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2N (X F o s .
) (X, F, S) est S-p-métrique aléatoire si et seulement si la condition

12 :
" . 7S (Sa(py €)' =p =(Sulg, €) )
est satisfatle pour fous peX, e=0 of A=[0 13
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CHARACTERIZATION OF H-CLOSED EXTENSIONS
BY

IULIAN HAIMOVICL

0. Preliminaries. As onc knows, a profitablc method of approaching
topological extensions is by using the complete description with the filter
trace of all possible cxtensions of a given space. Our main purposc is to
establish a theorem of the same kind for the identifications of H-closed
extensions only. Before that, we had to prove a similar  description for
Hausdorff extensions, some characterizations for H-closed spaces and to
study properties of maximal filters with open base, which we usc as a tool.
Vost of the concequences are included in a segucl to this paper devoted
to locally H-closed spaces.

Tof X denote a Hausdorf{ space. If 4CX, then ¢/ denotes the com-
plement of A. let Sp (X) be the set of filters on X. Let O be the sct of
those filters on X which have a basc of open sets and 7 the sct of those filters
belonging to ¢ which have no cluster points. If A4 is an open subset
of X, we consider the sct O(A)={rF e Sp(X) : A e} the scts of this
kind form a base of topology on Sp(X) which will be denoted by O, The
topology induced by Oy on diffcrent subspaces of Sp(X) will also be deno-
ted by O if the underlying set is well specified.

The mapping : X—=>Sp(X), where #(x) is the neighbourhood
filter of x, is homcomorphism between .Y and #(X), if we cndow i(X) with
the topology O,

The set {i ()1 A open in Xju {i (4)u{F}: A openin X, AeF} is
also the base of a topology, denoted by 0. The same notation will be used
for ihe induced topology on well specificd of Sp(X}.

Clearly 0,<0,. If we endow Sp(X) with 2 topology between 0, and
0, and #{X} with the induced topelogy, then ¢ previously defined is still
a homcomorphism, as the topology on #(X) is the same.

Definition 1. The topological space (Y, o) is anm extemsion of (Z, 1)
if ZCY, ofz==, amd Z=Y.IfY is Hausdorff (respectively H-closed) it s
called a Hausdorff (respectively an H-closed) extension.

Definition 2. An open filter on the topological space Z 15 a filter in
the lattice of the open subsets of Z.

Replacing in the definition of the topologics (%, and O, Sp(X) by the
family of the open filters on X and 7(x) by the filter i(x) of the open neigh-
bourhoods of ¥ for any x X, two correspondent topologies 0 and O on
the family of open filters on X are obtained.
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o I??\'[)B] it 1s pointed out that any family of open filters which con
ams (X)), endowed with a topology between O s ¢ -
LBV a : and Oy is the family
}h: ‘0])({1’1 filter trace of a suitable extension of X,ozmd cm;\'crsvls ‘Eglltlg gf
0gy (it tilic <‘3p‘nl:n filter t“;ra;;c of a given extension is between v(}o' and %
s casily seen that a simil ore ws place for t o
e ilar theorem takes place for © and the
1. Hausdorff Extensions. Definiti '
e orff sions, ion 3. A {opological s s i
t? be solvable i f it is the disjoint union of two dense s].!bfbsé;s ([4] jlmig E slalllf
For mAslancc the space R=QuQ is solvable » 1, §2, Ex. 11y,
topological space is said to be nowher if i
‘ to] a 83 owhere solvable if ; :
sub.sctn\l\ hich forms, with the induced topology, a solvaLbIC ;i)a}::::q o
eorem 1. A fopological space is nor J ‘
. ohere solvable by i
all llzc})nm}'wml elements ot_,f 0 ar{: ultrafilters e solvalle if and only if
roof. Let us suppose that therc is a i
P ; maximal eclement
which is not an ulirafilter ; hence there is 4 such that A é(l;‘lﬁi (’zA g: //‘/?

If A= and c®>4=¢ then A and cA4 are both dense, henee, the space is

cven solvable. If zfaé & and c®A# ; -
‘ # ¢ then we use the fact that A
AU {c®A} cannot he filter subbases as / is maximal in O hcn(‘thl{i";‘lI}e 1’111:2

t%w oopcn fscts F‘ ancol G in A such that FNA— &, GMe" A=, thercefore
{}Clc"‘lu.‘hr"j’ GCAUI*’rA;Bthcn FNGeA and FNGCFrd, hence
rt.‘;:Qj,‘ it follo-.\'?nthat Frd is solvable, since it is the union of the
?‘SAb leﬂlt*lr.:-i, czI‘r.‘II*rA w}zich are dense in FrAd. Finally, if ,-!Q—Q and
;Lt ;gﬂlu,gcag;m M {c°A} is not a filter subbase and there is the open
set Ge A, GCAYFrd ; th rd which i :
el s agah;, ercfore GCFrd which is therefore unempty,
If B is a solvable subspace i
, £ abl pace, there is a set A such that both BN.
(tl;[:id b’trlﬁ'ul are dense in }5‘_. Let o/ be a maximal element of ¢ which Q:rnf
”1.1;3 he neighbourhood filter of B. Neither A nor c¢d belongs to #
as 1t would follow that cither BN A or BNcAd belongs to 4, and this if:

3 " nl!’ (].Cii()l‘l a8 th(. sC & t 5 i i
. S ha C Ccm }t i
i (‘ (9] ae l. ' y 1 llltL[‘lOI’:‘;. l hf,l‘LfOI'L, .ﬂt 15 not an

Most papers use open filters as an instrument for app i
e LR § as approaching {f-c
‘Ialcldo?}(;dlur II-Ini{x‘unal clements of this class are called I:)lpen ulz%zl{i{lf;(éﬁ
instcadt'of (t)h ‘a :,‘advazltagc of a special class of usual filters, namely 2,
e ot ! ‘c_qopcn ]Ol\lLS, we had to establish whether its maximal clements
oLl c:m rrl_r\ 1'n..1 1¢ usual acceptance (not only as maximal clements in
Lhut even lr; :111‘1‘:\(111115‘11 filters which together with a set contain its interior).
[ heorann %a he esired result. Hence we must speak about maximal ele-
en sTg » Which in the general casc are not ultrafilters.
phic fo & i?szr; 2.‘3(615 @ Hausdorffextension of X if and only if it is homcomor-
malf‘l.[r‘ bspace of Sp(X) such that . {(X)yC B, E\HX)CH, any muxi-
O titer in & has af miost a subfilter in @, and the lopology o X 45 betae
oL . gy of X is between
D - g
o v '.:’S:f(:;)i{(.m.?‘u%gposc tl.mt 4 has the stated properties. @ is on extension
o ih'lx Vs from the prelimivaries. We must prove that 2 is Hausdorff
while doing this we can endow it with the coarsest admissible topology,

Rl Te—
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ie. 0, Let 7 and g be two distinct filters in A, U g=i{x) and —=1{y}.
then v# v and therefore x and v have two disjoint open neighbourhoods
F oand G- then Q)N and O(G)N are open digjoint neighbourhoods
of (7 and & in ¥, I (z=i(x) and Ge®N, there exists G =g such that
&G, as & has no cluster point; G=4 which has an open base, hence
O(c)NLb and O(G)N@ are open disjoint neighbourhoods of # and &
. Finally, if both (7 and g are in Fk, we suppose by reductio ad ab-
surdum that any Fe@ and G=g have nonemply interscetion.
7U& would then be a filter subbase and would be contained in &
maximal clement of %. Therefore the assumption is false and there are I
and G, with FerF, G=g, FNG=g. We also have FreF, =, henee
NF)NT and O(C) 26 are disjoint open neighbourhoods of GF and & in 2.

Conversely, let ¥ be a Hausdorff extension of X and let JCy(v)
be the trace {ilter of yeY™ X on X. For any v= X, x and ¢ must have
disjoint open neighbourhoods in Y, hence there is (=@ y(x) such that
v&U (closure in X). Hence @x(y) bhas no cluster point. Let N be iIn
A ¢(v) ; there is a neighbourhood of ¥ whose trace on X is N ; the interior
of ihis neighbourhood is also a neighbourhood and its tracc on X' 1s con-
tained in N, hence N €@ {y) implies N =@y(yv). Therefore the  filter
My(y)ysa.

Let us consider @5 =7{X) U {M ¢(3))yersy. Since Y is ausdorff. for any
vy and v, from YN X, v va, we can find N, & (yy), AaeNy(ve) which
are traces on X of disjoint open neighbourhoods of v, and v, No maximal
clement of Z can be finer than both ACg(yv,) and FCx{y.}, hecause NinN.=d.

Lot 7 Y= be defined by i(y)=i(x} if y&X and i{y)= p(v)y if
veY s X as Y is Hausdorff, 7 is bijective [3]. If we endow 2 with the
topology in which open sets are images through ¢ of open sets in Y, ¢ is a
homeomorphism. The topology of & 1s between O, and O, as remarked
in the preliminaries. '

3. Characterizations of H-closed spaces. H-closed spaces are those
topological spaces whose images when embedded in a Hausdorff space arc
alwavs closed subspaces. They were introduced by Alexandrofl and
Urvsoln in [1].

Theorem 3. The follviving comdilions are equivalent : 1) X dis [-closed ;
2) everv open covering of X contains o finite subfamily  whose closures
cover X @ 3) every family of open subsels of X whose closures have an cntply
interscction, contuins a fimite family with empty intersection ;. 4) cucry open
filter on X has al least cne cluster’ potni; 3) every open wltrafiller on X
converges ;. 6) cvery covering of X wilh sels from any base of ils fopology
contains a finite subfamily whese closures cover X ) every family of sub-
sefs of X from any base of its topologyv whose clesures have an empty inler-
section, contains a fintle family with entpty intersection ; 8) every filier with
an open base cn X has at leust one cluster point.

The cquivalence of the first 5 conditions is well-known (sce [41, ch.
1, §9, Ex. 18). As any family of open sets is contained in a basc of the topo-
logy of X, it follows that 2) and 6), as well as 3) and 7) are equivalent.
The equivalence of 4) and 8) is also straightforward.
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Theorem 4. X 7s H-closed if and only if is ttsel [ contuined as an ele-
mend in any cover which contains AU B whenever it contains A and I3 and
which has an open subcover.

Proof. T X is H-closed, any cover of X with open subcover contains a
finite dense family formed of sets of the subcover and then X=D,U ... LU D,
is also an clement of the cover.

If X is not H-closed, there exists a filter in @, hence a family (F.)ies
of sets which contains ;N f7; whenever it contains F,and I, and with

() F;=¢, therefore therc exists a cover of X with open subcover which
iel

contains AU B whenever it contains A and B and which does not contain
X, namely (¢l ) er-

This result was suggested by a theorem established in [7], characte-
rizing compact spaces as being those contained in any of their covers which
contains AU B whenever it contains A and B. .

From Theorem 1 it follows that characterization 5) from Theorem
3 can be replaced with a similar one using ultrafilters with an open basc
only in the case of nowhere solvable spaces.

Proposition 1. A Hausdorf[ nowhcre solvable space is H-closed 1if and
only if any wlivafilter with open base conecrges.

Proof. In a nowhere solvabie space, any open ultrafilter contains
the open sets of an ultrafilter with open base and any ultrafilter with open
base has as onc of its bases an open ultrafilter.

Because F-closed spaces do mot have proper Hausdorff extensions
they are somctimes called Hausdorff-complete [3j; in (67 Harris
defines H-closed spaces by this property. Starting with the usual definition,
we can prove this characteristic featurc as a coroilary of Theorem 2 as
from its proof onc can notice that X has proper Hausdorff cxtensions
il and onlv il @ .

3. H-closed extensions. Let #(X)CH CO. If & is cndowed with a
topology between O, and 0,, then its open scts can be described in the
following manner : there is a topological extension Y of X which has ¥ as
its filter trace: to any open subset B of Y corresponds the set (AU
Ui e () yea CH, where A=BNX and A"=I\A ; we denote this set
by 7 (AUA"); when Bruns over the open subscts of Y, the family of such
scts forms the topology of &,

Proposition 2. The filter (7 =0 is in (AU A" if and enly 1f (FlU{A}
is a filter subbase.

_ Proof. M (7 is in the exterior of i(AU A", we can find an open subset,
W(FUF') of % such that (7 =i(FUF"), i.c. I is an open subset of X and
Fedz,and {FUF)Ni{AUA") =, hence (A Ni(F) =&, hence A NEF=¢.

Conversely, if I' €(F is an open subset of X and ANF =&, the neigh-
bourhood #(FUF') of (#F in & does not mect 1{:1A"), as no filter can
contain both A4 and F.

Theorem 5. Y is an H-closed extensions of X if and only if it is honeo-
morphic fo a subspace T of SHX) such that - 1(X)yC X, G—i(X}CH, an}
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maximal element of X has exactly one subfilter in &
. AR mad the to @
U 15 between O, and O, / ' te topology of

Proof. By Theorem 2,_!23 is Hausdorff and thus by Theorem (3.7)
is H-closed if and only if ,@; i(A4,u A;)=J implies the cxistence of a finite
subfamily such that mQ i(AnUAn)=@. But ,,,Q H{ A, JAn) = implies

r,O_li(Am)=Q, hence (']171,,,-—@ and this is even equivalent with ﬁz_(AmU
m= _ m=1

UAn)=@&. Similarly, JQ, i(A,Ud;)=@ implics () 4,=@. By proposition
jel

28 ,'Q,r 1(A,UA))= @ if and only if there is no rF in @ such that G {4}

be a filter subbase for any j=J. 4; ar G in whic
e o e o e C)];gosél' ; are open by the manner in which the

We have proved that @ is H-closed if and only if whenever (A)es is
a family of open subsets of X (their closures having empty interééction)
such that there isno (7 €& with the property that F'U {4} is a filter subbase
for any j=J, we can conclude that (d,);e, cannot be a filter subbase
The condition between parentheses can be omitted as it is implied b)}
the non-existence of a filter (7 with the above propertics, but we emphasi-
zed it for subsequent nceds.

Equivalently, if (A,),e, is a filter subbase of open sets (which is
the same as claiming that it be a subbase for a filter in &, because the clo-
sures of the sets have an empty intersection hence the filter has no cluster
point), then there is an (7 €% such that (FU {4} is a filter subbase for
any j < J. Equivalently again, any maximal element of @ has a subfilter in &
The last sufficiency holds because any subbase (A,);es of a filter in X
is contained in a maximal clement of & and the necessity is obtained by
taking in particular (A4,);e, as the subbase of a maximal clement in &

~ In[8] Katetov shows that every Hausdorff space X possesses a
unique fl-closed extension X" such that every continuous function f: X— T,
where 1" is Hausdorff and f{X)=7 can be extended by continuity to
a function of a certain subspace of £X onto 7. ) -

We can consider #X with X JXY as underlying set, where X7 is
the set of the open ultrafilters on X with void adherence, with a topology
base formed by the open sets of X and the sets AU{} where @ =X~
and 4 €@ is open in X. In view of the intimate relation between open
u]tra'ﬁlters with void adherence and maximal elements of &, kX can be
obtained by attaching to X the maximal elements of @), this sct being
endowed with the topology (). ,

~In [11] another H-closed extension is obtained on the set XUX™
using the topology O;. The proof that this is indeed an H-closed extension
1s the object of that paper, prepared by two previous papers of the same
author. Fomin also described this extension.

Theorein 5 easily implics that the two extensions above are H-closed
extensions. Some results of [3] also follow from Theorem 3.
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Definition 4. 1f (Y, o) and (7, g) are extensions of (X, <), then
(Y, @) is called projectively lavger than {7, g} if there is a continuwous fumnction
Jrom Y onlo Z which leaves X poiniwise fined. 1f [ is a homeomor phisimn,
the exicnsions are called isomorphic,

Definition 5. An cxtension in a set & of Hausdorf[ extensions of a
space (X, <) 1s called a projective mavimum in the class $ if it is projectively
larger than enyx other extension in 8.

Taking advantage of Theorem 5, we can give a new prool of a
conjecture due to Alexandrofl{ [2], alrcady proved in [10] and [12].

Theorem 6. kX is a projective maximum among the H-closed exien-
sions of X,

Proof. I T is another H-closed cxtension, it is homeomorphic to a
certain & C Sp(X) satisfying the conditions in Theorem 5. The function
S kX—>(%, 0,) which maps cach maximal clement of # into its unique
subfilter and leaves #(X) pointwise fixed is obviously continuous and
surjective. The identity map ¢: (%, O)—=(¥, 0), where Qis the topology
of &, has the same qualitics and so fof is the required application.

The H-closed extensions of a Hausdorff space which were described
with filters used the maximal elements of a certain suitable class of filters
Using Theorem 3, we shall casily build an H-closed extension with the mini-
mal clements of a class a filters, a method suggested by Bourbaki ([4],
ch. 1I) who finds the complction of a uniform space on the set of minimal
clements in the class of Cauchy filters.

Let 7D be the class of the filters on X which helong to # and are not
coarser than a filter which has strictly morce subfilters among the minimal
filters of @. D contains all the maximal clements of & and thus is not
cmpty if X is not already H-closed. If we take for X the set of real numbers
with the usual topology we can see that @ contains other filters, hesides
the maximal element of &,

Theorem 7. The union @ of i(X) and the minimal clements of D,
endowed with a topology between O, and O, is an H-closed extension of X.

Proof. We must prove that cach maximal clement of @ has exactly
a sublilter in . Maximal clements of & are maximal elements of D also,
hence any of them has least a subfilter in (5. Suppose there is a maximal
clement A to contain (7, and /7., (7 1%(F, both in . Then (7, and .4 have
the same subfilters among the minimal clements of % and this also holds
true for 7, and A, hence (7, (7, and then (7 ,N(F. are finer than the samec
minimal {ilters of #. As (7, and (7, are minimal elements of @, (7, N7, €D
hence there is a maximal element M of & which contains (F.0YF, and has
strictly more subfilters that are minimal in @ than, (7, M(Z.. Hence 9 cannot
contain (Z; or (F,, therefore we can find the open scts F,ecg,, Fye(F,,
Ii#Fs such that ¢, =7, cF,=@, hence eI NeF,=c(F | UF,) =0l But
Iysig,, Foedg,, hence FiUF, 7, ng,C A and this contradiction com-
pletes the proof

Aknowledgemenl,  The author expresses his gratitude 1o Professor Fugen Popa for
numerous and useful suggestions.

CHARACTERIZATION QF H-CLOSED EXTENSIONS 17

REFERENCES

1. Alexandroff, P.,, Urysohn, P. — Mmoire sur les espaces lopologigues comparts.
' Verh. der Kon. Wetensch, Amsterdam 14 (1929), no. 1, 1-96. _ )
2. Alexandrov, P. — Somevesulls in the theory of lopological spaces obtan.:e'a' {tulhm the
. last fwenty-frve vears, Uspehi Mat. Nauk 15 (1960) 25——9? (Russian) ; Russian
Math. Surveys 153 (1960), 23—-83. (English), MR 2230047 W7 e
3.Banaschewski, B. — Extensions of topological spaces, Canad. Math. Bull. { B
1-22, MR 284 4501. _
4, Bourbalki, N. = General topology, Part I, Hermann, Paris I966,‘ 311{_3-{4}:5(?4; -
5. Burzio, M. — Sulle estensioni di spazi fopologici mediante pariac‘olqr-l classi ;5f176n
{English summary}, Rend. Sem. Mat. Univ. ¢ Politec. Torino 34 (1975/76),
61—69, MR 554 13363 i
6. Harris, D). — Katélor extension as a functor; Math, Aun., 193 (1971), 171—= 173, MR
45# 7678 o B
7. Johnsonbaugh R. — Compact and connected spaces, Math. Mag. 50 {(1977) 2425,
MR 4 13846 .
8. Katétov, M- — Uber H-abgeschlossence und bikompaktc Rdume,
Fys. 69 {1940}, 36 —49, MR 1, 317 . . .
g Katitto i M. — On H-closed extensions of topological spaces, Casopis Pest. Mat. Fys.
72 (1947), 17-32, MR 9, 153
10. Chen-tung Liu — Absolutely closed spaces, Trans. Amer. Math. Soc. 130 (1969},
86— 104, MR 3642107 o )
11, Obreanu, F. —On a problem of Alcksandrov and Urysokn (Romanian; _Russiar;gggd
. French Summaries). Acad. R. P. ., Bul. St. Ser. Mat. Fiz. Chim. 2{ N
101—108, MR 13, 573 )
12. Porter, ), Thomas ]. —On H-closed and minumal Hausdorff spaces, Trans. Amer.
Math. Soc. 138 {1969}, 159 — 170, MR 3846544

Casopis Pest. Mat.

Faculty of Mathematics
University of Iast
R —6600, Iasi, Romania

Received 1.1X 1953

2 — Matematici



