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Proposition 2. Assume that the conditions (26) and (31}~ (33) dare sa
tisfied. If w;=w{x. x) (i=1,2) are two solutions of :

(34) w(x, v) = flx. v) + SS k(. vos O)(u(s ) + His. t, u{s.{)))ds di.
00
corves ponding o the frec terms [y =fi(x, ¥) (i=1, 2} then it Sollows that
{35) et < (1 + )+ B) fi—fa g
Proof. We will use the representation formula
1y
(36) (2, vy =0, (x, ¥} + SS rl, vos, 0 H (s, 6 wls, E))dsdi, 1=1,2
0o
where n
(37) | oo, v =1 ©) + SS P(x. vos ) fi(s. )ds dt, i=1.2,
00
From (31), (32) and (37}, we obtain that
(38) 1y —tallgg (U +1)fi— 1l

From (26). {31). (33) and (36). using also the result established in the Pro-
osition I, we obtain that (33) is true. o o .
' Remark 5. If h(s. )2/, =0 for 5,720, the restriction (32) is implied

Ly (33) and we can take A =B
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ON SOME APPLICATIONS OF WAZEWSK] METHOD FOR MULTIPLE
VOLTERRA INTEGRAL EQUATIONS
BY

B.G. PACHPATTE

1. Introduction. The general idea of the method of sucvessive approximations, which is
due to T. Wazewski, was introduced by him 1n 1960 in (107 The idea of Wazewsk i,
is very effective as well as versatile, and can:be applied to invest igate a sufficiently wide range

of problems. In the present paper we apply Wazewski’s method {o study the problems
of existence and uniqueness of the solutions of 1he integral equation of the {orm

b

hS

Sf: (2, 3 8, 4 cls, tddsdt, \ fola, yo5 als, v,

gy .

(1) 2y, y) = F (x, o%

T ey, W

8

(=Lt

(falx, ¥, 8, 2lx, t))dt, 2, v}) .

where 2{x, ¥) is an unknown function. The. Darboux problem for the partial differcntial equa-
tion of the form
(2) T‘,v(r, .}') mf(‘r’ ?I’ M(I’ JI' 1 1 I"’ "'.I‘ I‘Ifx? .1 I, ‘lly(lt' .1’))'

with boundary conditions
{3 wix, O ojx} for O0xCa, w0, v} 21y} for O yb,

can be reduced to a particular case of equation (1). The fandamestal theorems concerning the
existence and uniqueness of the more general and special fortms of Darboux problem  (2)— (3}
are established by many authors (see. [1]—7107]. In section 3, we establish our main results
on the existence and uniqueness of the solutions of eqation (1} by using Wazewski's me-
thod 101, In scction 4, we indicate further applications of this powerful method to study the

existence and uniqueness of the solutions of more general cquations invelving more than two
independent variables.

2. Preliminaries. For convenience we first introduce the following
hypotheses used in our subsequent discussion.

Hypothesis 1. Suppose that
1° E be a Banach space with norm |+, A=10,al ~ |0, &1,

Ay={(v. 1,5, 0):0Ssgv=a, 0SI<vEh},
Av={{x,,5):0SsSxSa, 0Sv<h}.
A, ={(x, 3,0 :0<v<a, 0<i<y<h),
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the functions f, €C[A, x E, E]. f;eClA; xE. E [reC A xE, ElF eC{Ax
xFs E1: if -eCiA E] md

v{x, y)y=F (\ v, gif,(.\'. v, 8. 1. :(s.t))dsdt.if,(,r. v, 8, 25, v))ds

{1 2 ), (. J')) ,

thene=C[A E|;
2° there exist functions @, (¥, v, 5,4, 7). wo(x. v. 5.7}, wy(x, v, £, 7) such that
w,eC[A, x R+, R*], w, €C[A; x R+, R+], wy,€C[d; x R+, R*] which are non-
decreasing in » and fulfil the conditions

filx, vosot D) Ll vos L E Sy, vos s =),

Sl v 5.~ folx vos, D <l v 5.2 —F ),
falx, v d, ) —=folv, 3, 1 D) Swylx, v b z—2 )

3 there exists a function # eC[A x(R+)", R*] such that
(i) f ve=C’A, R+ and

Y L
olx. vy =H (\ 5 SS wi(x, v, 5.4, (s, ))dsdt, S w(x. 3. s, (s, v))ds,
(L] 0

¥

Sg, rov b x ))dt. u(x, \'))__ then geClA, R

(i) 1f u, % EC A, R+ and u(x, y) <@y, y) for (x, x¥) €4, then

[{( v, SS w,(x, v, s. £, u(s, 1))dsdl, S wix, v, s, s, v)}ds
00 0

¥

Swa(.\', v, bou{y, )dl, ufx, y))

0
1y =
<H (\ __\',SSw,(.\. s, 1, u(s, t))risdt.s wa(x, v, s, u(s, v))ds.
00 0

v

S o, v £, w(x, O)dt, w(x. _\-)) ,
i3
for {x,V)=Ed,; .
{ii) (if :f).r'-C'_A. RYI, ttye S, n=0, 1,2, ... and lim wa(x, ) =ulx, ¥},

- -

then
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lim A (1 \SS w{x, v, 5!, us, t_:}dsdt,s walx, v, 8, Ha(s, v))ds,

nr

LEN] il
L

Sw,(t v Ll £dE, g x, \))

1)

¥ L 2
= Jf (.1, A, SS wy{v, v, 5.t n(s, 1))dsdi, S wol v, v, 5, #(s. v))ds,
O o
.

Swg(x, v, £, u(x, 1))dt, ulx, },)) .

for{x, v)=i;
17 for (x, 4, #y, Uy, 1y, 1), (X, V, Uy, Uy, Uy, U, €A < ES,
Fw, v, oy, 1, g, 1)~ Fx, v, @y, @y, Uy, U)
SH(x, voiwg-wl, Qug—ugll, flug—ngll, 1,0,
Hvpothesis B. Suppose that

1" there exists a nonmegative and continuous function #:A—X+ heine
the solution of the inequality

iy x
(4) H[.r, v, SS wy(v, v, s, ¢, u(s, t)','dsdt,s wolx, v, s, (s, v))ds,
[{11] ¢

Sw,(r. woon(x e, u(x, 1))+k(r V) Sn(x, v)

where a2 a

h(x, ¥v)= sup sup I (a, ,&SS]’,(:, 8, s, f, O)dsdl, Sf,(oc, 4, 5, Mds,
D=akx 0SSy

w 0
2

Sf’(" 3,1, 0)d, o) |

2% in the class of fumtxona satisfving the condition 0 <u(x, v) €u(x, v),
(¥, ¥) =4, the function #(y, +v)=0, (x. v) e, is the nnl\ solution of the
equation

2y x

{5) iz, v)=H (x, _-\,SS w{v, v, s, 8, u(s, )dsde, ‘w,(.v;. v, s, u(s, yv))ds,

aa U
¥

swsrif. o ou(x, d))de ulx, \)) .
o
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In order to prove the existence of a solution of cquation (1), we define
the scquence {z} by the relations

v, vi=0,
(6} zenfv. V) =T (\ \SSL(‘ v, 8. 1. s, f)‘,clsdf_szix. V.S, mls, Vs,
¥ v "
S_f:.(r. vtz )t il v)). for n=0,1,2. ...

oquenca o v eolution =
To prove the convergence of the scquence, (Z) i().tht solution 3 ol
equation (1), we define the sequence {n,} by the relations

wlx, vy =ulx, v,

(7)) #ema(n. ¥) =H(.t’. v SS w (. v.os, 2, (s t’))dé'f"’,sﬁ'.-(l'» ¥os (s, V))ds
i T o 0

1 -
S (v, vt (X, )L iy, \')) ,
U
= : © e
for n=0. 1,2, ..., where the function ge(x, v) 1s from Htﬁpoth(sm Bl -
Now we establish the following lemma needed Un our  subscque

dlsvusi?li;'ma 1. I/ Hypothesis I3 and the condition 37 of Hypothesis 1 are

satisfied, then

{8) 0 tgifx. v) S ta(x. v) STxL V), (rv. VEA n=012..,
lim 1,(x. v) =0,

and the convergence is uniform i cach bounded set.
Proof. From relations (4) and (7} we have

u,{x, v) =H(.\', \SS wi{x. vos, b, (s, Edsde, Sfi'a(\" v, s, s, s,
v 4 :
5
S 7-’2'3("'-‘.- v, 1, Ji,-_(\'. f))d!'. THES \))
0

<H [l 1SS wix. v, 5.t uls, t))dxdf.-s w(x, v, s, u4ls, ¥))ds,

0o L

t
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¥y

Swa(.r. At uly, Ol wx, v]) +hlv, V) Snla, vy =u,(r v),
L} .
for (v, v) @A, Further, we obtain (8) by induction. But (8) implies the con-
vergence of the sequence {i,(x. v)} to some nonnegative function (x, v)
for (x, v)=A. By Lebesgue’s theorem and the continuity of A it follows
that the function ®(x. y) satisfics equation (3). Now from Hypothesis B,
we have ©fx, v) =0, (v, v) €A, The uniform convergence of the sequence
{r,] in A follows from Dini's theorem. This completes the proof of Lemma !
3. Main Results. In this scction we establish our main results on the
existence and uniqueness of the solutions of cquation (1).
Theorem 1. 7f Hypotheses o) and B are satisfied, then there exists a
continuons solufton = of equnation (1). The seyuerce {=,} defined by (6} conver-
ges uniformiy on A to =z, and the following estimations

{(9) pz{a, v e, vl S ) (v ed, =001, 2,
(10) Z(x. vl <u(v o v), (xov) =4,
hold, The solution = of equation (1) is wnique in the cluss of functions satis-
fying the condition (10).

Proof. T'irst we shall prove that the sequence [mfv, vib, (vov) = 4,
fulfils the condition
() (v ) <n{xo vy (v €A w=00 1, 2,

Evidently, we see that jize{ 1\) =0<u(x. v), (v, v) €A, Further, if we sap-
pose that the inequality (11) is true for n 20, then

Eeralt, ) = ” ]-‘(,y;, y,ss_f,(,x. VLS. 2 s, t))dsdl.s_[._,(.r. v 5, s, VIS,

1
¥

S Sslx, v b, sl ), oy (x, \)J

av 3 ¥

F ( v SS Slrov s, ())ds':fl."s_ﬁ.(,\'. v, s, O)ds, st(ﬁ.x ol O)df,ﬂ)
LY 0 [+

Iy 5 ¥

+ F (_\-, \, SS filv. v, o, 0)(!’8{#,'5[2(.\', v, 8, O}ds, Sf;i.\'. A b 0} dt, ﬂ)”

LY "

AV

< H(.\'. = i‘ wy(a, vos s ) ) dsdt,

wa(x, s, 0,08, v} )ds,

o ey w

®



-

Swa(:’f, B t,'?n(-r.- 1) )‘H- S,.(.k', "') )+ ;i'(.l'. \I)

Ll ¥
Ty

< H[\‘ v SS w{x. Vsl u(s. t))dsdl. S wa{ V. V. S, s, y)s.

0
o

v

Swa(x, v 4w, D) (. _\')) 4 (v, vy STy, ¥)

0 . . .

for (v, v) €A, Now we obtain (11) by induction.
“Next we prove that

(12) zaeed ¥ ) ez V) <u,{x, v),

By (11) we have

( ) (T \') ("‘ ".) = u(""‘ }‘) “"(“‘" ._\.).‘ (‘T.- .\") A: - 0‘1 ,2.---
Zr X, 0 RRETL DL REFAGLE) - = ¥
S‘I.'IPPOS(‘ thﬂ.t (lZ) 15 true l.()!‘ H, ¥ = 0, thi‘n .
~ — = i F SR f (\' v, 8, 1§, '.',d,,(s,f))dsdt,
aptrt LN \') -"1-1(-\‘. \') = A s bt .
n -1( . \ )

v

x

ng(.r, v, 8. a8 \'))JS.S

0

Fulvo vt man{x O Zaar (¥, .")) -

u ,,—, o \ £ (X, v S, % S,_\‘))JS,
[yt ot it | sz
0

"

Sf:l(-\', A, L. :u("'" {))‘“‘ :,,(.\.'. -\.))‘

—_—

0
0y

e J 8 w Y a8 t — TS l [I'S d!, (g’)..( X &Y, s, -..:"-l-,(:\‘.\')
4 } x- vV, S t; i r(s» ) n( » ) I ) S
=S I( ’ \rSS 1( 5

00
2.5, 3) )ds Sws(.\‘. A, e (¥ 1) —za(x, ) )t Zasr(%, ) 5l '\I).')
) 1] ) 3
<Hix. v SS wy(x, v, 8 4 vals, H)dsdt, 5 (X, ¥ 8, (S, v))ds.,
= ( o ’0‘ mn
.

Swu(g;, v, Ly, H)dE. THES _\')) TN E AR

¢ : + induction
for (x, v} =A. Now we obtain (12) by 1ndud :

(v.v)eEd n=0 1,2, .., =012, ..

~1
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Because of Temma 1, lim #,(v, ) =0 in A, we have from (12} z,—»%

in A. The continuity of Z follows from the uniform convergence of the se-
quence {z,} and the continuity of all functions z,. If »— o0, then (12) gives
estimation (9). Estimation {10) is implied by (1), 1t is obvious that % is a
solution of cquation {1).

To prove that the solution z is a unique solution of cquation (1) in
the class of functions satisfying the condition (10). let us suppose that

A A

there exists another solution = defined in A and such that 3(x, y) Zz(x, v}

for (x, v} €A, and '.;(.\-, V)| £u{x, v) for (v, v} =X, From (9) we get

(13) ';(.x'. V) =y ) S (x ) (v €A, =01, 2

Since lim u,(x, ¥v) =0 by Lemma T and =,—Z% in A, it follows from (13) that

T

(v, v} =z(x, v) for (v, v)=A. This contradiction proves the uniqueness of
z in the class of functions satisfving the relation (10). This completes the
proof of the theorem.

Wenext establish a theorem which gives conditions under which equa-
tion (1) has at most one solution, these conditions do not gnarantec existence.

Theorem 2. If Hyvpothesis A is salisfied and the function m(x, v) =0,
(v, ¥) €A, 15 the only nouncgative conlinnous solution of the inequality

(14)  m(x, A< H (.‘r, VAN wa(x, v, s, 1, (s, 1)dsdi, S ws(x, v, s, m(s, v))ds,

[

Swa(.r, A bom{x, B)dE, m(x, _1'))

Jor (v v}y €A, then cquation (1) Las af most one solution 19 ihe set A.
Proof. Let us suppoese that there exist two solutions z and = of cqua-
tion (1) such that Z{x, v}2c(v. v). (v, 3) €A Put
m{x, V)= Z(x, vy —=(x. v}, (x,20) =4,
then

r x

m(x, v) = ” F(x. v, ESfl( vov, s, b E(s, 0))dsdt, S Folxv, v, s, B(s, ¥))ds,

LY [t
¥

Sf,(x,_\-, 3, O)dE. FHax, v) F(x, \',SSfl(.r, v 5.t 3s, 1))dsdt,
00

i}
¥

if._,(x, VS, ;(s. V))ds., Sfa(r. v, i 3(.\', )t ;(x, _y)) ”

o

6 — Matematica
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SH(:;' 3y S (X, V.8, f.lé(s,t)—is, £)1)ds :it,Swz{.r. v, 8,0 2(s, v)—z(s, v)|) ds,
0o
A A 3 A
Sw,(_x, o LR(x, = z(x, HIddd R Y, ) —z(x. \')_)
0 X
E%
=H(.1'. 385 wy{x, v, s, 8, ms, #))dsdl, ‘ wo(x, v, s, m(s, v))ds,
00 o
¥y
Su o2, y, £ m{x, 0))dl, m(x. \)) ,
o

and by {14) we conclude that m{x. \')"}:“0 for (3,)-) A, Le, 2{r, v) =z{x, v),
) eA. This contradiction proves theorem 2. _ ‘
" )):AFu‘];ther Applications. In this scction. we indicate further applica-
tions o'f Wazewski method [10] to study the existence and uniqueness
- blems of more general partial differential and integral equations. ’
e In {7], B. Palczewski has studied the existence and uniqueness

of solutions of the Darboux problem for the equation

(15} Hrpery = %1, Xo, Nou 2, M, oy, Ue Wpgg Wary Har,),

under the conditions

(16) 1(0, x2, x3) =@ ¥e, x5), #(x1. 0, ¥3) =qo{ay, xa), #(vy, 4. 0) =%(_«.-,,;2)_d

' th ssive timati and Schauder fixe

51 thod of successive approximations anc cq

bginl::bltriiotr];rcn m'lf‘zhe problem (13) —(16) is a special case of the following

Ewrc general integral equation

Q0
¥
|

-ng(,r, v, o o pla, f, rydidr.

SSfa(x vz, s v, ps, vor))dsdr, SS faly. vz 8.0, pls 1 z))dsdt,
o0 - uo
st(ﬁ', .oz, E j)(,‘(', AR ?')]{h’. ng(,\, Moz, {. j)(-\.- t- 2))!“’
o
Q

Ffolx, v, 2,8 pls. v.2)) ds, ply, v, 2)).

€]

¥y
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We note that the method cmployed in Scction 3 can be very casily extended
to study the existence and uniqueness of the solutions ol equation (17)
under some suitable conditions on the functions involved in (17).

In 27 and [3] the authors have studied the existence and uniqueness
of the solutions of hvperbolic partial differential cquation of the form

(18) e, e =[x .

sV M My U M My e M #in)

where only the pure mixed derivatives of i appear, under the given boun-
dary conditions, by using the Evler-Cauchy Polygon method. We note
that one can very casilyv extend the results given in scction 3 to study the
existence and wniqueness of solutions of a more general integral form of
cquation (18) as explained in case of equation (17), \We do not discuss the
details of these results.
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