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THE MEAN VALUE OF AN ENTIRE FUNCTION REPRESENTED
BY DIRICHLET SERIES

BY

SATENDRA KUMAR VAISH

I. Consider the Dirichlet series J(5) = Z anexp(sa,), where 2pe, >3y,
RS |
7020, limi, =%, s=o+1/ and

{login

“n

(1.1} lim sup

R

=),

et . and g, be the abscissa of convergence and the abscissa of absolute
convergence, respectively, of fis). Let g.=cc. then o, will also be infinite,
since according to a known result 11, p. 4] a Dirichlet series which satis-
fics (1.1) has its abscissa of convergence cqual to its abscissa of absolute
convergence and therefore f{s) represents an entire function.

We define the mean value of f{s) as .

T

. : ! .
(1.2} Tala) = 111”: {ETS Vflo+ 1) dt } . 800

Sinee log Iy(a) 1s an increasing convex function of o [37. we are able
to write log 15(a) in the following form :
a
(1.3) log 1 a(a) =log Ts(an) + S 1'(x)dx. o3>0

where 17{1) 18 an mcreasing function of 1, continuons in adjacent intervals.
I'he Ritt-order ¢z and lower order » {in the sence of Ritt) for f(s)
are defined by 4, p. 787

) os 3 -
(1.4) lim supw =", 0grge< o0,
a-++ Inf g s

where M{o) <sup{ flo +1f) | - <t o0},

In this paper we obtain a few relations with the help of (1.2).
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2. If f(s) is an cntire function of non-zero finite Ritt-order o, type T
and lower tvpe £, 0gt< I< oo, then for 821, we have 2, p. 13]:

log Is{a) 87

lim sup ——27 =
(2.1) lim sup == .
Let us set
(2.2) lim sup o) = a. 0B agoog,

e+w inf g°C

We prove the following results :
Theorem 1. If f(s) fs an entire function of non-zero finile Ritl-order g,
with and T, t; «, § the constants defined as in (2.1) and (2.2), then

(2.3) PSSl sa,
(2.4} 3pT = (afe)?e= B,
(2.5) 3ptes {1 +log(x/8)} € x,
and
(2.6) o+ 8pTagedpT.

Proof. From (1.3), we have, for any £20,

a  ate

(2.7) log Ty(o +hfe) =0(1) + {5 +] °} V(x)dx, o

We first suppose that 0~ f-oo. Then, from (2.2}, for any >0, and » suf-
ficiently large, we get

F(s)/{e*> B —e.

Hence,

etlog Is{o+k/p) _ B—z k V()
2.8 ey N (M) — (—o(l))+ = ]
@8) s P 0+ S )+ 2

Taking inferior limits of both sides in (2.8), as =00, we get
3te* > Ble + (kfp) B

For k=0, this gives

(2.9) dpt = B,

which also holds when 8=0. 1f 8 werc infinite, the above argument, with
an arbitrary large number instead of (8—e¢), gives £=o00. Thus (2.9) holds
when 0B < w. Further, from (2.2), we get, for unyv e -0 and ¢ —-q,,

(2.10) V(o) <{a-+e)e™.

+n
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This estimate for V() on account of (1.3) vields

log 7s(3) ese) + 22 (1 —o(1)),
e P

whence,
{2.11) deTa.

Combining (2.9) and (2.11), since 8p7 > 8¢, we get (2.3).
In order to establish (2.4), we take superior limits, as ¢-» 0, of both
sides in (2.8), and get

3T¢* 2 Bfo +(kfp)a,
which gives for k=1—g/a,

(2.12) 5T 2% P33
4

the last inequality in (2.12) follows from the fact that xz0=pe®2ex.
Further, from (2.7) and (2.10}, we get -

log Ta{a +kfg) <o{1) + 225 (89— ) + bfp V(s +Kfz),
, “log is(a +k/g) 0(c=) + 24z (L—o(1)) + ko V{a +kfp) &

oot} P Lkip)

Taking inferior limits, as o—+0, of both sides, we get
St < T kjolet
P

which, on taking &=log(«/g), gives,
31 B{1 +logla/3)) <=,
since 1 +log{e/B<expilog(2/B)}. This proves (2.5).
To prove (2.6), we note that

o+t
@

Vig)<p S V(x)dx,

since V(o) is a positive incrcasing function of o. Adding g log I's(e) on
both sides of the above relation and using (1.3), we get

¢ log Is(s) + Via) <5 log Fs(a+1/p).

Ihividing throughout by *® and taking the s.upcrior limit we get (2.6}. This
completes the proof of theorem I.
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Renark. Since the function e} - ex attains its l_nininmt_n for s.'= I
in the relation (2.4) actually 3= (=fc e* if a# 3, and in relation {2.5). b
{1 +log(x/B)} == 1f a#3. Thus the equality in the relations (2.4) and (2.5)

will occur only if x=8. Moreover. from {2.4).
(ale)er<dp T,

or,

(2.13 axedpT.

A compatison of (2.6) and (2.13) shows that (2.6} is a rvfil}c!ncn)t'of {2.13).
Thecrem 2. If f(s) 15 an cntire function of non-zero f:mfg Ixmfl-grder 5.
then Yim 1(a)]e®® evists. if and only 1f, lim log Ts(6)je?® cxists, in which case.

f . log !
(2.14) lim : (f) =8 lim —-5-—3(—0—).

T or {‘5 a -z [ 4

g-am

Proof. If lim V{a)/e®® exists, then lim log Is(o)/e®® cxists on account

g = a-=

of (2.3). We next suppose that

(2.15) lim log Ts(a)fc™ = 37

First let 0 < T < o ; then for any €20 and 600,
{2.10) S(T —€)®° <log Is(s) ~ 8(T +¢€)e™.
Hence. for anvy 0<=A <=1, we have

a-A a- 3 a

el Y

g F(x)da = S F(x)dx s I(a)dx =log Io(s+B)—log Is(s) <8(T +e)
BT )t = 8T (e 1)+ Be(e® 4+ 1)ef0 = BT (Jp .07 +
3e(24+Ap 4. )
Therefore. since 1'(s) is an increasing function of 8.
LY
Al(a) S P(a)dy < 3T(Ap + )0+ 3c(2+Ap +..)¢.
Since & and A are arbitrary, it follo ws that

(2.17) lim sup V'(a}/c**<3pT.

3o an

Procceding in a similar way, we casily get

S V(x)ds =8T(dp - ...)e° —de(2 Ap + ...

-4

5
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for anv 20, g ~a, and 0 A - 1. Since I7(g) 18 an increasing function of o,

AT (a) '&S['(\',‘d\"--é‘f(.&p L) Be(2- Ap L),
a—-3A

whence, since ¢ and A arce arbitrary,

(2.18) lim infi 17(a)/c 2 3¢ T.
Thus for 0« T <3¢, the relations {2.17) and (2.18) gives
(2.19) Hm F{g}/e??) =857

Ii T=0. then (2.17) given
lim [I'{(g)fe®"} =0,

G o
and if T =o0, then taking an arbitrarv large number M mstead (7 —z)
and proceeding as above, we get

lim [17(a)/e* = .

Q—x

Thus also in this case lim |[F(g)/¢® exists.

a-+

The equality (2.14) follows {rom (2.15) and {2.19).
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