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THE PROCESSOR-SHARING APPROXIMATION TO THE STRICTLY
ALTERNATING SWITCH MODIEL
By

TIT! OBILADE

. Introduction, A prominent example of two queues served by a
single server is the sirictly alternating switch queuciung {(SAS) model.
The SAS is basically an endogencous [1] priority queucing model in which
the next customer for service is sclected not onlv on what priority class it
belongs but also on what priority class was last serviced. It represents a
particular extreme case of switching from one queuc to the other after a
specified 22 1 number of units have heen served in a two-quene system.
The SAS is the k=1 case and is of special interest to us by virtue of its
added simplicity, the potential practical importance and the relative sol-
vability of the model. This non-zero switch model (NZS) could be contras-
ted with the zero-switch (%) model in whicl the server only switches from
a queue to the other upon exhausting the particular queue. The ZS
constitutes the other extreme case of switching after &=« number of units
have been served on the particular queue, Previous work on the Z5 model
includes that of Takacs [27 in which the stability condition and the
queue length distributions were obtained. A similar work on the NZS is
by Nair {3)in which the difficultics confronting explicit analytic expres-
sion for the discipline are highlighted.

2. Applications. The general case of 4z 1 alternating model can be
applied to situations where we have pon-identical units secking services
simultancously from a smgle server, Such situations exist in computer
networks, traffic and transportation systems, For computer networks, we
may have a situation where memery s commonly shared with cqual prio-
rity by two or more processors. During the time an 1/0 request, for example,
is being carried out, all other processes take thieir turn on a quene. A plau-
sible model is one in which a strictly alternating strategy is used in deci-
ding which processor takes control of the memory. A similar situation exists
in telephone tralfic as well as in the general traffic situation. It is concei-
vable that a single lane traffic junction, for example, operates on a strictly
alternating basis for, sav. north and south bound trains. The same situa-
tion applics for a busy airport where one or more sets of acroplanes have
to share a rumway. I'n the case of a shipping port the situation may appear
in the form of a single tug heing available for moving to and from berths
two different classes of ships viz tankers and ‘others’. Of course, the neces-
sary assumption is that there is always a berth available for cither class
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in the case of berthing. The non-zero SAS model is particularly appropriate
for situations where the set-up or switching time from one type to the other
is negligible,

3. Procesor-Sharing Appreximation. Because of {he need to keep
account of the number on Loth queues, the anmalysis of the non-zero SAS
is more difficult than that of {he zero-switch ZS. We have found it neces-
sarv In this paper to introduce an alternation switch processor-sharing
approximation SAS (PS) of the svstem. This represents a fairlv general
ideal situation in the sense that both unit tvpes now face 4 virtual appea-
rance, on a fractional mode at least, of the server on a full-time basis, Later
on In section 6 we identify a simple multiple-class svstem with which our
limiting case hears a resemblance,
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Figure 3.1. Schematic dizgram of a one-server {wo-quette system

4. Description of the model. We consider a system of two parallel
queues served by a single server. Units are supposed to arrive inte the
system in Poisson streams and at rates 2, 2, for unit types I and 2 respecti-
vely. We also suppose that the service time distribution is negative expo-
nential and of rates gy, w, for unit types | and 2 respectively.

In this strictly alternating casc, we consider that priority is rotated
from one class to the other. A particular unit is foliowed in service by a
unit from the other class. Such is the case insofar as there is at least one
unit from the other class present in the svstem at the moment of departure
of the particular unit. 1n the event of no unit from the other class Lieing
available in the svstem at such moments, the server is assumed 1o break
the strictly alternating rule and allow a unit to le followed in service by
its kind,

We consider a feedback model in which cither unit may require fur-
ther service. A tvpe 1 unit mav, upen completion of service, leave the sys-
tem entirely with probability 1 0,. The alternative is for it to re-join the
tvpe I queue with probability 8, The corresponding probabilities for the
tvpe 2 units are 1--0, for leaving entirely and 6, for rejoining the type
2 queue,

Before proceeding in the next section to derive the steadyv state equa-
tions for the model, we mention in passing that the stability condition for
the model is the same for all %, where £ is the number of units served on
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cach queue buefore switching to the other quene. ]‘ht:-'-t;ll)lhl‘\:‘(,‘()Ilf._llllolnl
is in fact given as gi+pd<] where gl=>fu{l—0). r=1. 2 Ihc..slm};f,l
argument here is that as far as the server 15 concaned. it is [aced with t’u,.
same load in the various versions of the non-zero switch 1<€A <o case as
well as the zero-switch & =00 case, This remains the case as long we take
the swapping time from one class to the other as negligible,

5.1. State definition. The state of the system can be adequately
defined by the number of units on cach of the qucucs._ati a particular tn‘ftmC
Let Xy(9), 7=1, 2 denote the number of units on the 77** queue at tlIT{l: te
=0, 0. The assumed Poisson arrival and negative exponential servic
puatterns ensure that the random proces {X(4). Xo(f) s e =[0, OC)I} e two-
diumensional birth-and-death process with discrete state space {(4,7) 1720,
] ‘here X, () =+ and X, () =7.

e \‘\"}SLtrIifi:;é({))i_;(t) = I’{.\'l((f)) =i. N1 =‘j}..].]]t‘_‘ two dimensional Ma)rkm'
chain is homogencous, irreducible and apertodic. Consequently thelhm Q1)

=0,y cxists for 720, j>0 and it is independent of the initial state. In the
sume way, we introduce the limiting probability @, 20, j20. & ——f, 12,
for the cquilibrium probability of ¢ type Iand j type 2 umts“m the svstem
during the service of a type & unit. The conditions X (; =‘.J_.th_,',_.=l and
1] - 4.7, i - .
QO =0 for all &, 4, & imply the existence of the unique distribution
for the Markov chain. _ .
5.2. General-Time Steady-State Equations. The stcady-state diffe-
rence equations arc given as
Py g1+ 20, Fi] —05)01 12 H ik 2= H 2 b )00 12 1, 2t

MO gz + 2o b (1= ) Qi it Qi = (a4 2 b)) Qr e, 121, F2
M inonos Fitell = 0)00knn +2el =000 2= (b + 2
(5.1) Fita(1 = 0000, 121, j=0.
200, s-1. 3 ity (F =000 5 1 (1 — 0300 j34,2) = (21 4+ 2a +
i = 020} 00, g, otta (1= 001 0,0 +ite{ T — 0)00,1,0= (21 + 22} 0o,0

Adding together the first two of cquations (3.1), the steady-state equations
for iz 1, j21 become,

M Qi+ 10 {1 — 0000, 0+l = 001 112 =

1

5.2 - .
( ) -_—'-'(l]+}~2+'P'l(l—O]))QJ,}_1+()~I+)\2 +#Z(I~02))Qi,j_2 1;1' ]2 1
Now
Q{,o.l =Qf,n. iz O, (_)4._1.1 = _L Qi.j‘; > I, ]2 t',
Ly i
Qtl,},z =‘Jﬂ,}.~ j> 0, (‘?f.’.ﬂ = L—. (.)f.f: t';'- I‘ j"/‘ l,

P Y
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Im the limit as 0. 0,—1
=py and p,(!

(33} Qron =i 120, otz =00 7200, = &Osm 12

iz
. 1 o
: [T . . 4,
(5.4) Qign= — Cip 121, j2 1, where o= —P:"l-z—
g . Suty +ts

5.3. Processor-Sharing Limiting Equations. Ve
whfzre‘ types | and 2 units arc processor-shared alternatingly by the server.
This is to say that the service rates u,. . are approaching infinitv such
that the units arc processed infinitely quickly by the server. This situation
furthvr tmplics that both 0, and f: tend to unity. As the mean number
of times a type % unit circulates round the servicing facility is 1--0,. 4=
=1, 2, the mean service times for tVpes 1and 2 units (Le. ]/l B} for
type & unit) arc constrained to remain finite as g, y,-+a0 and 6,, 0,1,
We further assume that the ratios I—0./1—0, and u:ft, Temain finite.

The SAS (Ps) limiting casc can be visualized as 3 conveyorbelt sys-
tem where units are automatically arranged alternatingly by types. Any
unit type in excess is allowed a space(s) behind the last ‘couple’. Such units
are displaced as soon as a unit(s) of the rare tyvpe appears. In this way the
underlying alternating discipline of the model is preserved. -

Taking limits in equations (3.1) and (5.2) as 01, B> and u,, u,— x
but in such 2 wav that @il =), o i — 0.) and (1=-0:)/(t - 0,) all remain
finite, and applving cquations {5.3). we obtain

consider a situation

Mg +20i 0+ N R A UN T P N0 e g,
(5.5) 21Qi a0+ i + C!J-.Ov'_l = (%4 2at B0 721,
)'EQ".J-I +5-L'Ql.f +Hé@n.f+1 =()~1 +)-_’ +P—£)Qn. I j3 ], [1-1'(,)10 +P~200: =(7’-1 + ?.z)()m].

We hasten to mention that all terms in the general-time steady-state equa-
tions (5.5), and indecd al subscquent cquations now represent limiting
versions of their previous definitions. The sct of cquations (5.5) is familiar
for this sort of queuneing systems, Our aim in this paper is to identify a rela-
ted state dependent A//6G/2 Gueucing system with identical set of cquations.
This theme is taken up in section 6. For now. we obtain for the sake of com-
pleteness the queuce-length generating functions for the SAS (PS) system .
We define the following generating functions

(5.6) Qu(x, 3} = E Z Qs.1. 18V + Oy, Yol )= E Z Qi g2+

0

Vnng,
1=] 7 120 e

) = z) \"J; Cri=0i(x, 3) +Qa(2. 3) - (.
1) g
We note that Qv ) —0u(0,0). k=1. 2, is the generating function for the
distribution of the number of types and 2 units in the system at an arbi-
trary time point during the service of a tvpe b ounit. Simdlarly Q(x, v) is

- and @, =00 but in such o way that g (1—0,) =
0} =u, and (1—02)/(1—4},) =3 all remain finite, woe have

—

<>
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the gencerating function for the distribution of types 1 and 2 units in t]llle
system at an arbirtrary time point in the ¢riginal model. It is clear, as well,
that Qup =000 =Q(0. 0) =Q{0. 0). Of course, Q{1 1) =Xfus + Qoo since
the probability of a type & unit being in service is given by )._?/_p.,(. L vand

Multiplying cquations (5.5) by appropriate powers of x and yan
then summing., we have

05, )0t —1) 420l — 1) = "(1— 12 = T (1 — 1)) = Q. O) (-
(5.7) =) (=10 =Zu (1 =1/} +Q(0. ) ((wg— Tu W1~ 1/2)
= (1 =1/x)) + Q0. O){(ee" —wH U= /%) + (" —pd){1 —1/3))
and{?,(r. YHAM( = 1) +rg(v— 1) —d(1 = 1/2)} + Qa(x, W =1} + 2 (v — 1),

{1 —1/3)) =Q(0, 0) (v — 1) o+ 23— 1) — {1 — ) —pd(1 —1/3)).
where

(5.8) r==u, (L —0,) and pli=u.(1—0,).

Equation (5.7) gives the gencrating functions Q(x, y) for thi 'nu;nblflr of
types I and 2 units in the system at an arbitrary tlm(}‘ p?}r{ 1tn fea(xs o')
unknown generating functions Q(x. 0) and (0, v). The (‘..oel' l(;:en“;) ¢ -st’e_;h
could be exploited te obtain and solve functional equations for the syste
z]. We do not intend to pursue this further in this paper. _ N
6. A Related Queueing Network. We constder a s'unpl(i qucuen:g ne
work in which two unit types I and 2 arrive at independent %onsson $ retal;n:
of intensitics 2. % respectively and 'with %, +2, =% We also 51}!)?%59 a-
service in the system is provided by a single server at a certain fixec c:}pe:.-
city. The allocation of serving resource is such that a proportion (kllls r;seex-
ved for a tvpe & unit with f,=1—/;,. The simultaneous services fo Oswecti-
ponential distributions of rates u* and Cu'for types 1 and 2 ul_:utts re tp. i
vely, where p'. { are functions of the service Teguirements of the two }ilj?icd'
We make the additional provision that service 1s given at c.c.irtal_i_'lhspe(?: jied
rates in the event that on’y one tyne of unit is available for service. te:;l}s o
can alternatively be deseribed as consisting of two servers con}{r?n_ e ]:Zlnd
two different queues but in which a server comes in to .lcnd :(11 e‘p:ingt o
whenever he is without a customer. It is basicallv a state-dependen
vice M[G(2 queucing situation, - .
7. Queueing Parameters for Related Model. Our stdrt.}ngr lpoTs as
a round-robin system. We follow the traditional path of t!a](\lmg, 1_mt10 i
the quantum of service becomes infinitely small [4]). This leads us in
»ssor-sharing approximation, ) o ‘
proctsgﬁi);g:&nﬁ] tlllfround-mbin‘sy.stun. time is quaptazed_ 1lnt(‘)2 seggl;c;n(;)s
such that ¢,0 scconds service is given to a type p unit, 1'>—f —r 2 receii
cach time it cyvcles round. Suppose also that the amounts o ?er_\ C e
ved by the units are geometric with respect to the number o fl}'cu o
and such that the mean number of circulations is l[( J'—O,,) ‘for a‘ ypel(bl s )
The mean length of service given to a type p unit is t.hcj f.‘for? g,l',}(? t _Bp)
scconds. This compares with the average time reguirement of 1fu, v
scconds for a type p unit.
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Suppose we allow (>0 and 0> 1 in such a way that Q/(1 {,) remains
finite and (1 —0,)/(1 —0,) tends to finite L. We choose gy and g, in such a way
that
(7.1) SR - 0,) _ (1l — 0,)

G0/ (1) Hia(1 — 0)

A proportion £, of scrvice capacity is allocated to type p units in the rola-
ted model. The propotion f, of service capacity allocated to type p units
is given as

’

4T

[ s
» Le g fe, =py)

Si=gillgn+ga), =uaf(us + %)), and £, =/ (u) + ATH

It is easy to sce that the partial rates of departure from the system when
both types of units are available for service are given by fou, for type p.
i.e.

one v o
fip] = ._fi”ii_’ﬂ,_' for type 1, and fuu)= —,h'&-]p—z,—;t_y.' for type 2,
Bet+sin My Qg

The interpretation for w* is that it is the partial rate of departure of
type | units during a non-solo service in the system. A solo period is onc
during which all attention is bestowed on a single type of unit. The rate
of departure at solo periods will be given as p; for type p units to correspond
with the service requirements of the units.

8. Conclusion. The gencral-time steady state system cquation for
the related queueing model described in sections 6 and 7 can easily be sce
to coincide with those for the original model in cquation (5.5). The proces-
sor-sharing approximation to the strictly alternating switch model SAS
(PS) is thus equivalent in terms of general time steady state cquations to
a state-dependent M /G/2 queucing situation. This is indicative of a natural
extension to the well-known equivalence of a processor-sharing single tvpe
model with an /)] queucing modcl. A further cxamination of the
extent of this resemblance with respect to other time-point such as the
departure point will be considered in a subscquent paper,
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ON-THE SET-VALUED ADDITIVE AND SUBADDITIVIE
‘ FUNCTIONS
BY

ANCA MARIA PRECUD'ANTU

This paper deals with some continuity _properties of the additive
multimceasures with respect lo suitable topologics defined on their dom:_tm.
After some general considerations concerning the setting of'thc problem,
in Scction 2 arc investigated some propertics of the o-continuous multi-
measures and in Section 3 some basic propertics of regular multimeasures
on a Hausdorff locally compact space. Finally " the special case of regular
multimeasures on a normed space 1s discussed. ) .

1. Basic notions, terminology and notations. Let 77 be the family
of all subscts of a set. £ organized as a Boolean ring for the symmetric
difference and intersection of sets, where the sum @ in s‘f) is given by the
svmmetric difference and the product @ by the intersection. In thrls ring
the empty sct, &, is the null element and the svt_.Q is the un_l_t:\".) We shap
also use the following notations: A°=ON.1, [0, 4= [Be D ; BC_?A;:
A, Bl={Ee?; AcEcB}, 4@00, B]={4®C: CecB =[A_B, AU'B_:
for every ., B=7. Let ‘F be the family of all {inite sets in Q and _(‘? =
m{d ; ‘:i'f-(}‘}. It is casv to sce that 'F'# @ and ' is directed by inclu-
sion. If Q is infinite, then (£ is a filter on 0, o '

Let us consider for every A &7 the family B(A) ={4 +[0,F]; F '},
From [27 we obtain the following assertlions : _ .

(1.1) There exists a unique topology O on P for \'vhich the ffl]l]l]j.‘
B(A) is a basec of n}ighbourhoods of 4, for every A €. We shall call it the
order-topology on P, o . L

(I}?Z) The family WNFy={(A, B) ; A®B=f, Ferg'} is a base of vici-
nities in 2 for a uniformity % on Q.

(1.3) The operations (4, B) »ALUB, (4, B) ».-I\B, (A, I:i‘)u—?AﬁiF]i,
(«I, B)->AAB are uniformiy continuous. (The topology O agrees with the
topology induced by the uniformity cIcscn}:cd at (1.2)}.

Thus (P, ®. ©. 0} is a topological ring of scts.

(1.4) (P, @, @, 0) is a totally disconnected compact Hausdorff topo-
logical ring.

(1.5} The family ‘7 is dense in 2.

{1.0) 11 R is a subring of 2 and & is the closwe of @ in O-topology,
then ($, @, @) is the smallest order complete Boolean subring of 2 contai-



