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AB*)=(Bs)=¢( ¥ RsAnf)= V a(RisAnf))> V Ris(s) Ane(f))=

=Boin(9(s)) =B*74(4) ((s)}.

If A is naturally open, then there exists an increasing sequence (A,) of
naturally open sets of the form [u, <9}, such that A=|J4, Indeed, if
#<v and wu;€v; everywhere, then : [u<v]U[u1<v1]==[u+u,<v—|—v1].
If follows that 3) holds for any A naturally open. Let now A be arbitrary.
Then [4, prop. 3.2.4] shows that Bs= A BYs, with A< U, and U naturally
open. Using the hypothese, we get :

2(BU)=o(A BYs)= A9(BYs) > A BeHU) (9(s)) > B+ (4) (o(s)).

Remark. The hypothesis “o(1} € 7 is used to prove that the elements
from D(g) define the natural topology. Hence it can be replaced by "¢ is
semi-finite” (morphism in the sense of [1]). We end with a result which
shows that the morphisms considcred above arc not too different from
H-maps.

Proposition 9. Let S, T be H-cones of functions on X, Y. If ¢ €Hom
(S, T) then the following are cquivalent : '

)] (1)< on Y and Vs, teDfo): (s A)=o(s) A o(2).

2) There exists the maps: §:Y—=X, and «: YR, such that: vseS§,
Yy SV :o(s) (n)=a(y) . s(4(»).

Remark. 1f we know that o*(u) €S, for any u = 7" from an ecxtreme
ray (for exemple when o is finite), then 1) is equivalent with the fact
that : (neT" is an extreme ray)=(9"(1) 1s on extreme ray). In this
situation, ¢" induces a correspondence E(T)->Ex(S).
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ASYMPTOTIC PROPERTIES OF SOLUTIONS OF A VOLTERRA
INTEGRAL EQUATION WITH DELAY

BY
OLUSOLA AKINYELE*

§1. Introduction. In this paper we consider the Volterra integral
equation with delay of the form :

(N u(t)=k(t)-§—£K(t, s)f (s, u(s), u(a(s))) ds

where £<[0, o) and the following hold :

(i) f(t, », ) is continuous on [0, ®) X R X R,
(H1) (ii) %(t) is continuous on [0, ).
(iii) o) is continuous, o{¢)->c0 as {0 and 05 s(f)<2.

For the equation (1) the asymptotic properties have been giver; .bwa zr?
[2] for o(f)=t¢ under certain hypothesis on ft, o, v). Rec?ntly ?ler
bowski {31 obtained results on asymptotic properties 0b (N 1unl o
hypotheses different from those conadc;gd by que in [Z]f. f}}ll(? - :zga n?:ntal
Werbowski’s investigation was a non-linear version o !
i i The results here are exten
lity of Gronwall-Bellman type. 1 ’ :

ls?(():rcllsu 30; }(\T?erbowski’s result to eguation El 1), &\'{th %}jpo\f\}'}?;ﬁ- Sctm ejsr t;vgllllfs:lﬁ
are much morc general than those considered In GRS
a new integral inequality of the Gronwall-Bihari typs !
;S:L\gu;n i(;ﬂ"lgerc?uality(I to obtain results ons]asymptotlc behaviour of so

ions of (1) which gencralize results of [3]. . ‘ .
lutwngz? Néazn Resultgs. We use the following assumptions in our csltudyd.
(H,) The functions ®,: [0, ®©)->[0, «0), j=1, 2 are positive, nondecrea
siné, continuous and satisfy

(1) . D)< Dy Y for 20, vxl, j=1, 2.

b U ‘
ii) ¢ are submultiplicative for #>0. _

(Hy) '(1};1)(:1‘3 j(;i()ist continuous, real-valued positive functions a{t) and

b(tj defined for {2 0 such that
L/ w, 9) |<a(t) D] 2 [)+0(0) O] 0 1),

* This paper was writien during the author’s visit at Jowa State University, Ames,
Towa.



5
26 OLUSOLA AKINYELE
2

(Hs) K(4, s) is continuous on 0<s</< 7 and there eoxi .
continuous function ((Z, s) such that there exists 2 non-negative

LKt sy |<0(4, 8) for £2520.

In order to cstablish our results on tl i i
. stabl: results e asymptotic behavi
we mﬁi the following integral inejuality which is %ww to the li?;;t%frél)
Lot eorem 1. Let o(t) be as in (H,) (i) and ®;, j=1, 2. as in (H‘)
ba ) B()s q(t), a(t) and b(t) be mon-megative comtinuous Sfunciions cmz -
[0, o), such that the following inequality holds

(2) u(t)sp(t)—[—q(t)j [a(s) @ (u(s))+b(s) D,(n(s(s)))] ds.
Then for all £>-0, u(t) satisfics the inequality,
(3)  OSPO+A0 61 [ fals) Du(g()+b(s) Dulela(s))} 5],

where g(ty=max {p), ¢(£)} and G is the inverse function such that

o

(4) G("”—'S

0

ds .
E’m » With @{u)=max {d, (), O (u)}

Proof.

Set R(t)= (_f {a(s) ®y(u(s))+b(s) D, (u(c(s)))} ds.

then (2) becomes
L

) 3% u(t)< () +4(t) R()<e(?) {1+ R()}
Differentiating R(f), and using (5), we have
R (& =a(t) ©(u(t))+b(¢) Dofu(a(t)))
<a(t) Ba(g(t)) @ (14 R(1))+5(f) Do(g(a(t))) Puo(1+ R(ot1))
@, is non-decreasing and o(¢)<¢, hence
R (1)< {a(t) ®y(2(8)) + (1) Dag(o()))} (14 R(1))
Thus, for D1} R(£))=0,
(6) R'(t)
O(1+R({t))
Intcgrating (6) from 0 to ¢ and using {4),

<alt) @, (g{t))-b(t) ®.(g(s(£))).

GUR())—GRO)) S { {a(s) @u{g(s))-+b(s) Dufe(a(s))} ds.
Thus, since R(0)=0,

| 8]
~3

VOLTERRA INTEGRAL EQUATION WITH DELAY

@ RW<G1L{ {o(s) Pr{ele))+-b(5) @(alo(50)} )

Putting (7) into (5) we have (3). The case ®(14 () leads to R'(£}<0.
Hence R()=0 and ®,=0, ®,=0 so that (2) bcecomes u(f)< P(¢) and the
Theorem reduces to a triviality.

Remark. If @,(u)y=u* and ®y(1t)= #® with o, 3=(0, 1], Theorem |
reduces to a result of Bobrowski, Popenda and Werbrow
ski [1].

\\;'lc now use our resuit to establish conditions for the asymptotic
behaviour of (1). The following Lemma was proved in [31.

Lemma 2. Lel w(t)>0 be a continuous non-decreasing function on
[0, ©0) sich that lim w(l)=o0 and lim w(r{f)}/w(l}=0 for somc function r(¢)

I o

i w0
such that r(f) <¢ and cventually lim. r{¢)=c0. Supposc
tow ot LT

o

i . 1 - .
Sﬂi)ds((x) for F(s} >0, then lim —Slf(s) d5=0.
w(s) t~w w(l
T
Theorem 3. Let w(t) =/ satisfy the hypothesis of Lemma 2. Suppose
(Hy)—(HJ) are satisfied wilh Q(t,’s) a non-increasing function in ¢ for
each s. Assume that

i) tim2 oo ity (28 i) @,(w(s)) ds <oo,
to 10(¢) | w(s)

i) (0(s, s) fa(s)+b(s)} ds <o, (iv) (€52 p(s) @y w(o(s))) ds <oo.

. Bt
Then lHm u(t)fw(t) exists and lHm u(f)/w(l) = lim —}—(—)
1= 1w

= ()
i
o

I

Proof. Let limk—(a = <o, then3C,> g<C, for all £ .

= u(l)
Dividing (1) by w(#), we have

H

u(t) ‘E‘_(_Q, _1__ . : 1(a ¢
®) = w(z)S] K, 5) J(s, 1(s), w{a(s)) ds

and by assumptions.

u(t) | o
w(t)|

I3

M ]_ 10
w(t), =+ w(t)So(t’ s) [a(s) Df] (s} [} -+0(s) Dol (als)))1ds <
$C1+ _]:"" SQ(S, S) {ﬂ(S) (Dl(l lt(S) |)-|-—b(5) (I)z(l u(o‘(s)) )} ds <

w(t)

0
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<C,+ S{Q(s, s) a(s) (Dl( % )Q(s, s) b(s) (Dz( %;‘(:—(é)) )} ds.
Using Theorem |, with g(f)=max {C,, 1}=C,, we have
O | <c 467 [Q(CZ)SQ(S, s) {a(s)+-b(s)} ds]
w(t) J
where G{o) f ds{®(1+s) and so G exists and is increasing.
Hence,
= .
20 |<cvr 109 {0t 9 fate)+enas
w(t J
and by (i), 3C,>0, constant such that C,—C,G"1[®(C,) [ Q(s, s) {a(s)-+
+b(s)} ds], so that v
| #(2) | Caw(t). for {=0. So tIim u(t)[w(t) | exists.
Now -
Ilﬁ(’SK(t, s) f(s, u(s), u(a(s))) ds
< 250065, 1as) @401 wt5) D+005) 4 1 (o) D1 ds < 1
w(t) L] HE R 2 =
(9)
< w—l(t;SQ(S» s) [a(s) ®u(Cq) Da(w(s))+0(s) Pa(Cs) Dof{a(s)))] ds<

¢

<O(Cy)- ;(‘55 0(s, 5) [a(s) Do(w(s)(+b(s)) Dalae(a(s)))] ds.

Set F(s) = Q(s, s) [a(s) D(w(s)) + b(s) Pa(w(s(s)}))] in Lemma 2, then
i[;”F(.\s)/w(s)} ds <o by (iii) and (iv). So LemmajZ implies rl-l.T (1jw() di‘t(s) ds=0
and taking the limit as #—~oc0in (9), lim i "w(t)j'K(t s) f(s, u(s), u(s(s))}ds|=0.
As {0 in (8) t]i‘rg u(t)[w(l)y= hm Rt ) t) C <<c0 and the proof is complete.

Theorem 4. Let (H,)— (Ha) be satisfied and w(l) 27 be as in Lemma 2.
Lhet QUL s)=p2(t) g(s) where p(t) 21 and non-decreasing, with ¢(s) >0. Assume
that

5 61 TERFA INTEGRAL BQUATION WitH) DeLaY %
() lim (b ((0) A1) <o,

(ii) § 2(s) g(s) {a(s)+b(s)} ds < 0.

(i) E;{ (5) ©.(10(s)) B, (H($))} ds <o,

(iv) S £ 009

Then lim u(t)[ w(t)] p(t) exists and is equal to llm () w(t) p(¢) .
{— o
Proof. Suppose lim A(f)[[w(t} p(¢}] C. <oo then
loaon

w(a(s))) Dap{o(s)))} ds <co.

t

w(t) _h{l) 1 i
T YT r AT p(t)osK“’ P e

So 3 C, such that,

£

s) [a(s) @] u(s} [)+5(s) D= (ir(a(s)}) [)]1ds

u(t) c _l_
w(t) p(t) | S w(t) § 4

’ ) u(a(s)
€C5+§p(s) o] 2551 0| s e )
Theorem 1 with g(t)=max {C;, 1}=C,, implies

’ u(t) <c5+G"[‘D(Cs)SP('S g(5) a(s)-+(s)1 4]

w(t) p(t)

and as in the last theorem using hypothe51s (ii), 3 a positive constant

Crm Cr=Cot GIO(C) § A

u(t)[[e(t) p(£) 1<C; for t20. Moreover |[u(a(t))|<Crw(o
{20, hence

s) g(s}{a(s) +b(s)} ds] and
(1)) Pla(f)) for

i

|
l w(t) p(z)S K(t, s} fis, wls), ulsts))) ds

t

< w(t)lp(t)‘Sp(t) g(s) [a(s) D.(} 2#(s) )+ b(s) Duf|{a(s))]] ds.
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S 5 46 409 @€ @.(0(5) PN +(s) @:(C) s lo(s) Mol

0

<¢w>ﬁb§()w( Du(w(s) D(p(5)+5(6) Pa(w(a(s))) Ve (Ho(s))] s

Setting  F(s)=g(s) [u(s) ®i{(s)) Da(p(s)) + B(s) Dulw(o(s)) D plo(s))) | and

applving Lemma 2, we obtain using (iii) and (iv), hm [1fw(t) ]j}’( ) ds=0,

Hence lim 1/[io(f) (t)]1l\(t s) f(s, #(s), u(o(s))) ds=0 and the result
{=
follows from {10).
Remark. I O,()=u* and ®,(u)=1® with 0 <a, <1 then @(u)=u"
where v=max {«, p} and we have as special cases of our Theorems 3 and 4
results of Werbrowski [3].
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ON A NONLINEAR FUNCTIONAL INTEGRAL EQUATION IN TWO
INDEPENDENT VARIABLES

BY
3. G. PACHPATTE

1. Introduction. In the present paper wc consider the nonlinear
functional integral equation of the form
alx, ¥} blx, ¥}

(1} z(x, y)=F(x, v, i Ly, a8, 8, 2(s, t)) dsdt,
Tk

clx, ¥)

$7 e 35 5(s, pl ) s,
¥l falx, vty 2(g(x, ¥Y,0) dty s(g(x, v), Rz, 3)), 1)=(Tuz) (¥, ¥)

where z(x, y) is an unknown function. Equation () is a gencralization of
the integral equation recently studied Ly Kwapisz [4] and contain
as specnl cascs the functional cquations studied by many authors (see,
[2, 3, 9). The Darboux problem for the functional differential equation

2) 2oy (5 2)=F (2 30 2{ads e 2lo)s a0 )0 B3 ),

with z(x, 0)=g(x), 0<x<a, 2(0, ¥)=7(y), O<y<B can be reduced to
a particular case of equation (1). Recently, Kwapisz and Turo
[3, 6, 7] have applied the general idea of W azewski [10] to study the exis-
tence and uniquencss of solutions of cquation (2) and its more general form,
The main concern of this paper is to study the existence, uniqueness and
continuous dependence on parameter of solutions of the functional inte-
gral equation (1). Gur results in this paper are obtained by using the well
known Banach contraction mapping principle [8], monotone iterative
method and the notion of upper and lower solutions.

2. Existence and uniqueness. In this scction we shall establish our
results on the existence of a unique solution and continuous dependence
on parameter of the solutions of equation (). For convenience we first
list the following hypotheses.

Hy-/)othesz's 7. (1) Let (X, |[.]) be a Banach space, A=[0, 2]X

x [0, 8], ,_{ v, v, 5, 8) 0 0<s<age, O0<i<y<Bl, A,={{x, ¥, 8): 0=s<
gage, 0y Bl Ay= {(1 v, d) 1 0gage, 0<i<y< B} The functions a, b; ¢,
4, , q, g, h are defined and continuous on A and a(x, ), c(x, ). ¢(¥, ),
g(x, ¥y =0, «]) and b(x, v). d{x, v}. p(x, 3), A{x, v} €10, B), /1= C[A, XE, E],

a

c'—-—.}'



