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Suppose we allow (->0 and =1 in such a way that Q/(1 {},) remains
finite and (1 — 0,)/(1 —0,) tends to finite L. We choose g, and o, in such a way
that

Y -0 ! [—0 . P
(7.1) & IQ/( l) — /P-l( 1) . l.C.é,’I/_.LT-:-—pgl-'tp.l )
gR/(1—=02)  fus(1—0,)
A propoertion f, of scrvice capacity is allocated to type pounits in the rela-

ted model. The propotion £, of scrvice capacity allocated to type p units
15 given as

Si=gil{gn+ga), =gl (e + %)) and f, =Zu)(u) + 4TI

It is easy to sce that the partial rates of departure from the system when
both types of units are available for service are given by fuu, for type p.
Le.

» | v,
fiud = —ffl‘-: -=u" for type 1, and fuj= —,'“]—u’;---ty.' for type 2.
Bzt it Hy + Sy

The interpretation for p* is that it is the partial rate of departure of
type | units during a non-solo service in the system. A solo period is onc
during which all attention is bestowed on a single type of unit. The rate
of departure at solo periods will be given as py for type p units to correspond
with the service requirements of the units.

8. Conclusion. The gencral-time steady state system cquation for
the related queueing model described in sections 6 and 7 can easily be sce
to coincide with those for the original model in equation (5.5). The proces-
sor-sharing approximation to the strictly alternating switch model SAS
(PS) is thus equivalent in terms of general time steady state equations to
a state-dependent MfGJ2 queucing sttuation. This is indicative of a natural
extension to the well-known cquivalence of a processor-sharing single tvpe
model with an M/M/] queucing model. A further cxamination of the
extent of this resemblance with respect to other time-point such as the
departure point will be considered in a subscquent paper,
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ON-THE SET-VALUED ADDITIVE AND SUBADDITIVE
FUNCTIONS
BY

ANCA MARIA PRECUDPANU

This paper deals with some continuity _properties of the additive
multimeasures with respect to suitable topologics defined on their domain.
After some general considerations concerning the setting of the problem,
I Section 2 arc investigated some propertics of the o-continuous multi-
measures and in Section 3 some basic propertics of regular multimeasures
on a Hausdorff locally compact space. Finally' the special case of regular
multimeasures on a nermed space 1s discussed. - .

1. Basic notions, terminology and notations. Let 7 be the family
of all subscts of a set Q organized as a Boolean ring for the symmetric
difference and intersection of sets, where the sum @ in @ is given by the
symmetric diffcrence and the product @ by the intersection, In thrxs ring
the empty sct, @, is the null element and the set Q is the umt.\('.‘ We sha%l
also use the following notations: A'=Q%_.1, 0..4]= [h_’(—:- (2 BgA;q.
A, Bl={EeP; 4cEc B}, 4@0. Bi={®C; CeBl=[A\ B, AU,B;
for every o, B=. Let F be the familv of all finite sets in Q and .(; =

fd A =1 I is casy to sce that F's @ and F' is directed by inclu-
sion. If Q is infinite, then (7 is a filter on €. o '

Let us consider for every A &% the family B(A) ={d + [0, F]; F eF'}.
From |27 we obtain the following asserlions : .

(1.1} There exists a unique topology O on ’pr_for \'vhich the f.a.mllly
B(A) is a base of m@'ighbourlloods of 4, for every .1 &% We shall call it the
order-topology on L. . o L&

(IéZ) The family HHFy={(A, B); A@B=l, Fecg'} is a base of vici-
nities in 2 for a uniformity % on Q.

(1.3) The operations (1, By AUB, (4, B)»IN\H, (A, I-J’)u—?:}ilﬁf.
(.1, B)>4AB are uniformlv continuous. (The topology @ agrees with the
topology induced Ly the uniformity dcscn}:cd at (1.2)).

Thus (P, ®. ©. 0) is a topological ring of sets.

(1.4) (@, @, @, 0} is a totally disconnected compact Hausdorff tope-
logical ring.

{1.5}) The family 7 is dense in P, '

(1.0} I R is a subring of 2 and & is the closure of ® in O}tnpnlu-;__:_".'.
then (8, @, @) is the smallest order complete Boolean subring of 2 contai-
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ning (. @, ©). The symbol O is also used to denote the induced topology
on any subfamilv & of D. If & is a family of subscts of Q, the sviubols o(&)
3(&) will denote, respectively. the s-ring, 8-ring generated by &.

We also denote by X a Hausdorff Jorally convex topological vector
space, g 13 topology. @ a basc of absolutely convex closed neighborhoods
of the origin in .X. Using notations as in [5], c#(X) denotes the family of
all nonempty subscts of X, B(X)., €(X). Z(X) the families of bounded.

closed. closed bounded convex sets of X, respectivelv. 4 denotes the clo-
surc of A4 in X, If we define the equivalence relation 2" on <£(X) by

(1) dpBer =B,

then the quotient space £{X}/o can be identificd with the semigroup (€(X),
+), where the addition + is defined by
(2) A+B=1%85
I'm this way X represents a finite sum or a scries with respect to +.

If @ is the invariant uniformity on X compatible with < then the uni
formity @& on <{X) defined by the following basc of vicinitiecs W(U) =
A By sct{\) xAX): ACB+U, BCA+0), Ue®, is said to be the
exponcntial cxtension of . We shall denote by + the topology on ef(X)
induced by . Using the equivalence relation (1), we can identify (C(X). <)
with (c2(X), =)/ and (£(X). @) with the separated uniform space associated
with (X)), ).

If X is metrizable, then (e£(X). @) becomes a semi-metrizable space

for the Hausdorff distance between sets (sce [71). If in addition X is com-
plete then so is @(XN'}. If (X, @) is a complete uniform space then so is ((X),

@

). 1f (.} is a sequence of members of of(X) we sav that the scries Y, E,

" n=1
T-econverges if the scquence S,= Y, £ =-converges in of{X) and we write
o h=]
(<) Y, 7, In what follows we shall consider correspondences u from a ring

n=1

R of subscts of (2 to .Y that is set functions from 2 to <f(X) or €(X) such
that w( @) =0, where O denotes the set {0} in «2(X).

In fact a correspondence o mayv be regarded as a function from @ into
cither the semigroup {<€(X). +} or. with the above convention about ,p"
which permits to identify two scts with the same closure, the sumigroup
(E(X). +). “

If u is a correspondence from @ to X, then w denotes the correspon-
dence p(Ay=p(d) for cvery A /2.

Definitisn 1.7. 4 correspondence p from @ fo X that is a funclion w :
P R—=C(X), is said {0 be a multimeasure Iff ) o(F) =0 and
(3) D) w(AUB) =p (1) + (B = (1) +p(B)).

Jor cvery A, Bed such that ANK =g,
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Definition 1.8. A correspondence w from B fo @{N) s said to be rxhans-
trie (locally cxhaustive) off w(A,) =00 for coery disjoint sequence ()R { for
ervery T @, and cvery disjornt sequence { AR suel that 21,271,

2. O-continuous multimeasures. Lot () e, Do a disjoint famiby in
the ring @ on £ (ANA, =& for i#7) and let ¢f be the family of all finite
subsets of T. Suppose ¢F directed by inclusion and 9@ ¢f—@® a nct. For every
J =0 we agree to take of /) =Ej.-l "EI"I; A, The limit of 5 for the O-topology

i€ 1€
of 2 is said to be the swm of the family (L);e and it s denoted by E:Ai'

The +-limit of the net pos: F-=€(X) defines the sum (;)Efp.(.-l 1)

Definition 2.1. . nrwdtimeasire w: R—C(X) is swid to be:
1} completey additive iff for every disjornt fuontly () e, i R holds

(4) w(E A)=(E uld):
1el ref
11}  g-addifive or countabls additive 1ff
(3) u( Lﬁ.1")==(§) Y ()

Sfor cvery disfornt sequence (Ay)aex 1 R
) sumimable iff for ceery disjoint fanndy (Ahiep 10 (R wilh v A=2
the family {u(A4)} e, sor which the sume cxists and ‘€

(6) w{ U t) =() L u(h).

Definition 2.2. A multimeasure p: (R, Q)—(C(X). 7} is said fo bc o-
exhaustive iff for cvery infinitle disjoint fanilv () ep of R (T wilhout naxi-
mal element) convereing fo & with vespect to the filter 37 of all the com plements
of finite scts in I dmplies u(A;)=0 with respect to the same filler. .

Definition 2.3. The multimeasure y : R ~€(X} is suid to be o-continons
at A €® (on R). briefly continuous, iff the function p: (R, Oy—(€(X). 1)
is confinnous al A (on R). :

Using the results of 157, § 3, we obtain .

Proposition 2.4. Tl multimessure y 0 R C(X) is o-coniinuons on @
if and only if p is continuons at . Assuming that (X, ) is complete and
using [15] {thecorem [} we also obtain, _

Theorem 2.5. I (X, (%) is complete and w 1s a o-continuous nullincasure
from R to €(X), then there cxists a unique v-continuous ullimeasure w from
&, the closure of R for the O-topology, fo €(X), which extends p.

Using the properties (1.1) —(1.6) of the O-topology we obtain.

Theorem 2.6. If pis a o-continuons multimeasure from @ {0 €(N) ((\X. Ul
complete) then : .

a) @ 1s completel v additive ; b) w15 swmmable ; ¢) poas o-cxhaustive.

Proof. a) Since the O-topology is compatible with the order given by
inclusion and the topology = on (X)) is separated. we can apply the results
of (14!, §2.2, and hence o is completely additive,

b} It is obvious that every summable multimeasure 15 complete ly
additive. On the other hand, if @ is closcd for the O-topology then for every
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family (d);e; in @ we have U A, =@, henee in this case the complete addi-
el

tivity is equivalent to the sunmability of w. If & is the closure of @ for

the O-topology then § is, by virtue of (1.6),a closed subring of 72 on which

the complete additivity of u coincides with the summability.

But, according to the theorem 2.5, the multimeasure w can be exten-
ded to & and the extension @ of p is o-continwous on & From a) it follows
that p is completely additive, hence summable on . Conscquently p is
summable on @,

¢) Since the convergence with respect to the O-topology and the order
convergence of the nets in 2 are equivalent, we obtain immediately from
the o-continuity of w that for cvery infinite disjoint family (A).e of @ (I
without maximal clement) with 4, - @ with respect to the filter ' of the
complements of finite subsets of 7 holds w(d,) »w(@) =0 with respect to
the samc filter. This completes the prool.

Proposition 2.7. The range of every o-confinuous mowdiimeasure 1
R=C(X) 15 a relatively compact set. )

Proof. We have seen (the proposition (1.4)) that (2.0} is a Hausdor!(
compact space. If & is the closure of ®. then 8 is also a compact set in (2, 0).
On the other hand, by virtue of theorem 2.3, w can be extended to an o-con-
tinuous multimeasure 1 on §. From here we obtain that u($) is a compact
set of the Hausdorlf space (€(X), %) and hence p(®) is relatively compact.

3. Regular multimeasures. Lct (Q, T) be a Hausdor(f locally compact
space, K, ,, respectively the family of compact, compact G5 subscts of €,
and p: R—€(Y) 2 multimeasure.

Definition 3.1. 1) . set J R is said fo be outer vegulur with respect
to the mudtimeasure w iff for cuory vicinity W e, theve exists an open sct
DDA such that (W(E) + T, T) = W for cocry Ee®@ with ECDN\A and cvery
Tee(X).

II) A set A =@ is said to be inncr regular with respect to the multimea-
stire w iff for every vicinily W el there cxists a compact set K C A such that
(WE)+P, Py for eocry E=®R with EC ANK and cverv T €Q(X).

M) A set A eR is said to be regular with respect to the mdtimeasiure
w tff for every vicinity W e there cxist an open sct DDA and a compact
set KCA such that (W(E)+1,TyelV for every Ee® with ECDY K and
cvery T € @(X).

Definition 3.2. 4 muitimeasure p: R-+€(X) is said to be regular {outer
regular, dnner regular) iff every A €®R is a regular sct (respectively ouler re-

gular, inner regular set). .

Example. If w is a g-additive and locallv ¢xhaustive multimeasure
from 3(X,) to €(X) then by virtue of [13] (lemma 3.2, p. 319) it follows
that p is a regular measure.

Proposition 3.3. If 4 €®R is an ouler regidar set wilh respect to multi-
measure p : R—~>@(X), then for every vecinily W el there cxists an open set
DA stch that (pS), p(1)) €W for cocrv Se® with ACSCD. '

Proof. Since <@ is outer regular, for every 1 e, there exists
an open set DDA such that
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(7 (W(E)+7. 7)1V
for every Ee R with EC D™ 4 and every T=€(N), Take S =@ such that
ACSCD. Beeause SO A and S\ =@ from (7) we have
(8) (S Ay + T Ty I,
for cvery I e=@(X), ; .
On the other hand, S=AU(S 1), where A7(S™ d) —Q,‘ which
vields p(S) =u{-1) FudS ). From here and from {8} written for I'=p(.1)
.\\'v bave ((S). (1)) =(u( D+ (S D w(d) s Hoas claimed. In the
SANIU WAV We Can prove. '
o l‘:rdpositi(m 3%4. I A €@ is an inncr regular sd with respect fo multi-
5 - g , P T T FIL AL ',-_-—' e eists o t'(”ﬁf’ﬂ'(-'t
measire w: @ =@ (X). fhen for coery wvicingly 117 =4 there Cists
it WA such that (n(A). (SN ST for everv Se® with KCSC..
Example. 16 77 i3 the family of all suhsets of the Hausdorff locally
compatet space Q. F the family ol all finite sets in & and w and o-continuous
multimeasure from 72 to @(XN), then w satisfies the property mcntmne.(.l
in the proposition 3.4, Indeed, let = 7. Since @ is o-continuous at o it
follows that for every H e there exists an O-neighborhood of ., that
is an interval | AMA. ALK | where K &z such that ((S). p(d)) = I for
cverv S=®@ with S=ANK. AUek ], But K, =ANK 15 again a compact
set and Ko A CoAUeK. Now it is casy to obscrve that (u(S). p(d) = H whe-
never Se®. S=(R,. ] ‘ I
Proposition 3.5. If .1 €@ is a regudar sel with yespect to the ma hmmsm;
WA o omery vecinitv W e there ext he DDA an
R ~Q(N), then for every vecinity W =3 there exist au open set 17 )4
Ec}; compact sct K T sueeh that (w(S). (1) €T for cvery S m’Q with I CSCD.
Proof. i W e there exists a symmetric veeinity 11, €4 such that
¥, ,C 11, From the regularity of .1 =@, for 11, there exist H =T and
K e such that NCACD and
{9) (W(E)y+ T, Tyell', . )
for every Ee&® with ECD K and every T e@(X). Take S E@ \\’li.‘h’ N CI
CSC D, We observe that A4 SCINK SNACINAK and S=(ANSHu
WSS ), where ANS, S AN Se®. From (9) we have (p(4N\S)+
S 1) =17 and (S f P, Tye TV, for every T e@(Y). so that
(10) (W(ANS) + 1. u(SNA) + T) e W, oW, CTF, .
for every T &€(X). If T=p{4NS) we obtain from (10) (2(ANS) +u(AMS).
(S5O Fpdsna)) = (). u(S) =W, as claimed. ‘
. \‘lx’?'mt%k. It )i)s 0:(155' to see that if A @@ is regular with respect to the
multimeasure w, then the function p defined on & with values in (Q(X), f{l).
is continuons at 4 €@ for a topology 1'on & which has as a basc the family
B=IIK.D ; X=K, DeC}. . .
; T\heorem 3.6, A sef d E=}]\’ is regular wilh respect lo the multimeasure w1 /
and onlv if A is simultancously onfer rogular and inner recidar with respect (0w,
Proof. If part” is trivial. . ‘
To ];}:0\'é ﬁlc sonlv if part”, assume A €@ simultaneously ouler G
eular and inner regular. Let V=74 and let 11, €7 such that 1V, CIF.
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From the outer regularity of 1 €@ it fo'lows that there exists an open sct
D2 such that
{11} (u(EY+7.) =11,
for every LC I 4 and every T e@(Y).

By inner regularity of 0 =@ we oblain a compacl set KC. such
that
(12) (WEY+TF. Ty=11,.
for every FCA - K and cvery T e€(X). Now let us take S €@ with SC
C DK,

We observe that SN A CDN A, SNACANK and S =(SNA)USNA)
where (SNAYNSN ) = and SN, SNt =@

From (11} and (]2) we have

{1 {(SN\AY+T. TysV, for every T=8(X) and

(127 (W(SNAY+ 1, Fy=tl,, for every T s€(X).
Taking ¥ =p(SM4) in (11"} we obtain

(13) (w(S), w(SNAY = (S A + (SO, (SO =117,

which implics, by virtue of the invariance of @,

(14) (u{S) + 7. p(SNeA) + Ty =W, for every TE(J(

Now from {12’} and {14) 1t follows (W{S)+ 7. Tye 11"l l[ for every
Feg (X)), which completes the pmof Let b e We rcm.n}\ that the fami-
les fu(A); KCA K e®MX} and {p(D)y:; DDA, DeTr@) are nets with
respect to inclusion.

If, moreover, the sct A =@ satisflies the condition

w) wfor every compact set N Col there cxists a com pact set K, =@ such
hat KCR,C A7, then we have

Proposition 3.7. If A =@ is inner regulur with respect fo the multimea-
sure woand salisfies the property (7) then

{i5) w(d) =hm{p(K}; KCA, K=@NX}.

Proof. 1f 1 €® is inner regular, according to the proposition 3.4 for
every W e, there exists a compact set K,C 4 such that
{16) (e{A). n(S) el for every Se®@ with K,CSC.1.

In particular (16) holds for every K =®@NZX such that K,CKC 4. Henee
for everv W e@ there is a K,=2X, such that {w{A) (AN =W for cvery
K e®nX with A CKCA. that is the equality (15) holds. '
Similarly if A €@ satisfies the property :
{#x) , for everv open sel DDA there cxists an open set Dy R suech (hat
ACDC D
We can prove
Proposition 3.8. If A =R is owler regular with respect fo multinteasure
w oamd salisfics (*7) then

(16) widy =lim{e( . DT

Also the following result s true

I, De®NT).

ON THE SET-VALUED ADDITIVE AND SUBADDITIVE FUNCTIONS 47

Proposition 3.9. J/ 1 @R satisfies the propertivs (=) and (sx) and 1t is
regular with respect fo the mdtimeastre p, hen

(17) g(d) =lm{u(D); DDA, DeRNT =lim{u(K); NC.1. K e XNR}.

Remark, 1f ® is the ring generated by the family X then every @
satisfies simultancously (#) and (=x) and ltence every regular muliimeasuare
w oon # satisfies (17).

Special case. If X' is a real normed space and @,(X} is the family of
all bounded closed scts of of(X). endowed with the Hauwsdorll metric D
we define [A1=D(A. {0}) =D(A, 0) for every A =€,(X). Taking into acco-
unt the special form of the vicinitics of @ in this case. we observe that 1if
A =@ is a regular set (reqpcctn elv outer regular, inner regular) with respect
a ot multimeasure p : @->2,(Y), then the “definition 3.1 can be restated as

Definition 3.1." A =R s said {0 be regudar {ouler regular finer regular)
with respect fo the multimeasure w: R-—=Co(X) iff for every €0 there exist(s)
a compact set KC A and wiopen set DA (respectively an open sef DDA,
a compuact sel K AY such that D(u{(S) +71T. F)y<e for everv Se@ with SC
CDNK (resp. SCINA. SCASK) and every T =Q,(X).

Definition 3.10. Lef w: R-+&€4(X) be a multimeasure

Y We call the toial veriation of u the real valued sct funciion v defined
on @ by v(A)=sup{Zfdi} where suprenum is extended over all findte parte-
tions (AN of A with A, =R, (v can be infinite).

11y We say that v fzrrs Jindte varivtion (ff w(A) <oo for every o SR,

We observe that v is a non-negative additive set function defined
on &.

In the following we shall suppose: p with finite variafion. It is clear that

(17} LAl v(A). {or every o €@,

Taking into account this last inequality we obtain

Proposition 3.11. 7/ {he total variation v of the sudtimeasure p is regular
(rc.spectzml\ ouicr regidar, (nner regulary then p s regular (resp. otder resid v
inner regular).

Generally the converse does not hold except for the inner regularity.
Indeed the following theorem is true.

Theorem 3.12. 1l nultimicasure u: R Q (X} 15 fnner regular if and
only 1f the total variation v is inner regular on 2.

Proof. The ,only if purl” is trivial by proposition 3.11. To prove the
Jif part”, consider A € ® inner regular, By the definition of the total varia-
tion v we find for everv ¢ -0 a f:mtc partition (4 )%, C® of . for which

H

(18) v(A) = Y (AN +ef2.
1=
But u is inner regular at cvery A, =1, 2. ..., », and then, by virtue of pro-
position 3.4 there exists a compact A, CA, 1=1, 2, ..., »n, such that
(19) DA, w(S8) —e/2n,



48 ANCA MARIA PReECUPANIT b

for every Se@ with N, CSCAd, andi=1.2, .., »n. Let us denote by A = K.
sasl

It is clear that A is compact and KN C 1. Consider an arbitrary I €@ such

that KCEC A and let be E.=£nd, =12, . n Obviously Fye®@ K,C

CE,CAd; and EnE, = for i=).

Now, using (18) and (1Y}, we obtain

" H

WAy w(E) - )-.’ w( M +e/2- Y [a(E)] = El (gl )il — Pl E i1 +

1 il 1

+e/2< X Dip(d), w(E)) +¢/2e,
fel

which, according to proposition 2 of 41, p, 200, assurcs inner regularily
of v
This completes the proof.
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ON THE INDEFINITE INTEGRALS OF ABSTRACT FUNCTIONS
BY

NOLIS BASIT*

1. Introduction. Let .\ be a locally convex complete linear space
and X" its dual space. The function @ R->.X is said o be locally Lebesgue
integrable if v7(p(?)) is Jocally Lehesgue integrable ((11.i) for cach a7 =
X' 1f ¢: R—Cis a L.L.i. function, then the spectrum of ¢ will be deno-
ted by o(¢) and it is equal to the support of the Fourier transform in the

sense of distributions (107 p. 408) of ¢, i.e. o(d) =supp¢. If 0 R->X is a
1.1..i. function, then a(o) 1s cqual to the closure of the set (r{.(l(o)) 1f
4 : R—>C is a bounded LL.i. function, then one can definc the B eu rling
spectrum o,(9). to be hull I,(), where I(g) =}f: fap =0, f&L}{R) (sec {12
ch. 7). One can prove that a(y) =a,(p). If ¢ : R—~X is a bounded LL.i. func-
tion, then a,(@) can be defined also as in the scalar case and it is proved in

[5] (theorem 4.1} that ao(7) =U\o‘(\:'(:p)) and hence g,(¢) = a(e). We denote
rEXNT

by A any class of functions from Cy(R, C) or Cu (K, X} (the set of all
bounded uniformly continuous functions from R to C or X) having the
following properties. o . _
P.1. A is a lincar spacc containing constants and invariant under
translation. . ' '
P.2. A is closed with respect to uniform convergence, i.c. 2 uniform
limit of a sequence, or a net of elements of A is also an element of A
Using £.1. and P’ 2. it is proved in [3], that f+¢ =A, for cach ¢ =A

A+5
and f=LYR). Also it is shown that if g =A, then oy) = § o)dt =A for

K
cach s&R. One can define the A-spectrum o4(3) of a function 2 €Cy( R, &)
to be equal to the hullof the ideal I (p)={/:f=p<=A f=elL'(R)}. One can

7
3

prove that if 2.=,(3), then there exists feLYR) such that fsp=A and

f12)#0. Since 0 €A, then I,()CI4(z). Hence a(3)Co(z). Using only L1
and .2, it is proved in [3 (theorem 2.1 and 4.2) that s =C(f, X) is
an element of A iff o1(z) =@ (empty set). The spectrum s(g) is isolated
from zero iff there exists & =0 such that o{3)N 3-8, 3=¢F. We shall use
the space S of all functions f: R—C having all derivatives and rapidly
decreasing to zero together with all their derivatives ([10] p. 408). We no-
tice that the Fourier transform of a function f= S is also an clement of 5.

s On leave of absence fr:im Caire Univerity, Foculty «f Science, EGYPT,



