1) EMIL. STOICA

The above definition leing analitical, a geometrical characterization of
normal. IFinsler connections, is claimed for. To this aim. let I be the
almost complex eanonical structure on T3 determined by the two dis-
tributions N amd TMY, i.c.

(3) F(_S_)=_(_ ]‘(;) L
x! o av’ 3y

We obtain :

Theorem. Lel ¥V be « Finsler connection on TM. The following condi
frons dre cyitivalent

1. V is a normal Finsler connection

2%, The abmost complex canomical structure F is absolutely parallel
with r-.'sp:rt io ¥V,

Proof. We suppose that the cocficients of Finsler connection V

in adapted frames (3/3x7, 9/dv'), satisty :

1 2 1 2
Fiu(x, 3)=Fh(x, 1) and Cl(x, 3)=Cie(x, v) Since

(4) (VEE) (3)=VE(F()—F (V)

and I7 is the almost complex canonical structure on T, it follows :

o
. i 3 v
syt sx* =

wo [ 2) s o [2)
LA oz

In conclusion VEF =0. Analogous by we prove that VVF=0 and so we have
VyF=0. Converselv, if VeF =0, then VEF=VIF—0 and (4); in adapted
frames, we have:

~f B 3 3
virR | Z=v i [Fl- 2|l -Flvy 2=
( = )(Sm”') ——S.L( (8-\"’ ]) ( -—8-3-1"')
LAY :AY

8 L8 2o Lo
—v 4 = _FlF, 2 = (FL,—Fi) =
—673\']. ( ik 8:\') ( ik jk) .
5 2,

1 1
which implics Fiy(v, v)=Fi(y, ¥). Analogous by V'F=0 implies Cl(v, v)=

2..
Cirls, ) ) |
Corollary. /f e¢n T AL, there isa normal symmetrical Finsler connection,

then the alimost complex canowic structiure Foon T M s iuiegrable.

1.

2

-
WY

4.

BIBLIOGRAPHY

Atanasiue Gho — Stvuctuves  of connexions Pinsler presque complex of presque hevmi-
Henaes, Fhe Proc, of the Nat. Sem on Finsler spaces, Brases, 1980

clehijre. Yo — ctmost complex structurs of tangont bundhs and  Finsler metvies, ).
Math. Kvoto, Univ., 6, 1067
Miron, R. — fnfroduction to the theory of Finsley tpaces. The Proc. of the Nat. Seni.
on Finsler spaces, Nrasov, 1480
Miron, K. — Vector bundles Finsfey geenietry. The Proc. of the Nat, Sen. en Finsler

spacves. vol 11, Brasew, 1982

Reeetved 1.XT. 1983

Facuity of Malhematics
Uitiversiy of Brasou
Sty Narl Marx 30

220 Braser, Romaniu

ANALELE SI'HNTIFICE ALF UNIVERSITATII LAL. L CUZA" DIN 1AS!
Tomul XXX, 5.1 a. Matematica, 1984—3

\ SIMPLE RANDOM WALK WITH ONE RANDOM AND ONE NOX
' RANDOM ABSORBING BARRIER

BY

P. C. G. VASSILIOU* and K. X. KARAKOSTAS

1. Introduction. The classical two-player gambler’s ruin 1_probtloe,nrt
is well known and has attracted a great deal of attention in thf:‘ 11temb:;;
in various forms. Extensions of these two player problems havcb:i, so cen
discussed in [1]. An interesting extcnsion of the two lt)lla}t:er ga:lnmbcll(;rs ;lho

sared in [2]. In the present we assume that a g !
s axatnat o wi ery 1 »conomical capacity has possi-
lavs against someone with a very large ¢ : has possi-
Eili)ties %0 increase his capital for qxamplc bythlgorrovlvmglczri;ooil)t'tig(;a;etﬁ:.:
apital for example by investing it to somctiing €isc. : ; s
tliﬁs is a more realistic convention. In presenting the p.robllf,m’w(e1 \;:llwgic,t
the picturesque language of the particle p.crf(zrrmn,fg:c a sgnililfe:glso_ ke
SEeEN . . N als ; .
in the (x, ¥) axis in discrete time, 1.e. unit steps a ! : s
1clllone ctcS siI}n)plif\" and enliven the formulations. It should be notuli ho“c‘\f:
that this convention merely lends colour tobth{: d(tjsc;rlptloilg z;ilél [tsl]atI::l Ltol1i5
i i “hasti i i tained from ; .
{inuous time stochastic process is eastly_o ; ) S
ists ~rforming a simple random
ntext our problem consists of a particle perlorming e ra ‘
fvoalk with thE presence of a random absorbing barricer performing also a
simple random walk and a non-random absorbmg.barner. o N

In scction 2 of the present paper the notation usedd1s glyc?ﬁble z?t

the probability of absorption of 'i)hi: partflclclz) by ‘ttilé?l rain t}c};;n n\;::mndom
oint % at time » and the probability ol absorp | the notr n
]\)'uriable are evaluated. The cvaluations are done in two W a)? (i) b]:\ ml]trE;_n
rically solving suitable difference equatlons.(\;lth the l;:i o“;l;(::gi%?-lrs m
iven i ii : analytic e :

siven in the present paper and (ii) by providing - : o
ttbhc required }I:robabilities in the form of theorems. Both ways have advan
tages of their own and are useful and important. SN

In section 3 we revert to the problem ]\Jvh(_zrc wcftﬁlvc ntlgi : Ilila;]ré;cd(;s taan

i C r the distributions of the max -
ne random barrier and we study the distributions ! List
205 upwards run by the particle and the barr(xier. Thus important questions
concerning the present problem are answered. ) o

2. Probabilities of the various possible ‘absorp.tmns. \:c :llzip]t)l(:?l(t:

with no loss of generality that a particle is initially at the origin a

* Part of this work was done while the authar was an Academic Visitor at Imperial
College, University of london.
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=

it un Y i P T 1 i
dCI‘gOLS a SlI]lplL I'dl](IOI'ﬂ walk with ll]deCIlanf il]Cl‘OlllCXltS Z Z
“ 11 2y

where for i=1, 2, ..

(1) PrZi=1)=Pi, Pr(Z;=0)=Py, Pr(Z;=—1)=P ,. and
I)lc+1’ﬂc+1)—]r'=]'

Let X, be the state of the particle at time # then obviously X,=0 and

JYH_ 2 Z,.
=1
Le e o b - g
df;tal(s)cf) tt]l];it ;ﬂlﬁﬁllu is atla =0 af time 0 and that it undergoes an indepen
. article simple ran ralk wi i i .
R Ry - o o 12 dom walk with independent increments

(2} Pr(Ri=1)=p,. Pr (Ri=0)=p¢, Pr(R,=— N=p_,, and
PitPotp =1

Denote by . . d S

enote by Y, the state of the barrier at time #;then Y —=gand ¥, =44 Z"R

[4 — —l_ “.

If : ‘ i i ) n .-\.
1b:£]t‘h(; vi;catcs (Y,, o0} are abz::.orl_nng we say that the barrier is a ra;ld]om
tibsortiliﬁ?, banlpr. {}n_atloglousiy if Y,<X, we define the barrier as a random
al g barrier if it also undergoes a si

5o X a simple random wallk
states (—oo, V,) are absorbing, ' e

Let also that D,=X,—Y, for ¢
A =AY, lor 1=1,2, ... Morcover 1
non-random absorbing barrier is at point & b.:EO)'Ct R

We will be interested in findin ili
. ¢ 1he b .
the random barrier. Define the I'olIow?inglL probubility of
Fi"a, 0,5, K)=Pr {D,>0, D,>0, v Dy >0, D=0, X, >—b
Xe—b, X, ,>—b, N.=K [, ¥ 4 ’
& » n- [ N =da, X _OI.
Let E, the event “ S
Efiz{Dl>Os D2>05 Lock ) Dn—] >0, Dn=0, A’[)‘ —b, X2>—-b van
Xoa>—b, X,=K}.

absorption by

then we have that
F""(a, 0, &, K)— Pr {Eu | Yo=ua, ono}

]nrrief_fi;llifllr;‘r]jgeﬁlof lt‘htc parthle is -f-1 and the first step of the random
; ) e tistance between them becomes a and tl ist
sl [ . 1e distance
I)u\\‘g‘m the particle and the non-random barrier becomes -1, For Fg ?11;;%
o occur £, , must occur conditiona’ on (@, b4 1). Thus we hu\'c. k

PriZy | Yowua, Xy=1)=P P\, F"(a, 0, b+ 1, K)
taking all the possible step i
& : :ps and using the f3 T are
cnolusie erem Dossible s u]t sing the fact that they are mutually
1 1
F%a, 0,0, K)= £ ¥ p : ¢
(1,0, 0. K)y= £ X PLLyFO (aty—3, 0, b4x, K), (1, 0, b

—1L,2,  K=—btl, —b42, )

5 A SIMPLE RANDOM WALK A1)

with initial and boundary conditions

1 for a=0. k=0, Fefa, 0.0, Ky=0 for n<|a—K
Fefa, 0, b, K)= o and T -

0 otherwise Fova, 0, b, Ky=0 for n<| K
Fe(o, 0.6, Ky=0. 1" (1,0, b, K}=0and I g, 0,0, Kj=0 {or n=1.2, .

Suation (3) could not be solved but numerically with the following sket-
ched  Algorithm. Let us suppose that we want to cz_ll-:'g!a@u Fr ": («,
o, b. K} for given values of (n, a, b, K). In order to do this it is obvious
from cquation (3) that we have to caleulate a number of analogous pro-
babilities for varieus values of the parawneters #. d, b. So there is a need to
find out which are these probabilities and in what way to calculate them.
Lot 510 (1 =n,) a value of the tire parameter and let in the space R#
L, b —it) b (s b4-2g). (b1, a+2mg), (b-ata, @—2it) Lie the parallelo-
aram and consider its intersection, say [, with the space A={{y, v) =K
v =0, v=0L. Then if we consider the mesh of unit size on space [ then the
coordinates of the points of the mesh determines the probabilitics FF(* ™)
(1.0, v. K) needed for the calculation of the probabilitics I (a. 0. b, K).
Now the algorithm is rather obvious, we start with ‘the initial conditions
and start evaluating the needed probabilities for the values of the time
parameter inthe order n=1,2, ..., me—1, 1,

Let that
F(a, — 1,0, K)=Pr {D,>0, D:>0, .., D,.>0.D,=—1,X,>—b X,>—

—by oy Xpu>—bX,=K | Yy=0, X,=0}.
It is soon apparent that probability F©™ (a, —1. b, K) could bc_calculatcd
in the same way as FU" (a0, b, K). The probability of absorption of the
particle by the random barrier at point K at time # 1s Fimfa, 0, b, K)+
41 (a, —1, b, K). :

We will now provide an analytical solution for the probabilitics
Fm(a,0, b, K}, Let the particle as described previously undergo a simple
random walk with {he presence of a non-random absorbing  barrier  at
state —&. Define the probability

gm(r, Ky=Pr {X\=—b, Xo>—b, ., Xoy®
where 7 is defined below {see theorem 2.1). Let that the random barrier as
described previousty undergoes a simple random walk with presence of a
non-random absorbing barrier at state —0b. Define the probability

Py Ky=Pr Y, = b, Yo b, Y, =—b, Y,=K|Y,=ua},
Then for every 0 <s<n we define the following quantity which as we shali
sce later is a probability :

R{s, r)=1"" (a, 0, by vy g 7 (r, K) p 7 (s KYy+1 (a, =1, b, 7)
g =" (r, K pra=tkp—1, K),

b, No=H | No=r},

We also define the following
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m=[}n+K)], r\=max {~b+1, a—s}, r,=s, no=[}{a+n—K)], r.=n4
+K—s, r,=K+4s—n, where by [a] we mean the integer part of {a].
Then the following theorem is true.
Theorem 2.1. Lot w'=a/2 if a even and n'=(a+7}/2 if a odd then
ay If K<n™ then

Foa, 0, b, r)=¢'™(0, K) p"(a, K)— % 3R (s, 1) — SHRS R(s, r)—
S=n* r=r, s=nt1lr=r,

H—1 ry
— I I R(sr);
s=n,+1 r=r,

by If K>u" then

F™(a, 0, b, r)=¢™(0, K) p»(a, K)— £ % R(s,7)— % E R(s,r)—
se=n¥ r=y, Fangh] re=y,

n—1 ¥
— X I R(s, 7).

S=#rt1 r=r,

Proof. Tet the probability
F ™, 0,5, Ky=Pr {X,>—b, X,>—b, ., X,=K,Y,>—b V,>—
_b: “ees Yn K ! Y'0=ﬂ, X0=0}.

then since the random walks {X,}, {Y,} arc independent we have F ™ {a,0,
b, K)=q™ (0, K) p'" (a, K}. Consider the cvent

(s, r}={D\>0, D,>0,...,D,,>0, D,=0 or — I, Xiy>—=b, X,>—p, ..,
No=r, Vo= —b Y>—b ... Y,=K, X,,,>—b, Xepe=—b, ..., X,=K).
Then it could be proved that
Pri{E(s, r) | Yo=a, Xe=0}=F"a,0,b,r) g, Ky pr e, K)o+
+ENa, —1, b, 1) ¢z, K) p-o(r—1, K)y=R(s, 7).

Comparing the probabilities Fi" (a, 0, b, K) and F “(a, 0, b, K) we get
that

) Fa, 0, K)y=F(a, 0, b, K)—Pr ({UE(s, N}}{Ys=a, X,=0})

where by the symlol |J we mean the union of the events E(s, 7) fcr the

apprepriate values of s, . Let that A <#” then consider the space S as the
interscetion of the space S,={{(x, 3} : v =0, y =0} and the parallelogram
(", 1), (0, 1), (ns a—n,), (1, £). Then we consider on the space S the
mesh of unit size with lines parallel to the (v, v) axes. The coordinates
of the points of the mesh provides us with the appropriate values for s, 7,
In equation (4). Taking into account that all the events E{s. 7) are mutually
exclusive and exhaustive possibilitics we get a) of theorem 2.1. In a simi-
lar manner we arrive at b).

It is easy to see that following the steps of the previous theorem we
could arrive at a similar relation for the probability Fi"a, —1, b, K).

LE RANI i 101
A SIMPLE RANDOM WALK

Alln I !I[i)(l] i a“t ca { Lb Or [)thIl 18 {OI t < t ¢ 1o 1) Y ab Ol‘bed
SC 0Ol ¢ S }le p ir 1C1 t 3 ( S
l)} thC non laﬂdom bdrIICI' at tll“e ”’, 1.c. We are lool‘l“g fOI' tlll [)robal)lllt&

(5) Pr {D,=>0, D:>0, .., D,>0, X,>—b, Xi=—10, .., Xoa>—
—b, Xy=—b|Y.=a, X,=0}.
If we define by r o
F™(a, a,, b, 0)= Pr {D,>0, D.>0, .., D,=a,>0, X,>—b, X >
b Xaa>—b, Xy=—bY.=a, X,=0}

then probability (3) 1s P
s F™(a, ay, b, 0),

a—mn}, @,=mmin {2, a+n Fb-
from the following difference ¢
lar to that sketched previously

; 1}, Now F'"(a,a, b, 0)‘
“'hcliie gg_e\r::lzlliat{el(’l quation with the usc
cou

of an algorithm simi

x=1 y=1

— vy A=
Fm(a, ay b, 0)= {", é ;chPbe”_" (at+y—x, dn, btn, 0), (=1, 2,
=1, 2, ..).

with initial and boundary conditions

1 for b=0, a=a, F'™(a, a, b, 0)=0 for n<| atb—ay, |
F™(a, ag, b, 0)=0 for n<| b
=0 (a;&a,,) for n=

Rt 0 otherwise

F'™(0, a,, b, 0)=0, F(—1, dg, b, 0)=0, F*"(a, a4, 0, 0)
SS|iRg2 -
i i i dergoes a simple ran-
ticle as described previously unde :
dom \{-J:fkﬂ\lw?itththt%cl: a;resence of a non-random absorbing barrier at state
O .q
_b. Then define the probability

Fr, —b)=Pr {X;>—b, Xa>—b, oy Xaa>=bs X, =K|X,=1}.

Then for every 0 <s<n define . o
Awn —Fi(g, 0, b, 7) f" Nr, —D) POz, a,—b)+£9(a, —1, b, ) f 07,
—b) pNr— 1, a,—h).
We also define by
={a,—b+s—1),
n,=[{n—>b)], ny={4{a+n—a,+b)}, ry==(n—b—s), 1s=(dx b-ts—t)
Then in-a way which has apparent similarities with the proof of theorem
1 one could prove the following theorem.

Theorem 2.
a) If 2bza,—a then |
Ft™a, ag, b, 0) = f™M(0, —b) p(a, ay—b)—
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" r " i H3 4]
A A(s, r)— ¥ X A(s, r}— X X A(s, r)
Smrt® p_p, semelor= Nemp e T opar,
by If 2b<a,—a then
Hy Fa
I"'”’(tz, TP ) f“"(ﬂ, =0y prelfy, dy—byj— X 8 A4 (s, )
LR L
L rs N, ry l
— X XA, r— X X Afs, ).
Featlgw | opagpy Sl Frpy

3. The distributions of the maximums., et
have only the particle and the random barris
2. We define by U, the maximuom distance
cle at time #. Then

Ei= max X

0Lrzn
An interesting problem is to find the distribution of the r
{7 Le. we are interesting for the prob {{/, <m} where m>0. Let us assume

that at point m we impose a non-random barrier which is absorbing for
the particle but not for the random barrier. We define by

andom variable

Fl?:l(a’ (Iyy Hity Hl,) Pr {Dl '0’ D2 >0! veey Du—ﬂ'n '.'-“'-‘0, .\ <, "Y'_» <

my ., XNy=nt | Yy=ua, No=01.

Then we have that

o0 a4
Pril/<mi= % % ENa, ap, m, m).
feomdl ;a:
¢

Where aj=min {1, a1} |

Thus the problem has been reduced in finding the probability
I (a, a,, m, m). The evaluation of this probability is similar withthat
of theorem 2 but not the same since the order random barrier, particle,
non-random barrier is now changed and moreover the non-random barrier
is not an absorbing one for the random barrier. In this respect let that

the random barrier as described on section 2 undergoes an unrestricted
random walk and lct that

gMa, v)=Pr {Y,=Y
Then for every 0<s<u define by

Ye=a):
]5(3’ _1.) —F_'"}(Cf, 0’ HI, \.) f(:z .\‘_(".‘. j,”) g(n .-.:(_1_, zr,,~|—m) +1FI¥I"I{II;, =
Ly, x) foro(a, m) gt x—1, iy |- 591}
and
t,=[.}(n—i—a—a,,—m-)]. Ny=d—s, Ye=min {s, m— 1}, t,.=n- [ p—

Np=1in {(u,,—l—m-f»—s——w), m—1} .

then similarly as in theorem 2 one could arrive at the following

1y i £y T
.F;”'J(aa dpy My 1) f (0, m) g "}(‘73 ap-kmj— XX B(S! V)= X i‘ B(S’ A}
Sanh ymoy S= ] 3=

us assume  that we
T, beth as described in section
reached wpwards by the parti-
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iliti ’ ) g — 1, o, X
It is apparent that the probabilitics F " (a, 0, i, X) ‘;nds\] . -(m(1 , o,
i e ) =N B &)
remain to be evaluated. Define by ag=n-thk—8, =i+

w8l fY gt A - s .
Gls, ¥)=F (a, 0, 1, ) ¢ (v, k) g (x, H)+F
ey Xy gt O, kg (v—1, k)

Then we have that
a) If kg’

F (a0, nt, ky=q¢"'(0, k) g"'(a, k)= p¥

n-l Xy
Y X G(s, 10— Z LG
=np il a=—ay sema b1 xexg

by I k=n’

F "(a, 0, m, k) — "0, k) g"*H(a, By— L X (s, ¥)

fmnk gy

n—1 A
¥ Y6 N)— X ZG(s0)
LA S d=g, k] x=x,

* the ie time #
Now let U7 is the maximum distance reached by the barrier at
No gy ¢ : s
then we have Lt mas (V)
Qs :
j -ariable [} 1.e. for prob
We are looking for the distribution of the random > a‘rlllal?lnf( 1']'0! ibsgqﬁion
2 ﬂrbbl for every n. This is equal with the probalility 10- L .“ rpLion
- . ’éh Otime » if we imposc a non-random absorbing )airutc}r z )I?u-ticle
:1}})112,?1 wiell be absorbing for both the rallldom tiilrllcfircsdt?;mtclethi:distri_
i imi reviously we
Thus {olowing similar steps as p

bution of U,
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