3.7) holds,

Corollary 3.1. (5) If f and g are convey and 0= (g(D) +Q), then vy =D
s an e-solution of (1) iff x, is admissible and (3.8) holds.

(#5) If moreover 0 €Y(F —G) then xo 15 an e-solution for ('} iff xo is
admissible and

AT (Y,
e 4 e: and 08¢, flxg) +de(Fog)(x).

Proof. {¢) was already remarked, while (3.8) and (3.10) are cquivalent
by Corollary 2.2.

Corollary 3.2, Let g : GC N Y be a convex opevator and G2 g(x) =
=0, where G={x[g(x)<0}. If 0€X(g(G) +Q) then

Zy and e €20 such that Tg(x,) +e=
(3.10)

(3.11) &ee(x)
Proof. Let Ueég(y) and take f=—U in Corollary 3.1 (s7). Then i
is an e-solution for the appropriate (P'). Therefore there exists 7= LY. Z)
such that Tg(a)+e=¢20 and U =ég(Tog){x). The converse inclusion
being obviously true. (3.11) helds.
Let consider now the problem

(P inf{f{x)g{2)<0, I<h<ny,

=\ U (Togh(x) T €LY Z), Tg(x) +e=¢20].
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where /0 FCX »Z, g, GuC XY, Ishkgn are convex operators. Y, being
ordered by the convex cones (. Let €, ={x'g,. (¥)<0} and g,: G—7, ()=
=0, Igk<n.

Theorem 3.2. Let [ . U<k<n be as above. Suppose that

oG Gey oGy oare D general position and
(A2) (00 = Y (3} + 41 e Gl ¥) + )X EFNGO NGy gy =
=0, I<kgn
or
(3.13) oGy Gy oare in general position and

0 ei(g(G) 400, t<hgn,
Lhen xq is an e-solution for (") iff x, s admissible and

(3.14) AF,. LY, 2}, &y, 4,520 such that Azl Frgxe) + e = 2 N

and O & & flx,) + e Frogi(xa) + .o+ éc (Taog) ().

Proof If condition (3.12) is satisfied, take g¢: r"] Gr—Y,x ... xY,,
LES]
glx) ={g(x). ... &,(x)} and apply Corollary 3.1 (i7). Let condition (3.13)
be satisfied, x, is an e-solution for (P} iff 0ed(f+ ng)(.rn). Applving
P .

now Corollary 2.2 and taking into account (3.11). we oblain that (3.14)
holds. Tt is clear that (3.14) implies v, is an e-solution.

4. The Continuous Case. In this section we show that from the pre-
ceding algebraic results it is possible to obtain their continuous versions.
I'iis means that the lincar spaces under consideration are t.ls. and that
in the definitions of conjugate operators and e-subdiffcrentials continuous
lmt.-ar operators instead of linear ones are taken. The notations are the same
as in the preceding sections and the linear and order structures are keeped
(so Z has the Lub.p.); in addition all the spaces are separated topological
lincar spaces. Throughout this section we also assume that Z is normal,
Le. there exists a base % of svmmetric neighborhoods of the origin of #
such that W=(W+29N(1"- 7Z+) v &7). The operator [ FCX—Z is
sald to be confinnons at x, if yv,=int F and f is continuous in the usual
sense at x,. Concerning the continuity of convex operators we have the
following results whose proofs follow from 31, [4] and can be also found
in [28]. T

Theorem 4.1, Let f: FC X -Z be a convex operator.
(1) f 4s continuons af x, iff

keZ YWel 31 e®@(X) Vrex, +V: flx) ez+ W —Z°,

{(11) If } is continuous at ayeint F then [ is comfinnous on int F.
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(i) If
JzsZ, Ved(X) Yyrex.+ 17 fiv)g

131

then f1is contintous at xo. If int Z+5 @ aund [ 15 continwons al vy then the above
condition holds.

(10} Let g :GCX—~Z be continuons af vy=int G and ACX xZ be con-
vex swch that A Cepig. If there exists inf{z|(xo, 2} = A} then 40 Py 4)—2,
oi{x) =inf{zl(x, z) €A} exvisls and 9, is conlinuous on int Pyl Dint{co ).

(v) Lot g : GCX—Z. If g is continuous at some X, Sint G then D(g)C
CB(X.Z) and therefore 8, ¢(x)CB(X.Z) for cvery x =G, e20.

Theorem 4.2. Let X be a locally conven space and assunie that int Z+#
@ If ToeB(X, Z), where XoC X ds o linear subspace with the induced
topolog v, then there exists T e B(X, Z) such that |y, =T,

Proof. Since Toe B(X,, Z), T, is vonvex and continunous at 9. Accor-
ding to Theorem 4.1 (ili), there exist z=Z and p:.X—-N+-a continuous
seminorm such that x €X,. p(x)< | implv Foxv<z Therefore 220 and Foxg
<p(x)z for x€X,. Taking p: X-=Z. p{x) =p(x)z. p is a (continuous) sub-
lincar operator, and therefore we can apply 31, Th. 2.1 to get F&L{X.Z)
such that Tly =7, and Trgy(y) for all x=X. From Theorem 4.1 (),
we have T = B(X, ).

In the following we shall emphasize the conditions which assure, in
the convex case, the validitv of continuous versions of the results from
Sections 2 and 3. For the nonconvex case, we must take inte account Theo-
rem 4.1 (sv). or we have to write these conditions for the convex hulls of
the operators. So, all the operators are assumed to be convex.

To obtain the continuous version of Th. 2.3 we strengthen the condi-
tion 0 €*Pp{co D) in such a way that pes =%, be continuous at 0. From
Theorem 4.1 such conditions arc

(1.1) ZceZ viFeWIVe@(Y)vrel IreX da, ez +1—27,

{4.2) zeZ, Ve@d(Y) vYvel JxeX Dy, v)gz,
(4.3) v, =N such that By, ) is confinuous al 0.

Let us note that to obtain the formulac for conjugate operators and
subdifferentials, we considered also operators @, ®{x, y)=®{x, y)—Ux. To
get that the corresponding 9, be continucus at 0 atlcast forall operators
U< B(X, Z), conditions (4.1} and (4.2) must be rewritten as

e’ yeX vYWe, Us@(X) I DY) vys

(4.1) : . :
el vex4 U O, vyez+ W2

and
42} FeZ x=X VU e@X), Ve@(Y), veel ey + 7O, v)<s.
Note that if {4.3) holds than it holds also {or every ¢ with UeL(X, Z).

It is clear that a nccessary condition in order that 2, be continuous
at 0, is 0 P The next result shows that this condition is sufficient
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to satisfy (4.17) and therefore that =+ be continuous at 0 for UeBlX. 2),
in enough general situntiom

Theorem 4.3. Lot X, Z be Fréchet spaces. Y be a barrelled space and

CDC XN x Y Z g conwvex n/wmtor with closed epigraph. If Qe PL(IN) and
1ni (. O}, 0) €10 exists, then oy} =inf{db(x, v)[(x. v) &} mzm, Sor eve-
ry ve I’,(D) and ¢ is continuouns at 0. Moreover condition (4.1') holds.

The proof is gi\'cn in [28} and follows also from [4].

From Theorem 4.3 it follows also that the continuous version of Corol
lary 2.2 is valid for » =2 if X'\ Z are Fréchet spaces and 0 e (F, —F,)".

We ulmmlnr the form of @ in Theorems 2. -1 2.5, 2.8, namchy Oy, y) =
=f(Sx —v), Dy, 1) —f(1 Sx—v)., D v)=g(f(x) \) zespoctnd}. so the
Londltlom (4.1), (4.1'). (4.2). (4.2} (4. 3) can be casily writien for cach case.
We mention that, even in the case Z =K, condition {4.3) was used., in most
cases, to estallish duality results, formulac for subdiiferentials or conju
gate operators (see (2], [57. [9), (25]), [27]). In [19, Th. 19] it is provided
4 condition. more “cnu”tl than (4.3). We also remark that in the casé of
Fheorem 3.1 Condition (4.3) is nothing clse but the Slater candition ( 3y, &
&l such that - g{v,) =int ().

It seems that the most general conditions in whid] lhc‘ FFenchel duality
thearem in the case £ =/ is proved are provided by [18, Th. 3.14.20 . Woe
shall reestablish it in the present context. with a ~1mplu proof.

Theorcm 14, Let X be a Frichet space. imt 203 & and f. . F,C X-=>£,
k=1.2 be convex operators. Assume the following conditions holds : a) ri Fyn
Mri _+Q)’ b} /i 1s continwons relative fo *F, at some point of ri Fy, h=
¢) P MF, as cosed, Tf infl f(x) + /(3}y €F.0F,) exists, then

inf{/i(v) +/o(iv =l N =max{—{(T)—f{{ -T) T =
e B(X. Z)NFiN--F.}.

Proof. Without loss of generality we can suppose O eri FyNri F,.
and therclore “Fy =X, and 7, =X, are closed Hnear subspaces. Note that
SAT)y=/f|T,) for T, T,el(X.Z) with T,—P, Ly  =0. On the other

(4.4)

hand, taking into account Theorem 4.1 (¥} and b), 1f el =D (/§) then
T'lg, is continuous. Also note that ¥y y, is continuous if Ty, k=
=1, 2. are so. This follows immediately Lecause X,. X, and X, + X, are
Fréchet spaces and B: X x Xy X+ X, B{x,. x) =x, +x. is a surjective
continuous lincar operator. and therefore it is open. I'rom Corollary 2.2

vcha\cthatmfffl ) +f2(x) | ¥ €F,NL} =max{~fi(T)—f5(— 1T el{X.Z).
r =N F,}. Let 1 realize the maximum in the right- h.md stde. Then
= 1 v, -x, 1% continuous. Applving Theorem 4.2 we get 1" e B(X, Z) such

lhdt Iy 2x, =T, Irom the above discussion, fi{{T") = f{7T) and f{(T") =
=/(T) so that (4.4) holds.

At the end of this section we give the continuous version of Theorem
3.2 which constitutes a generalization of (30, Th. 6. In this case X, Y, Z
are s.t.Ls.. the cones 0, C Y. 1<h<n, arc convex and closed and int (= &,
and Z+ is closed.
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Theorem 4.5 et f: I CN =X and gy GuC N> Y,, I<shgn, be convex
operators such that g are continnons on int G &, Assume there cxists v, =
=F suck that g (v)) = int Qp Ik, Phen ¥ s an oplimal m!nlimr Jfor
(1) 2ff 3 ds admissible and there cxist Pre B(Y, Z) with T,g{x)=0,
lsksn and

n

(4.5) 0= if(3) + 21 {1 1og) (7).

X

Morcover, if g; are Geleaux d:’[ﬂ'r.‘}.'fmbic al x, then condifion (4.5) (for T, €

e DY, X)) 15 equivalont ?.'ER‘H.!E Toog(Y) = — f{X).
Droof. We must only shov. 1]mt for a convex operator g Y
{.6) fo(v) =l (M) + SIS L(X,Y), R(S)YCYN -}

if # is Giteaux differentiable at ¥( =int ). Because ¢ 1s Giteaux differen-
tiable at &, it follows that ¥ int &, Let ¥ €Y be such that ¥ 4-x 26 ; there
exists 7, =0 such that 0gigf, implics ¥ —fy eG. For { (0, ¢,), taking into
account the convexity of g, we have that (g{¥—fx) —g()M(—)<eg{x + 1) —
—g(%x). Letting £ 0 we obtain g'(x)(x)<g(x +7) —g{(x) for all xeG—x.
Hence g'(x) eco(\) and therefore the inclusion D holds in (4.6). Let now
Self .\ Y), Se=ég(®); we have 57\5(14 ¥)—g(®) for all v =G —7%. Since
X Emt (;, for x = \ there exists £,>0 such that Y +iv &G {for £€(0.¢,).
For such a f we have S(h)gg(\.—i—h)—n(x)©51<( (¥ +2x) —g(x))/t. Taking
the limit as ¢ 4 0 in thc above relation, we obtain Sygy'(F)x for all ye X
and therefore R{(S—g’ \))CQﬂ (. Thus (4.6} holds. 1T eB+*(Y,Z) then
Tog 1% convex and (1 og)'(¥) = Tog'(X). Since 2N\ — Z+=[0}, we have that
&Tog)(T) = {Tog'(¥)}.
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THE PROCESSOR-SHARING APPRONIMATION TO THE STRICTLY

ALTERNATING SWITCH MODLEIL
By

TITI OBILADIE

1. Introduction. A prominent example of two queucs served by a
single server is the strictly alternating switch queuciung (SAS) model.
The SAS is basically an‘endogencous [ 17 priority queucing model in which
the next customer for service is selected not enly on what priority class it
belongs but also on what priority class was last serviced. It represents a
particular extreme case of switching from one queuc to the other after a
specified k2 1 number of unifs have heen served in o two-queue system.
The SAS 1s the k=1 case and is of special interest to us by virtue of its
added simplicity, the potential practical importance and the relative sol-
vability of the model. This non-zero switch maodel (NZ$) could be contras-
ted with the zero-switch {Z%) model in whicli the server only switches from
a queur to the other upon exhausting the particuler queue. The ZS
constitutes the other extreme case of switching after & =o number of units
have been served on the particular quenc. Previous work on the Z8S model
includes that of Takacs [2] in which the stability condition and the
queuce length distributions were obtained. A similar worl: on the NZS is
by Nair {37 in which the difficulties confronting explicit analytic expres-
sion for the discipline are highlighted.

2. Applications. The general case of b2 1 alternating model can be
applicd to situations where we have non-identical units seeking services
simultancously from a single scrver. Such situations cxist in computer
networks, traffic and transportation systems. For computer networks, we
may bhave a situation where memery is commonly shared with equal prio-
rity by two or more processors. During the time an I/0 request, for example,
is being carried out, all other processes take their vurn on a queue. A plau-
sible model is one in which a strictly alternating strategy is used in deci-
ding which processor takes control of the memory. A similar situation exists
in telephone traffic as well as in the general traffic situation. It is concel-
vable that a single lane traffic junction, for example, operates on a strictly
alternating basis for, sav, north and south bound trains. The same situa-
tion applies for a busy airport where one or more sets of acroplanes have
to share a runway. In the case of a shipping port the situation may appear
in the form of a single tug being available for moving to and from berths
two different classes of ships viz tankers and ‘others’. Of course. the ncces-
sary assumption is that there is always a berth available for cither class



