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AN INTEGRAL INEQUALITY IN TWO INDEPENDENT VARIABLES

BY

ADRIAN CORDUNEANU

L. Introduction. There cxists an cxtensive literature concerning va-
r.ous generalizations of the Gronwall inequality, in the case of two or more
ndependent variables (see, for example, the recent works [1]—{6]). In
.47 we proved that if the continuous function « satisfies the inequality

(1 wl(x, ¥) < flx. y) + SS b(s. fyu(s. {)ds dt, x, ¥30,

L}
where f is continuous and monotonc nondecreasing with respect to each
variable, b is continuous and nonnegative, then it follows for x, v20

EAl xy

{2) u(x, ¥)<flx, v) ll + SS b(s, tiexp (SS %, r,)dt_dr,] ds dt].

¥1

This result was obtained using the notion of resolvent kernel of the theory
of Volterra lincar integral equations. A more general inequality that (1)
is the following

{3) w(x, V)< flx, v) +aly, y) SS b(s, tyu(s, t)ds di, x, y20,

where n, f. 4, b are continuous and o, b arc nonnegative. To obtain from
{3) a bound for the function #, we will follow the same way as in the case
of one independent variable. It is well known [3], that if a continuous func-
tion # =u(x) satisfics '

(4) ()< f( + Sk( v, shu(s)ds, x>0,

where fand % are continuous. k20, then it follows

'5) w(x)< f(x) + S r(x, s)f(s)ds, x20,
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where #=#(x.s) is the resolvent kernel associated with k=lk(x,s). Now,
if we take A{x,s) =a(x)b(s). we deduce

(6) r{x, s) :(r(.\'){:(s)u_\'pts ()bl :)u’:), vzsz 0,
. . e e - &
and }:(..I)l]él.‘(illlﬂl]_\', from the incquality
(7) ()< f(3) +al) S bs)u(s)ds, 20,
o

wherd . f. a.b are continuous and a. b are nonnegative, we obtain the hound

X X

(8) L€ f(x) +:,(_\‘) S b{s)exp (S a(—.)b(-.)d-.) fis)ds, .\;;.‘: 0.

This incquality is khown [2] and. of cowrse, may he also easily deduced
usging a lincar differential equation of the first erder. We will apply the same
method in the case of two independent variables.

" 2. Main result. “Proposition 1. J/ the contisnuous function w=u(x, V)
satisfics the inequality (3), where ‘ ‘
(a) [=f(x. ) is condinwous for a.vzQ «nd wmonolone pondccreasiig
with respeel to cach wvariable. ' ‘
(b) a =a{~v. v) and b=D0{x. v} arc conlinuons and nonncgative for x, ¥z 0.
then dt follmes for v, vz 0 that

(9) ; ”(1 WA, v) [l Hoa(x, v) Ss'b(s. fyexp (\S al 2, o)L, -r,)rf:d'r,]ds dt] .
an ;!
Proof. As we pointed out, from the incquality
(1o (v, vysfla, v)+ BS f{v. v,s, Ouls, Ods dt, x, y2 0,

in which & is continuows, k20, we deduce that

(11) n(x, VISflx, v+ SS rlw, v, s, B)fts, Ods dt, x, y20,
o

where

{12) riv, vos )= Y kalvo xS ),

the iterated kernels &, being given by

l -
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(13) ko=k
a3
Ra(vo v s dy= SS ko (vov, Son)R(E v s )dS dy, o nx .
s

In (3) we have 2, vos f) =a(v. v)i(s. )20 and then. after a simple com-
putation, it follows for cvery n=natural that

(14) ko(xo v s, < (1 nl)a(v, V)b(s. §) (SS alZ. nYb(%. 'r,)dE,d‘r,)
st

and consequently, in this casc

(15) (. vos. ) <alx, v)b(s. l’)(‘.\:p(ss a(Z. %) b(E, 7)d% fzv,) .

The condition (a) implics that f(s. )< f(x. v) for 0<s< vy, 0<i<y and then,
from (11} and (13), we obtain the desired inequality (9).

Remark 1. If we assume that a=a(x, v). d=b(x, v) are continuous
and nonncgative for v, v20 and a=a{x, ) is monolone nondecrcasing
with respect to cach variable. then for x, v20 we have

Ty Xy

{16) I+ a(x. v) SS b(s. f)exp [“ a(i. ) b{Z. 7)da d-r,) ds dtg
o0 o

XY

<explaly, v) SS b(Z, v) di d+).
Ly
the inequality being strict for 4. v =00 if a(x, v) =0 ond (v, v} >0, To prove
(16). we take for fixed x, v -0

xy

(17) s, f) =cxp (v, v) ‘S bz, )E dv),

it

Iy
and we remark that

(18) F(s, &) =a(x. 3)0(s, Hexp (.r(.t, ) SS b(E, )% d‘:;) + nonnegative term.
Integrating (18) on the rectangle O<s<y, 0gigy we get that (16) is true.
From Proposition | and the above Remark 1. it follows

Corollary. Y. Assunte that all the functions involved in (3) are contin-
ous and that
(1) f. a, b, are nonncgatice for A v20
(i1) f and a arc monotone nondccrcasing with respect to each their variables ;
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Then, we have for 1, v20 the following inequaliiy:

y

(19) il V)< _\‘)Cxp(a( o) SS B(s, £)ds m] .

(L))

Kemark 2. Proposition ! and Corollary I may be carried over to the
n-dimensional case, i.e. we can state similar results when the considered
functions depending of # independent variables 1y, ¥, ..., s

Remark 3. Proposition | and Corollary 1 may be formulated in a more
general version, using the notions of measurable function and Lebesguc
integral. For example. the following assertion is true: if «, f, a, b, are L,-
functions on cvery finite rectangle 0y A, 0gv< B a. b, f are nonnega-
tive for x, v 0 ; a and f arc monotone nondecreasing with respect to cach
variable 1 and v, then from the inequality

Eal

(20) wlx, V)< f(x, ¥) +alx, 1) SS b(s, &)u(s, t)ds dt
o0

almost everyvwhere for v, vz 0, we deduce that
Xy
{21) (v, V)€ flv. Vexp (a(.r. ) SS bis. ) ds rlt)
o)
almost evervwliere for x. vz0. The proof is analogous consisting in the
possibility 1o use the method of the resolvent kernel described in the In-
troduction. )
Remark 4. Obvioush, the method used here in the case of the ine-
quality {3) may be applied withoul modifications to the inequalities of the
form
i
(22) u(a, visfla ) als, v) SS bis, s f)ds di. xz 3, v2 v,
where x, and v, are fixed. . . ) _
3. Application. Iirst, we consider the nonlinear Volterra cquation

(23)  w(x.v)=fla ) A SS v, v s O (s, b (s, O)ds db. v, v2 0.

where f=/(x. v} is continuous for v vz, k=2x(1. v, s ¢) is continuous for
a2s520, v2420 and [ =H(x v, ) is continuous on the sct

(24) D={fe, v,z 4, w20, |5|<bg oy,

suppose that the Kenel & satisfics
(25) Rlx, v.os t)|salx, A)b(s, 1), y=2s20, vz2i20,
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where a. & are continuous nonnegative functions. Relatively to the function

H. assume that H{v. v.0) =0 and that for everv (xv.v.2), (v, v,7) from D
we have ' o '
(26} Ty, vo)— H{x v S h{y, )53,
where 20 is continuous for v, v2 0. Also assume that
(27) Sll.]i)n(!(.\'. ) SS by(s. thexp (SS a(3. w}oi(E. 4)d3 d‘f,) dsdt=K . x,

B 0¢ sl

where by(s 8) =0(s, £)Ms. &) for s, {20,
Denote by € the Banach space of ail continuous hounded (for x, v20)
functions f=f(x. v). with the norm i

(28) fll=sup [f(x, v} = oo,
ny=0

We remark that if 6.2« to be sure that the unique solution of the equa-
tion (23) is defined on the whole quadrant v, y>0, we must suppose that
/' is small enough. Then from Proposition 1, we can deduce

( Cor)ol(]gry 2. Assume that the conditions (25) (27} are fulfilled. If w, =
=u(x, v) {t=1. 2} are two solutions of (23) corresponding to the free te
fisfdx, ) (i=1, 2), then it follows that ? : 2

{29) [ty =< (0 +K) fy ~fa
Now, denote by €, the Banach space consisting of '
, C D} spe sisting of all continuous
(for x. ¥ 0} functions f = f(x. 1), endowed with the norm
(30) Il = su>pn('f(1..t') gl v)),

where g=g(x, v} is a given continuous positive function. Assume that the
r_fesolvvr_lt kernel 7 =7(x, v, 5,1} associated with k=k(x, v, s, £ satisfics the
inequality _
(31) s, ey, y)Bs. D g(x, v)e(s, 1)
for x> $20, v2120, where x =a(x, ) and 5= 3(s, #) are continuous nonnega-
tive functions, such that

xy

(32) Sy afx, v) SS B(s, f)ds dt =1 < cc,
.- 00

l‘:inallv\:, suppose that i =H(x, v, =} satisfics (26) and that a similar condi-
tion with (27) is satisficd, more precisely assume that

33 swp (e o ﬂ)exp(gg a(E, 1) Ba(E. )i d-r,)ds dt=B <o,

where 8,(s, #) = 3(s. {)k(s,#) for s, £20. Then we can state the following std-
bility resylt
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Proposition 2. Assume that the conditions (26) and (31}-—(33) are sa-
tisfied. If uy=wx, x) (i=1, 2) are tico solutions of -

{34) ulx, v =flv.v) + SS ke, vos O)(n(s. £) v His t uis. {}))ds di.
00
corres ponding to the free torms f; =fi{x, x) (i=1, 2} then it Jollows that
{35) Wyt < (1 + )L+ B} fi—fa o
Proof. We will use the representation formula
1y
(36) (v, vy =ulx, ¥) + SS rlv, vos, O H(s, 1 wls, t))dsdi, 1=1,2
.4}
where .
(37) o, v} =filx. v) + SS p(x. vos Bfi(s. s dt, i=1.2,
i)
from (31). (32) and (37), we obtain that
(38) 1y —tallpm (L 1) fi— Al

From {26). (31). (33) and {36}. using also the vesult established in the Pro-
position 1, we obtain that (35) is true. . = -

Remark 5. If h(s. )2 ha>0 for s, 20, the restriction (32) is implic
by {33) and we can take A =Bk
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ON SOME APPLICATIONS OF WAZEWSK] METHOD FOR MULTIPLE
VOLTERRA INTEGRAL EQUATIONS
BY

B.G. PACHPATTE

1. Introduction. The general idea of the method of successive approximations, which is
due t0 T. Wazewski, was ittroduced by him an 1960 in (107, The idea of Wazewsk i,
is very effective as well as versatile, and can e applied to invest igate a sufficiently wide range

of problems. In the present paper we apply Wazew ski's method to study the problems
of existence and uniqueness of the solutions of the integral equation of the {orm

w

¥

Sj,:x, Yo by als, t)ldsdt. N fula, v, s, 2(s, yhds, o

o=y .

i) Ay, y)= F (x, a¥s

T iy, W

8

{falx, yo 8, 2(a, 0}t s(x, }".J :

S et

where #(x, ¥) is an unknown function. The Darboux probictn for the partial differential equa-
tion of the form

(2) Ugylw, ¥)==fla, ¥, ulx, 3], 10,00, V), w,{x, vl {4,

with boundary conditions
{3 wix, O ofa) for 0=ZxCa, w0, v} - =iy} for Oz yb,

can be reduced fo a particular case of equation (1. The mndamental theorems concerning the
existence and uniqueness of the More general and special forms of Darboux problem (2)— (3}
are established by mrany authors (see. | 1]—1101). 1n section 3, we establish our main results
on the existence and uniqueness of the solutions of eqation {1} by using Wazewski's me-
thod [10]. In scetion 4. we indicate further applications of this powerful method to stucy the

existence and uniquencss of the solutions of more general euations involving more than two
independent variables.

2. Preliminaries. For convenience we first introduce the following
hypotheses used in our subsequent discussion.

Hypothesis 4. Suppose that
1° E be a Banach space with norm |+, A= 0, al. L0, 6],

v v, 5,8):08s8v<a. 015 vED].

A=1(x
Ar={{x,),5):0SsSxSa, 0Sv£h}.
A, ={(x, 3,0 :0<v<a, 0<i<y<h),



