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$0. Introduction and Preliminaries. The main resu't of this paper is
th. 1, in which a number of cquivalent  properties with  the fact that
the semi-polarity is preserved by inversc image of a [[-map, arc given.
Th. 2 contains equivalent formulations for the fact that the polarity is
preserved by inveise image of a H-map. These results are proved in §l1
In §2 we present some remarks and complementary results. Th. 1 and 2
are completed with other equivalent or sufficient conditions, which hold
in some special instances. §3 extends, to the case of general morphisms of
H-cones, {he notion of inverse image. After proving the main properties of
the inverse image function, we show (th. 6) that some of the ¢quivalences
from th. | and 2 hold true in this more general setting. This fact allows
to give {th. 7) somc eruivalent formulations for the axiom of convergence
in standard H-cones. The paper ends by considering a certain class of
morphisms of H-cones, which ihcludes the H-maps, and for which the ejui-
valent properties from th. 1 still hold true.

The notions, notations and results about H-cones are as in [4]. The
notions of morphism of H-cones and H-map, as well as results related to
them, arc as in [3], [61, [7].

We shall use the notion of quasi-base in a standard H-cone of {unctions,
defined as follews (this notion was introduced in [ 11, in a particular setting).
Let S bea standard H-come of functions on X. For Ade X, wede note g(A)
wnd call quasi-base of A, the smallest finely closed set B=X, such that AN
semi-polar. Clearly A e(4) is semi polar, and: pld)= el is semi-
polar., We shall need ajso the following two facts about the guasi-base :
a) b (a(A))=g(A) ; 1) B(A)=p(b())-

§1. The main results. Lot 5, T be standard H-cones of functions on
X, Y o:Y—=X isa H-map. We use the same letter for the corresponding
morphism of H-cones: ¢ «Hom (S, 1).

Theorem 1. The following condilions are cquivalent
1) VASX semi polar =5 *(A) 1s semi-polar,

2) YF=(g) decreasing =o( A FY= A ofs):
sgF

3) ¥seD(y), AcX: B¥ A (p(s))<p(B1s);
4) VACX, veY : d s thin at o(v)y=o'(A) s thin al ¥,
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3) VA X : de . A))= (27 (0(A))

6) A=X ftotally thin =o=YA) s tofally thin:
7) VA= X plo™(A)) =07 (g(4)) ;

8) Vs<D(p), AcX : Bt o(s) < o(BPls):

9) VASX : Bl (A))= o ¥ (B(4));
Proof. 1=2. We have: o{pF)g Ag(s) and :
F : o] <(inf Floo]mo[ A F <inf &
{cpf/\f )<SQF@(5)9]E[(/\F)°]<(mf Floo]=9 ([ AF <inf £]). Since [AF <
<inf F] is semi-polar, i ' : DES
] 1-polar, it follows that : o{ A J )_sé}-‘?(s)’ except for a semi-

polar set, hence everywhere. 2=3. Since £>5 on A impli

. 3 . B = 2 l‘. ¢

¢7(4), it follows that: o(B4s)- ( A tlon= m/l\p ltg(tigg i@(é&_g}
f=s on A ' 5 on -

{9/5)). 3=4=5=6=1 are obvicus. 1=7. o p(A)) i? finglv closed, and :

¢ H{AYNo(p)A)) =0 A\ p(A)) is semi-polar. 7=8. \We e Bget
(@(s)) € B¥PUD (io(5)) = B el (o(s)) < q?(b’“:*: s). 'l‘heL lllaa“,\tL -infpual(f)r
can be proved as follows: since  B4s=s on by, we have (\}3*‘31}
=o(s) on 71(b(4)), hence: o(B's) > B¥ 1) (o(s)).' 8 1. Since Cl‘J(A) )
llt fo\llowithat.BW "1 1=0, hence g(p7Y(A)) i3 polar. Then g(o ‘?A )
éenc.c‘lq;) ng) 1s_lscm11polar. 54-7=9. We have: B(o (1) e{b(o 1(A4))
t_ogt:gc]pl (t}£ ))'}‘i(? (p(B(A}))=0271(p(A4)). 9=1. \¥¢ can suppose that A< X is
¢ ‘y _lm. en t?(A):Q hence B(A4)= & and it follows that §(o WA =
ince o (A)\{S((p"(/l)) Is semi-polar, we get ¢7'(«) semi-polar '
eorem 2. The following comditions are equivalent : -
1) AX polar=o Y A) is polar. .
2) ¢ is a finite morphism.
.})) V}L EII 5,2 :p‘S(pL) s universally bounded.
roof. 1=>2. Suppose that ¢ is not finite. Then ¢ exist
silch tha_f @(s} is not ({inite ?)n a finely den:c , stgy.nclicgrlliles-a[siei,
;:o]“‘,:h?l’([s:oo])“has non-void fine interior. Hence, it is not a pgl;
e Alct[s[s—=ooo?|)] l'i,‘hi?llér'@z‘l:{}jclf .»;1':[_:\ is polar, there exists s=$ such
e ls=e0]. ; Ad)So |[s=w])=[s0n= : 21 i
also polar. 2=3. We need the follo?vixgg char]zzcte[risitioor?]: wd eA) s

il

N|W |

LSS is umwersally bounded < ¥u.<S": u(f) <co,

Indced, let £=S be universally bounded and v =5, There exists a weak
un}t‘ :szS, such that u(u)<eo, hence p(f) <co. Conversely, if £<5 is not
universally bounded, then there cexists a weak unit # 5. such that th
inejuality f<n.2 does not hold for any 2 =.N. Hence, '.fo'r cach(nE\e:

there exists x,€X, such that Hag) =n® Let: u= § #* g, . Then ues*

. =}

?12(:56‘! ,ug'u)l<<?o.‘Bnt #(f)=o. Let now » be finite. For any w17 and any

- ,u\;eT‘la‘:r? ‘l 9((¢) (s):y(;;(s)‘) <00, since p(s) =T, 3=2. Let s=S. For

e ?l LI tave : uf{a{sii=gp (i) {s) <co, since there exists a weak unit
<57, such that v(s}<eo and, 9°(u) being universally bounded, there

exists a >0 such that ¢"(p)ga.v, ' -

<=
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§2. Remarks and Complementary Results. a) Conditions 2) form
th. 1 and 2 show that the property that 97! preserves the semi-polarity
resp. polarity, docs not depend upon the base spaces X, Y. In this context
we have:

Proposition 3. Let S, T be H-cones and ¢ =Hom (S, I a finide mor-
phism. If S has a weak unil, then the following conditions are equivalent .

1} VuesS weak unil, o(u) is a weak unit.

2} 3u=S weak unil, such that ¢(u) is a weak unil.

3) VieS we have  i=V {{’ =T | Is =S suchthat 1 < o(s), 1'<4].

b) Proposition 4. The condilion :
vUcY naturally open, o(U) is finely open in X, implies the condition 2)
Sfrom th. 7.

Proof. For any function f: X—+R, we have: fop(y)—lim inf f(x)=

(¥

= sup (inf f(x)):r_s.up (1r}£ flo(z))=fop(y) hence: o( s F)=inf Fop=

Ve (ol xeV HWe (v e
=(inf Fop=inf (sog)= A ofs), where @ /(y), resp. Dn(y) denote the filter
seF ser

of fine, resp. natural neighbourhoods of .

Remark. It was proved in [5] that, if ¢ is finely open, then g is finite.

c) Proposition 5. If X is saturated, then: “Vu=Tg, o'(p) 1s nearly
continmons” is equivaleni with condition 1) from ith. 1.

Proof. Indeed, let A=X be semi-polar. For any p=7g we have:
w(e (A))=9"(r) (4)=0, hence ¢ 4A4) Iis semi-polar. Conversely, if
X is saturated, then the above formula, together with [4, cor. 5.5.11]
show that o"(w) is nearly continuous, if p.=T5.

d) Condition 3) from th. 1. implies condition 1) from th. 2. Indeed
if we choose s=1, then: B*(4) I<B* 1. If A is polar, then it follows
that o-1(A) is also polar. This remark showsthat we can drop the assump-
tion “s & D{9)" in conditions 2, 3 and 8 from th. 1. Also, it is known that
it suffices that condition 2) holds only for countable . Onc obtains another
equivalent condition if one drops “F decrcasing from condition 2}, th. 1,
since ¢ is H-map.

§3. S»>me Extensions. Wc arc going to extend th. 1 and 2 to more
gencral morphisms of H-concs. In order to do that, we define an | inverse
image” map, for a quite large class of morphisms. However, this correspon-
dence between the subscts of X and the subsets of Y does not preserve all
the propertics of the usual inverse image, and so not all ihe equivalences
stated in th. 1 will hold in this general setting.

For the test of the paper, S and T will be standard H-cones of
functions on X, Y and ¢ = Hom (S, T) will be a morphism with the proper-
ties: 1) ¢ has an adjoint; 2) @"(Y)e M, (X) (positive measures on the
natural Borel o algebra).

Remarks. a) o exists in more general situations than those consi-
dered in [5]. If there exists a weak unit y, €77, such that pyepeS’, or as
a special case, if ¢ is semi-finite and there exists a weak unit u, € T*, taking
real values, then ¢ has an adjoint. For H-cones of functions it suffices to
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suppose that of1) is a rcal valued function.

YveY. b) If X is saturated,
real-valued function.

:{f{{?*(sy)- If we denote by o'(e,)

ra theu any morphism
e fuifills the above conditions 1) and 2).
or any naturally measurable function

Then 9" exists and '(g) =5,
©, such that 1) is a

S XN=R,, wedefioo: Joo( V)=
the completion of the measure 2'(s,)

then, for each A=X we define - oW (M)=Ivey |

¢ Ay =Y\ os (X ). Hence, we I

@' (&) (A A)y=0F and:

ot from 73(.\’) to P(Y). The folloi\l‘_\izéhrflncd the correspondences o7,

sequel

propertics will be used in the

(i) If ¥, ={veYy | @*(g,)=0} then : P AN Y oz 510 A):

(1) Il A=A, then: TR EN=CI
(iii) For any co:ntable family {A,) from P(X): w0 !
. “ . L]

and o1 (UA,)= Ug™(Ad,);

(iv) M f. g: X >R, are natur
3 » 81 A >R, aturally
fsgon X, then: 93([f=g])=| fop=goz] - ¢ (f<gl)=[fop <goo]:

k=]

(v) If £, g: X—>R, are naturally

then : fooggon on wrl(Ad):
(vi) We have : %"(21 \).Jil) == el
ble, then : ¢ ' (A) N o514, <_::p‘1(:ll\

continuous and bounded, then

=o' (4) and : o-1(.)
misaturated [3], then .

and o M) o (A,
ﬂ A,,)— ﬂ‘?'&‘(f’fn)

measurable functions, such that

measurable and f<g on AdcX
“ia= H)

(,;1).\?_1(14')' It 4, 4, arc mcasura-

1

(vii) For any AcX: o is fing
Y ASX 1 o Yd(A)) is finel
closed. If ofs) is naturally continuous,

Yy open and oft (4(A)) s finely
for any s<§S, which is naturallgz

o allv IOyl
open and : (F naturally closcd)::,((c;;"n(s}})m'luy el ) is B

Examples. a) If o— Yo, With e, >

1s naturally closcd)
>0 and o, H-maps, then : ¢ {d)=

=Uer{d4). b) If =B is a balayage and X is ‘se-

By {b(B))=B1 (b(B))=X and By (d(B))= Bt (d(B))=g.

In this general situation, th. 2 holds, with the

use as ,,inverse image"" ;!
tions on a semi-saturated space X
VA X polar, theset : {veX | B
of balavages shows that generally o1
Also holds the following " l

Theorem 6. 7/ Sfollowing staic

same proof, if we

. Particularly, for any standard H-cone of func.-
. the following holds : vz balayage on §
(/) is carried by A } is polar. The e.\‘amplc,

does not preserve the polar scts,

equivalence from th, |
ments are cquivalent

1) AcX Semi-polar=so=1(A) is senti- polar,

2) FeD(y)

there exists a countable family (

decreasing = HAAF)= p ofs).
Proof. 1=2. The same  proof holsclE;;

since by [4, cor. 4.2. 10.¢)]

si)€F such that : AF= A s, Then:
nEN

)= A Y — —
L2000 A F)=9( A s= 1 2(s)> A ofs)

2=]. Let A= X be totallv thi
Sy LUk L i 1.
then B'p<p on A. Hence i

The general case follow s nov

v, using property (iii).

sEM

If p is a {inite, contin 5
: f A A F<inf Fl, where - Fe— S | sy eaton
Since ¢ A)= A (son) < inf (sog)7, it follows that ’?T{SES o

YA} is semi-polar.
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Condition 2) from the above theorem allows us to establish a remar--
kable connection with the axiom of convergence. Let us denote by @ the
set of thc morphisms ¢ Hom (S, T), such that: V, = I, 3v= S such
that o'(pn)= v.

Theorem 7. The following are cquivalent :

1) S satisfics the axiom of convergence. ) . )

2} VT standard H-conc of functions, ¥ =8 YE<S D{) decreasing (A F)=
=20

3y AT#{0) standard H-cone of funclions, such that Yo 9, for any decrea-
sing sequence 5, =D(9) 1 2( 1 S))= A 2{(Sa). ‘
1) X being semi-satuvated, ¥V B balayage on S, YASX measurable semi-
polar set, the set: {x=X|B'(e,) charges A} 15 semi- polar.

Proof. 1=2. It suffices to shcw that: (o A F))=u{ /\i_qJ(s)), for

sel

any we T} But, using the fact that 99 and 5 satisly the axiom of
convergence, we can write :
w(o(AF)=7"w) (A F)y=inf ¢'(u) ()=inf alo(s)=n(A 2(s)
SEF sgfF sek
2=3. is clear, 3=1. Let ¢=T, 10 be fixed. If pe5” is dqminated by a
universally continuous element, let us define @ =Hom (S, T) by : o(s)=
=u(s). ¢. This definition is correct, and o' (v)=v(f). p. It follows that ¢ =9.

Hence, for any decreasing sequence s, € D(9) we have @ p{ Sl b= /\\ w(s, )=
REN nghN

=inf u(s,). ¢, and this relation proves that s A Sp)=inf p(s,} . 4« 1. Follows
HeEN

fro?n th. 6, since B=® by [4, th. 5.6.3) and B {d)={x=X| B*(e,)

charges A}.

Remark. In this general situation, the following implications from
th. 1 hold : 3=>5=6=1, When o™! is replaced by ¢3!, we have the following
implications : 2=3=65=6; 1=7=8; 1=0. These implications are ejjuiva-
lent iff : YA semi-polar, o (A)\g5"4) is semi-polar; or, what Is the
same : 3Y'cY semi-polar, such that Vy &Y we have: ¢'(s,)=u+v, with
u difuse, not charging the semipolar sets, and v atomic, with point support.

For a more restrictive class of morphisms (still larger than the
H-maps), some of the ejuivalences from th. 1 still hold. Let us denote
by Ex(S) the sct of extreme rays of 57, endowed with quetient {vatural
or fine) topology. For each weak unit # =S, there is a continuous canonical
injection : X,—~Ex(S). The inverse of this injection is given by @ p—ufu(u),
hence it is finely (and generally not naturally) continuous. If », v are
weak units, there exists polar sets A=X, and 4,2 X,, such that X,\ A,
and X, 4, are finely homeomorphic. Ex(5) appears thus as the inductive
limit of the spaces X,, considered with the fine topology.

Theorem 8. If o has the propertics: o{t)eT and Vs, t=D{g):
o(s A ty=s0(s) A o(f), then the conditions 1, 2, 3, 3, 6, from th. 1 are
equivalent.

Proof. As remarked above, it is enough to prove the implication 2 =3.
Let us consider first the case A=[r<v], with u,v€D{(¢). If f=u—v:
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ABY) =9(Bis)=e( V R ARN)= V o(RsAR)> V Rials) Ana(f)=

=Boip(9(s)=B*7(4) (o(s)).

If A is naturally open, then there exists an increasing sequence (A,) of
naturally open scts of the form [u,<u,], such that A=J4,. Indecd, if
#<v and wu;<v, everywhere, then: [zt<v]U[rt1<vl]=[u+u,<v+v1].
If follows that 3) holds for any A naturally open. Let now A be arbitrary.
Then [4, prop. 3.2.47 shows that B“s= A BYs, with A< U, and U naturally
open. Using the hypothese, we get :

#(BUs)=o( A BYs)= A 9(BYs)= A B*(U) (o(s)) = B 1(A) ((s))-

Remark. The hypothesis "o{i} = 7" is used to prove that the elements
from D(g) define the natural topology. Hence it can be replaced by "¢ is
semi-finite” (morphism in the sense of [4]). We end with a result which
shows that the morphisms considcred above are not too different from
H-maps,

Proposition 9. Let S, T be H-cones of functions ow X, Y. If ¢ =Hom
(S, T) then the following are equivalent :

1) ¢(1)<00 on Y and Vs, teD(o): (s A)=0(s) A @(t).

2) There exists the maps: §: V=X, and «: Y—R, such that: VseS§,
VyeY :o(s){(y)=aly). s(b(y)}).

Remark. If we know that o"(u)€S", for any y 7" from an extreme
ray (for exemple when ¢" is finite}, then 1) is equivalent with the fact
that: (ue7" is an extreme ray)=(9"(u) 1s on extreme ray). In this
situation, ¢” induces a correspondence Ex{T)—Ex(S).
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ASYMPTOTIC PROPERTIES OF SOLUTIONS OF A VOLTERRA
INTEGRAL EQUATION WITH DELAY

BY
OLUSOLA ARINYELE*

§1. Introduction. In this paper we consider the Volterra integral
equation with delay of the form:

(1 u(t)=h(t) ifK(t, s)f (s, #(s), u(o(s))) ds

where £=[0, o) and the following hold :

(i) f(¢, u, v) is continuous on [0, ) X R X R,
(H.) (i) () is continuous on [0, ).
(ili) o(t) is continuous, o{¢}-»00 as {00 and 0 a{t)<t.

i i ies have been given by Ize
the equation (1) the asymptotic properties :
E‘ﬁr forL ce(tl) ~{ under certain hypothesis on f(#, #, v). ReC(fentlly ancjlér
bowski [3] obtained results on asymptotic properties ob (1) lu e
hypotheses different from those conmdc?zd by I'ze in _Zo_f. f}lllée fﬁflldca rr?:ntal
Werbcwski's investigation was a non-linear version !
i he results here are exten

i ty of Gronwall-Bellman type T : :
ls?sgs? a;; }\ff'\’erbowski’s result to eguation El n, (‘l"l'th E}Spo\s\bsshsrs?n t_);t:flzllgg
arc much more general than those considered In B3] W st e
- integral inequality of the Gronwall-Bihari typ !
315:31 e:;urm i(lalgerquality(I to obtain results onsjasymptotlc behaviour of so
i f (1) which generalize results of [3]. _ ) '
lutlongzc-) M(agn Result%. We use the following assumptions in our ‘situdy-.
(H,) The functions ®@;: [0, ©)~>[0, ), j=I, 2 are positive, nondecrea

sin"g, continuous and satisfy

(1) 0 @ (1) < (D,(E) for #z0, v=1, j=1, 2.
Iy ) bl )
(ii) ®,(x) are submultiplicative for #>0.

(H,) There exist continuous, real-valued positive functions a(¢) and
b(tj' defined for ¢>0 such that

|/t 4, o) 1<a(t) ©ul) 2 [)+B() @of] 0 ],

* This paper was written during the author’s visit at Iowa State University, Ames,
Iowa



