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ON SOME CLASSES OF VOLTERRA DIFFERENTIAL-INTEGRAL
EQUATIONS

BY
BOGDAN RZLEPECKI

I. Intreduction. Bv (PC) we shall denote the problem of finding
the solution of the functional differential-integral equation
H

Y =ft, x(h(e)), sk(s, x{e(s))ds),

0
satisfving the initial condition
| ¥(0) = 7,

where v is real and /, %, %, g are given functions.

In this note we are interested in the study of the problem (PC) on
the half-axis. Many papers related to the problem {£C) have been published.
The complete bibliography is given by Vainber g {13] and MvSLkis
(7], Sce also [17-[5], [8). [10] and [12]. The method used here is based
on the concept of fixed-point theorems in a Fréchet space, and the
concept of L-space (sce c.g. {6]).

2. Fixed point theorems. Suppose that F is a Fréchet space [14]
with a nonempty subset X and a nonempty convex closed subset K. Let
T be an one-to-one transformation of E into itself for which T[X]1is a closed
set. Morcover, denote by P={p, :n=1, 2, ..} a saturated familyv of semi-
norms which generates the topology of E.

Under these hypotheses we have the following basic {ixed-point re-
sults (see [9], [11]):

Theorem L Let I} (n=1, 2. ..) and F, be mapping from X into I
satisfving the following conditions : (1) F,[X 1< T X for n>1, (2) im F x =

=Fox for x tn X, and (3) p(Fox—Fny<h,p(Fy— Tr) for nz1,p in P and
x, vin X, where k1. Fhen there exists a wnigne pornt v bm=10,1, ...) in
X osuch that Foxg="Tx, and Ty, Tx, as n-» o0,

Theorem II. Let I be @ mapping from X x K into E, and let Q be a con-
tinuous mapping from K into a compact subset of L. Assume, moreover, that -
() FIXxK <« TIX] K, (2) p(F(x, vi) - Flx, vo))<p(Qvy—Qu.) for pin P
vom X, and vy, v in K, and (3) PF(xy, v) —F(ae, V)< b, p(Toy—Txy) for
P P,oxyand xoin X van K, and with k=1, Then there exists v in X such
that F(x, Tx)=Ta.
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3. Assumptions and notations. Throughout this paper, /= 0.), R
i5 the Euclidean space, and all functions are real. C(f) denotes the set of
all continuous functions defined on J.

Let us put: p(x) =sup{|x{f} : Ogisn} (n=1.2. ) for v in C(f).
The set C(J) will be considered as vector space with the topology of almost
uniform convergence {i.c., uniform convergence on compact subset of J).
This topology is determined by the above sequence (p,) of seminorms, and
therefore C{J) is a Fréchet space!

Let M and NV be locallv integrable functions of [ into itself. We use
the following notations :

(F, — the set of continuous functions [ defined on f xR xR such
that |/, v, v} =l ve v <M vy, — vy + vy — v for 220 and v, x,,
v, v in R
... ™, the set of continuous functions % defined on J xR such that
Rit, Xy~ k(t, V)€ N({#)|x- v/ for t20 and x, v in R; ;

@, — the set of continuous functions & of / into itsell such that A{f) <
<! for {20 :

(Fs {resp. Xs) — the subset in (7, (vesp. X)) consisting of uniformly
bounded functions. . )

Moreover, we shall be using the notion of £%spaces, £ -product
of £°-spaces amd continuous mapping of one £ -space into  another,
see eg. (6, g A
; 4. Main results. In the sequel we shall deal with the sets 77, X, &,
as L. spaces endowed with the almost uniform convergence on J xR x R.
J xR and ], respectively. The sets(F., X, are endowed with the L - space
structures by the pointwise convergence on f xR xR and / xR, respectively.
Furthermore, denote by &, the set &, considered as  £°-space  with
the pointwise convergence.

Theorem 1. Lot Q be a nonem ply sibset of R and let & be a nonemply
closed subset of C(J) such that for feiF, ke X, hand g in Xy, v, < and x =
& the [unctions .

[-» 7+ Sf(s x(h(s)). g k{a. x(s)))do)ds are in A,

Then for an arbitrary o=(f k. h g 1) 10 (F % FHoxdy, x Xy xO there exists
a unique function xy in & satisfving the problem (PC) oun J. Morcover, the
transformation g-»x, maps continuously the £%-product (F,x X; x &, %
xAxQ=1.2) into C(]).

Proof. Let us put L{t) = M{t) +N{¢) for #3 0. Let 2= (/. kb g or)e
sF, x Ky x B, x ¥, x 0. We define & -

(T)) =exp(—r{ L(s)ds).x(0)..

1]

.
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! I3 3
i) = exp( rS 1,(_«1(:3)-(,; . Sﬂ_s, \:'L(s]).. J #la. s(g(@)do)ds)
(] 1 L
for v inZ. where r =2 is a constant. Then, 7 is one-to-one continuous map-
ping with I8 CT® ! and T isa closed subset of C(J). For a posi-
tive integer n, and O0<é<n, and u, v in &, we have

|ds<

S’If((s. 1 (h(s)}, S k{o, u(g(c:)))dc) - f[s, zf_lx(sJ],Sk(c. v(g(c)))dc)

0

? t

< S.\I(s){ (|u(h(s)) v(l:(s)]! +‘.\’(c)

t Ais) .

- S M{s) [{Tu)(h(s)) — (Te){h(s)) -exp (rSL('.]d':) + S_\'(c)- (T){g(o)) -

Ll 1} 1

u(g(a)) — v(g(s))

: (Tv)r,g’(c)) Lexp (ros L(’.)d—.Jdc) ds< poTu—T) .US‘(I.(S).oxp(r‘(S 1.(—.)d:) ;
L M(s) Sz.(c) o.\p(:SI_(:—)d':J dcr)rt’s- 2pul Tt 1‘1.).SL(s)vxp(rSL(r)dr)ds

t

<2t p(Tu— T vxp(rS]_(s)ds )
£
and its follows that p,(Fu- Fu)<2r 'p,(Lu - T9). Therefore, by Theorem I,
we conclude that there exists a unique a, in % such that

$

vo(t) =7, + Sf(s, %, (h(s)), \ ko, x,(g(s)))do) ds
for 1> 0. ! ’

LCI Pm "’(_fm- l‘.' }’r e Tj\m) s 3‘:5 XZi be,- x wl X(_) (" - l- 2) fﬂ'l.' o=
= 0. 1. ... Denote by F, the mapping F whenever =12, .
Let us fix ¥ in % and / in J. We have :
t

Ty Fox) () — Ty (F 0 (1)) € 1ga— 0o + S M(s) t(h,;(s))- x(ho(s)) ds +

I3 £ it 3

+ S M(s) (S V()| xl{galo)) — 2(gu{a)) (l’c)ds + S M(s) S(k,,(a, x(go(a)))

u [ ! [}
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3

g(fn((s, 1{ho(s)), Sko(c, x(gs(0))) da) B

ds +

— hofs, ¥(go (om) ds

< % ol + sup lx(A(s)) —
[PE-4% .

‘ ~fu((-¢. x(Aofs)), §ko(a, x(ga(s)))ds )) ds

-S:’l{(r)d-. + sl a{ga(s)) — (&a(s)] S .\'(T)d'r's M(z)dx +

1]

— x{hfs))

0Kt

4 ¢ sup [Ra(s, #(go(s))) = Eo(s, x(&o(S)) " S M{=)d= +

5

f,,((s, rr(lt,.(s)),s kols, x(gy (a)))da)~ fol5, .x’(}.r,,(:f)),sS ko, x(g(a)) drx]

4- £ .sup
(L r o 4

for n2 1. Assume that im(f,, %, k. 2a, a) =(fo. %o, Mo, Lo, %), Now, fori=1,

lim Fox=F,x in C(J). I”f:=2 then using the Lebesgue bounded convergence
theorem we obtain that T F00) =T {Fox}(#)|—>0 as n—>0. This implies,
by the equicontinuity of sequence (7°7'(#,x)) on cach compact subset of
J, that (£,x) converges almost uniformly on J to ‘F..,x. Finally, applying
Theorem 1. we obtain that lim x, =x, in C{J). T'his ends our proof.

H—ro

Corollary. Denole by x, the unique solution of the problem (PC) with
feg, keX, hed, ged,and n=R. Let (x, v)=(t, x, ) and ==k, z)
be monofonic nondecreasing for each £ in J. Assume, moreover, that there exis(s

functions w,, u, suck that
¢ s

() € %+ S_f(s rr,(k(s)),Sk(c, u,(g(a)))da)ds,

5

ug(t) >4 + S_f(s, s ("1(8)),sk(a. us(g(0)))do)ds

for £ 0. Then u,(f) < vo(f) < a(f) on J.
Proof. Consider sets &, &, of all x in C(J) such that u,(t)< x(t) and
ug{t)» x(#) on J, respectively. Define the mapping W by

()0 = 1+ {5, (). o, s(glodalas

for x in C(/). Il can be easily seen that IV’ maps & (i =1, 2} into itself. Since
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cach & 1s nonempty closed subset of C( /). so by Theorem 1, 1) has a unique
fixed point x; in &, This implies 2,()< x,{t) = vo(f) = xo(f) < #.(f) on f, and
completes the proof.

Now we begin tostudy the existence of solutions of the problem (PC)
with fe=f, 4 f, where fyegz, and f; is a continuous function.

Theorem 2. Lel fyeg,, k=X, he= X, gy sHy, lot 1, g, be continnous
Sunctions of [ into tiself, and let f.. k, be continvous functions defined on J x
XR xR and [ xR, respectivelv. Suppose that

At o, v) + Ll o) < H{E | x) Ly, (|, |ol) and
Rt 2} < 2t |21} (1=1,2)

Jor ¢20 and x, v, u, v, cin R Assume, moreover, that :

(1Y (x, v, o)y=H(e v, von, ) 78 monolonic nondecreasing for each { =2 0 (ie,

for 120, 0y, €, O v v, O, and O<v, v, tmplies H{t, vy, 4y,

iy, ) < H{E vo, v, 10, ©2)).

(2) x—o(f, 7)) (1=12 ) are monslonic nondecreasing for cach 20, and (3)

Jor each Loz 0 there exists a locally bounded function Oy of J into ilself such
]

that t -~ S au{s, Dolgs))ids is a locallv bounded function on [ and

wo(f) 2 Lot S H{s, wu{in(s)) . g ay(a, Wl il aPda, do(hal ), g %:(7. Do(g()))da)ds
0 o )

Jor t 20,
Under the above hypotheses, for every « in R with |q1< Ty, there exists

a function x defined on [ such tha! x(0) =+,
! i1

x'(f) =f1((f, x(hy (8), g ks, .\{g,(s)))ds) +f-_)(t. AN S ks, x(ga(s)))ds)

»’
&)

and | x{)<dy(8) for all {30,
Proof. Let |+ <7, We write L{)=3{#) + N({t) on [. Define mappings
T, 0 and F as follows:

!

(Ta)(t) = exp(— rS L(s)ds). (1),

(@3¢ =§fg(s, exXp [r .h’s.’lf.(‘?)d‘f) Kt (Izﬂ(s)))v Sskg[c, exp(rg.xs(j_(‘:)ci‘:)y(g._.(a)))d.cr)ds,

P, 0 =exp( -~ {1as) L+

¢

3 = Matemsiicd
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5

B S/ (s. H(h(s)). Sfe.(c, (2 a’o)ds " {0\){0)

for x and v in C{J), where r =2 is a constant. Moreover, et us put:

X={veC(]): x(l)|< $o(f) for {20},
K={xeC(]): |x{t}|< (Ty){t) for 120}

Obviously, T[X|C K. K is convex, and in the topology of C(J]), the
sets K, T[X] are closed and the operator @ is continuous. By Ascoli-Arzela
Theorem, QK| is conditionally compact in C(/). Arguing as in the prpof
of Theorem 1. we obtain that p,(F(u. v) — F(v, ¥)) < 2r . po(Tu — T}
{n=1,2,...)for u, v in C(J). If veX and vy €A then

"+ Sf( s, ¥(afs)). Ru (o)) do ]ds OO <

hy{sl

exp (r. S L(:)d—.)' v(he(s))!,

{u(o. vgrton) ao

] £:{a)
lSkz (o. exp (r s 1.(-.):{:) 1-(g2(a)))da§i )ds < Lo+
1] g

+ S H(S- bo(/t: (5)). R a(6, yolg(6)))do . Ju(:(s)), S %0, Yo{g(a))) d") ds < of?)
0 0 i

¥

for £20. This implies F{.X x K1C 77X}, and consequently all assumptions
of Theorem 11 are satisfied. Hence there exists ¥ in X such that F(x, T'x}
{t)=(Tx){f) on J, and we arc donce.

5. An inequality of Gronwall type. We conclude this note by re-
marking that our Theorem 1 enables us to get a variant of the well-known
Gronwall inequality. More precisely, we state the following result :

Proposition. Let c>0, L.20. hed,, g &, and let G, I be continuous
functions of | into itsclf. Suppose that u, is a function such that

() sc+ L § (H(s)ua(lr(s)) + SG(d)uo(g(a))cia) ds

0
for t20, Then

t

1y(1)< ¢. exp (L g( {H{s)+

0

G(c)do] ds]

C oy

or all £ in ],
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T Proof. Let us put:

Tl o)y =L{H{y + 1), k(Y 2) = G, and. - |

H

e

mft) = wl), w(t)=c. 1( L (H(s) + §(£(a}..":)cis)' -

=

fortin fuand x, v, 7 in RO We have

i H ! H

¢ i-OSf(S, z:.l(/:(s)).ns hla. u,(vls))) u"rr).!s =0 +OS l.((H(s).-t.s{:.:) ua._‘s:(SG(c)dc)ds:

0 h
=c.exp (I.S(H{.w'] + SC(rr)(l'rr) r!s) =1,{f)

for 120. Consequently, the Corollary given in Sec. 4 is applicable to the
above mappings f, k. 1y, w0, andd n=c. Hencee (£} < 1,(f) on [, and the proof
15 completed,
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AN INTEGRAL INEQUALITY IN TWO INDEPENDENT VARIABLES

BY

ADRIAN CORDUNEANU

L. Introduction. There cxists an extensive literature concerning va-
r.ous generalizations of the Gronwall inequality, in the case of two or more
ndependent variables (see, for example, the recent works [1]--[6]). In
4] we proved that if the continuous function # satisfies the inequality

£y
(1) u(x.y) <€ fla. ) + SS bis. u(s, )ds dt, x, v20,

00
where f is continuous and monoton¢ nondecreasing with respect to each
variable, & is continuous and nonnegative, then it follows for x, yv20

F4) xy

(2) w{v, Vi< f(x, v) {I + SS b(s, tyexp (SS bz, 'r,)dt:rh;] ds dt] .
00

st

This result was obtained using the notion of resolvent kernel of the theory
of Volterra lincar intcgral equations. A more general inequality that (1)
is the following

sy

{3) u{x, Vifla, vy +alx, v) SS bis, th(s. Hds di, a1, v20,
>0

where #, /. a, b are continuous and «a, b are nonncgative. To obtain from
(3) a bound for the function #, we will follow the same way as in the case
of one independent vartable. It is well known [3], that if a continuous func-
tion u =u(x) satisfies ‘

(4) w{x)<f(x) + S k(x, s\u(s)ds, x>0,
1]

where f and % are continuous. 420, then it follows

'5) 1(x)< f(x) + S r(x, s)f(s)ds, xz0,



