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for every Se®@ with N;CSC4A,and i=1,2, ..., ». Let us denote by K =0 K,
e=r]
It is clear that A is compact and N Col. Consider an arbitrary I €@ such
that NCECA and let be =04 i=1, 2, ... ». Obviously E, €@ K,C
CECA; and ENE; =g for i)
Now, using (18) and (1Y), we obtain

A ) —o(E) = Y Il ) +e/2— 3 [a(E)i= 3} Da(d)|— (B )]+
[ ERY ] im ] =1

+e/2< N D(p(Ad), w(E) +¢/27¢,
tol
which, according to proposition 2 of M1, p. 200, assures inner regularily
of .
This completes the proof.
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ON THE INDEFINITE INTEGRALS OF ABSTRACT FUNCTIONS
BY

NOLIS BASIT®

1. Introduction. Let X be a locally convex complete linear space
and X its dual space. The function @ R-~.X is said o be locally Lebesgue
integrable if v7(p(#) is Jocally Lebesgue integrable ((11.4) for cach a7 =
&X' 1f ¢: R—=Cis a L.L.i. function, then the spectrum of & will be deno-
ted by a(¢) and it is cqual to the support of the Fourier transform in the

sense of distributions (107 p. 408) of ¢, ie. o) =supp¢. Hf o R>X is a

1.1..i. function, then (o) s equal to the closure of the set (;r{(.l"(@)). If
F L At

4 : R—>C is a bounded L1L.i. function, then one can definc the B eu rling

spectrum o,(9). to be hull I,(4), where I(g) =}/ fah =0, feL{R) (sec [12

ch. 7). One can prove that o(y) =a,(p). If ¢ : K~ Is a bounded LL.i. func-

tion, then a,() can be defined also as in the scalar case and it is proved in

[5] (theorem 4.1} that ao(%) =U\o-(v'(9)) and hence a,(¢) =0(9). We denote
rEX*

by A any class of functions from Cy(X, C) or Cu (K, X} {the set of all
bounded uniformly continuous functions from K to C or X) having the
following properties. o . _
P.1. A is a linecar space containing constants and invariant under
translation. . ' I
P.2. A is closed with respect to uniform convergence, ic. 2 uniform
limit of a sequence, or a net of clements of A is also an element of A.
Using {°.1. and [’. 2. it is proved in {3], that f+ €A, for cach p €A

A+5
and f=L'YR). Also it is shown that if g =A, then ofy) = § o()dt =A for

X
cach s & R. One can define the A-spectrum o4(g) of a function o =Cu(R, X)
to be equal to the hullof the ideal I (p)={/: fxp A f=l(R)}. Onc can

7
bl

prove that il 2.=6,(5), then there exists f=LY(K) such that f+p=A and

f2)#0. Since 0=A, then £,(2) CIa(7). Hence an(3)Calz). Using only Pl
and 2.2, it is proved in [3 (theorem 2.1 and 4.2) that p=C(R, X) is
an element of A iff e1(z)=@ (empty set). The spectrum s(g) is isolated
from zero iff there exists & =0 such that o(p)N 3—8, 3=, We shall use
the space S of all functions f: R-C having all derivatives and rapidly
decreasing to zero together with all their derivatives ([10] p. 408). We no-
tice that the Fourier transform of a function f& S is also an clement of 5.

s On leave of abseuce [im Caire University, Foculty of Science, EGYPT.
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In the first result of this paper we prove thatif ¢ R—Xis a weakly
uniformly continuous function with isolated from zero spcctruin'. then ?
is bounded. The second result of the paper says that if ¢ K- »X is a LL.i.
function with isolated from zero spectrum, then there exists f = LK) such

that ¢(x) = Eq:(t)di =fro(x) = [35(0). This result extends a classical Favard’s

0 * - .
theorem {which states that if ¢ : R C is an almost periodic (A7) func-
tion with isolated from zero spectrum, then its indefinite integral ¢(x) =

=§ of{t)dt is also A.P.), to any class of 1.L.i. functions invariant under the
0

operation of involution. Finally, the third result of this paper gives a A-
spectrum characterization of the indefinite integrals of the clements of A.
This extends a theorem of Ginzler to the case of A classes (see [9].
theorem 6). ) _ ' :
2. Uniformly continuous functions. In this section we prove three
lemmas concerning uniformly continuous functions, . B
Lemma 2.1. Let o: R—=+C be a uniformly continuous Junction. Then
there exisls a constani K suchthat |os—3|« —SL’IE}“?(I +s)—o(tll<s K(isi +1),
e R,
) Proof. Let ¢,=0, there exists 0- 8,-=1 such that ..<P(i+!z)—?(t)li.f$
< ey, |h1<8,. We can assume that s =0, Choose the integer 2, satisfying the

inequality s— 3,<7,. 845 We have the equality ot)—(t+5) =Y, [pl{+
kx|

(k= 1)8) — ot + ko) ] + ot + 1080} — (1 +3). from which we get [lo(t) —

---q:(t+s|,,s(11,,+l)s.,s(s+l)3030“'--I\(s+l). _ ' L.
Corollary 2.1. Let o: R—X be weakiy uniformiyv continnouns. Then

- w is bounded for ecach s & R. .

- ?Proof. U:sinér jemma 2.1, we get that a*(ss—7) is bounded for cach

reX' seR. Since X is locally convex, we find that o,—¢ is bounded,

se K. ) y

i We remark that lemma 2.1 is not true for fun‘ctlons from .1\2 to C.

Indeed, let o: R*—C be a bounded uniformly continuous function such

that (¥, 2) = Eq;(z‘, v)dt is not bounded. Then the differences o{x. v +38)-
U

—(x, y) are not necessarily bounded. In fact the following can be proved
for any locally compact group & taking f < LYG) with (-ompaFt support.
Lemma 2.2. Lef %: R-+C be a uniformly continnons function and let

feS, E fitydt=1. Then p—frp s bounded. :
Proof. We have |p(x) —peftx)| = § [o(x) —7(x—DIA0d> § 1o():
—e(x—8)] {flt)ldi+ § lo(x) —@(x =)} f(t)dt = /. + J.. Using lemma 2.1 and

=1 i B .
the assumption that f€5, we get J.<K,, and J.<K S(_tl+l);f(t)|d!-

tzl

=K, Hence p—oxf|<K,+K,..
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Corcllary 2.2. Lemmua 2.2 is truc for functions from RK-+X. The proof
is the same as in corollary 2.1,

Finallv. we prove
Lemma 2.3. Lot 5, 3" €C,(R. X)) and (¢l o,l9)=1{0}. Then @' €A.

Proof. For cach a#0, there exists fe LYK} such that l?*(}.);é() and
feoped, Since 3" =C,(R X)), we get 2'5f(1) = (o=f(x)) =lim n[p#f(x + 1 fn)—

—mxf(x}] uniformly with respect to v € R, Using P. 2, we obtain o=feA,
T+a

This implies that a4(3')< {0}, Since Mz'=lim 12T { '(}dt=0 and
Toew —~T=a

the limit exists uniformly with respect to a € R, then by [6] (p. 23) or [3]

(lemma 1) or [i3] (§7) " can be obtained as 2 uniform limit of functions of

the form ¢' o'sf , where f=LY(R) and f(3)=1 |A|<e. We have
o2 — o' =/)N( e &) = and a\(3"— '+, )U{0} and this implies that 6,(p" —
—w'xf) =@, By '3 (thecorem 4.2). we get (o' —3'+f,) €A, Using P, 2, we
obtain o €A,

Corollary 2.3. Let neCu(R, N) he such that a\(9) ={0}. Then oy—

weA, for each s R, . .

Proof. Choose f= LY R) such that f{(2)=1. |\ <1/2 and supp. fe [ —1.1].

Then ¢ =(fr3)' =C,(R. X) and hence by lemma 2.3 ¢' €A and therefore
Y-

Galt) —p(x) —  § Y(f)dt=A. Since the Beurling spectrum a(p -$) is iso-
Y

lated from zero, the A-spectrum o{o—9)=. By [3] (theorem 4.2} we
obtain ¢~ »=A. This implies that o,—d, €A, for cach s& R and hence
20 = 70— ) + (fa— ) +(I—7)] SA.

3. Favards’s theorem. In this scction we extend Favard’s theorem
(Y] p. 56, [11]) in two directions. Firstly. we have the extension to func-
ttons with values in X and the proof of the boundedness of these functions.
Secondly, we have the extension to any class I7 of 1.L.i. functions containing
constants and invariant under involution (i.c. fsp& I for cach 9€F and
feL'(R). To explain the first extension we notice that almost periodic
functions are alwavs bounded and that the Beurling spectrum () of an

T

a.p. function 3 : R—Cis cqual to the closure of the set {c: lim(l_-"[?)jcuu?(,)
dt#0, c&= R} T d
Theorem 3.1. L¢t 2. R—C b nniformiy continuons function with iso-
X

lated from cero spectrum. Then (x) and (v) = S =(t)dt are bounded on K.
v
Proof. Let =0 be such that [ 3, 3]Na(p) = . Choose f=5 such
that supp. fcf 8, 8] and S f(t)di =1. Since c(f*p)".'._supp.}ﬂc(@}, we get

fo=0. By lemma 2.2, we find ©w=5—f=n is bounded. This implies that
B(x) is an uniformly continuous function. We have $'(x) =%(/) and hence
?A(}\) =2iznp(2) in the sense of distributions (107, p. 410). This implies that

supp. ¥ =supp. 2 which means that o{) =e(}). Hence a{¢)i—8, 3 =&
and therefore fod =0, By lemma 2.2, we get 0 =17 —fxy is bounded.



- BOLIS BASIT * . 4

Corollary 3.1. Theorem 3.1 s drue for the functions with values in X
Indeed. if 5 : R—X satisfivs all the conditions of theorem 3.1 ; then x7(9
and x°(b) are hounded, for cach A" =X, Hence o, & are bounded functions.

Theorem 3.2. Lef o R ~€ be a LI, function with isolated from zere
specirion. Fhen there exists [<LYR) such that P(x) = gfg(f)df=f=!=?(_1') [fro(0)
Proof. Tet 8= 0N sech That 8. 31Me(7) = Qj.”Clmosc f= [,\'(R) such
Lhat f(?) =1/(i7). n=[ 3.8, Then the equality fap(y) =f4-'g(0)+§:9(i)rf‘! 15

true in the sensc of distributions and hence it is true poinlwise, for both
sides are continuous [unciions,

Corollary 3.2. Theorem 3.2 is true in the case of functions from R fo X,
The proof is the same as in corollary 30, . .

\We note that the sets of almost automorphic [7]. recurrent (&1, distal
18] and Poisson functions (2] from £ to € give examples of classes of type
7. One can define easily almost pe iodic. almest automorphic, recurrent,
distal and Poisson functions from # to X, and also it 15 casy to verify that
these sets are classes of type I Other tvpe [ classes are theol Stepanow,
Weil and Besicovitch (S0 1 B Tunctions,

4. A theorem of Giinzler (9. In this scction we give A-spectral charac
ierization of the indefinite integrals of functions from A which do nol neces®
sarilv Liclong to A. This siudy completes and extends a theorem of Giinz
1 er ([97 theorem 6}, we prove

Theorem 4.1. Lot 2=C (i, N). Then the Jollowing conditions  are
cyuivalent
(c.1) ealp)C{OL
(c.2) o,—p <A for cach s K

X

(c.3) there exists & e such that o(x) =d(x) + § Lt)d!.
v
(c.4) there cxists a sequence Lot CA such that
\- .
o(x) = (0 +lim {5, (f)dt, and the limit exists wniformly with respect
o Fi]

to xR,

Proof. (c.1y=>(c.2). This follows from corollary 2.3 (c.2)=>(c.1). Let
240, Choose s @ R such that ¢ 1. Using (c.2) for cach f=LY(R) and
[A(}\ #0, we have {9, )/ =5/ fyeA. Since fo(3)—f(3) =f(r) (e — 1) #
£0, we conclude that 2& ay(2). Hence g\ () C{0}.

(c.1)={c.3). Choosc feIMR) as in corollary 2.3. Let S(x) =op(r) -~ f=
waf) 4+ fHp(0) and () =(f=p) =[+» Then using lenmma 2.3, we get (€A
and since a(d){—1/2. 1j2)= 5. we get oy (Y =@ and by theorem 4.2 of

’ ' X
(5, we conclude that beA, We have o{x) =$(x) + § S()dt and 4. TEA.
o

N+3

(¢.3)=(¢.2). We have g,(x) = p(3) =¢.(3) —$(x) + | L(o)dt A for cach
X

s=R.

T
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(e d)=(c.A). Take f(v) ={1—cosna/nx?). Then by 16 or [37 or [13
we find that Hm fyx3'(x) ==(x) uniformly with respect to v& R, morcover,

a(f,) C [ —n, n]. Put g,(x) = fixg(x)]". Using lemma 2.3, we get g, =4, ne N
b
We have p(x) = 9(0) + Hm § 2,(f)d¢ (uniformly with respect to ve R},
"oy 1]

"

(c.4)==(c.2) W have z{x)—s{1)=lim ‘\}‘5 wu(f)dt (uniforly  with
respect to x € R) and hence p,—5 €A, for uug:ﬁ s< i,
Corollary 4.1, Lot w<eA and let o(v) = gq(f)df be a bounded function.
Then cither v €A or oy (b)) =10}, . )
Uroof. The difference pa(x) —5(v) —.\gsrp(t)dt <A, for cach s<R. By
B

theorem 4.1 we get ay($)C{0}. Hence cither o) =& (and hence ¢ <A)
or o(¥) = {0}
Corollary 4.2. I'n addition to I.1 and P2, let A satisfy the following :
P3. vyl for cach yi(t)=e? and p<A.
P4 If asCw(R, X} and gs—oeA, for cach s< K, then g cA
In this case we have
Y
Corollary 4.3. Lot geA. Then cither $(x) = {o(l)dt is an clement of
Q
A or & ds unbonnded.
X+5

Proof. \We have (3} —9(2) = § o(f)dteA, s < K. 1f v is bounded,

A
then by property P, we get g @A,
\We notice that if .\ satisfies certain conditions ((2]. [4]), then the
known classes type A satislying P.1, P.2 and P.3 also satisfy P. 4.
1 should like to thank Professor Hans Ginzler for his intercst in
this paper.
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THE MEAN VALUE OF AN ENTIRE FUNCTION REPRESENTED
BY DIRICHLET SERIES

BY

SATENDRA KUMAR VAISH

I. Consider the Dirichlet series J(5) = Z anexp(sa,), where g4, >4,
o]

7020, limi, =%, s=0+1f and

(1.1) lim _-,upﬁq-é-:ilt =,

et . and a, be the abseissa of convergence and the abscissa of absolute
convergence, respectively, of f{s). Let g.=cc. then a, will also be infinite,
since according to a known result 11, p. 4] a Dirichlet series which satis-
fics (1.1) has its abscissa of comvergence cqual to its abscissa of absolute
convergence and thercfore f{s) represents an entire function.
We define the mean value of f{s) as:
T
. I .
(1.2) Ts{a) = lim -:S flo+ ity ¢drd, 5-.0.
e (21
Smcee log Iy(a) 1s an increasing convex function of ¢ (37, we are able
to write log Tg(a} in the following form :

(1.3) log 1 +(a) =log Ts{as) + S (2)da. o =a..

where (1) 1s an tncreasing function of v, continuons in adjacent intervals,
The Rit t-order ¢ and lower order 2 (in the sence of Ritt) for f(s)
are defined by 4, p. 787

log log M{s) &

(1.4) lim sup—=—2"—~* =" 0g)gpg w0,
a-»a  Amf o }
where M{s) =sup{ flo+1f) © - <t oo},

In this paper we obtain a few relations with the help of (1.2).



