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< w—(tt)g‘?(s) [a(s) (Dl(C'.’) @, (w(s) p(s))—|—b(s) (I)z(CT').(I)2 w(a(s)) pa(s)))] ds

;I(T)S"'(S’ [a(s) ®1((s)) Do(p(s))+0(5) Pa(ae(a(s))) e ((s(s)))] ds.
Setting  F(s)=q(s) [(s) @1((s)) Pa(p(s)) -+ b(s) Pale(a(s)) Pu(p(ofs)))] and

applying Lemma 2, we obtain using (iii) and (iv), Irl_m [l/w(t)]g’f:(s)cf.s.;o,

< B(C)

Hence Xm 1{[w(f) (t)]H\(l s) f(s, #(s), wulo(s))) ds=0 and thc result
= on . : .
follows from (10}. o
Remark. If @ (H)_u"‘ and @y{u)==1® with 0 <o, p<1 then @(u)=u"
where y=max {x, g} and we have as special cases of our Theorems 3 and 4
results of Werbrowski [3]. -
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ON A NONLINEAR FUNCTIONAL INTEGRAL EQUATION IN TWO
INDEPENDENT VARIABLES
BY
BB. G. PACHPATTE

1. Introduction. In the present paper we consider the nonlinear
functional integral equation of the form

alx, ¥ blx, ¥

(1) z(x, Y)=F(x, v, [ § filxy v s, 1, 2(s, 1) dsdt,
0 0

elx, ¥}

4 So(xy ¥ 8, 2(s, p(x, 3))) ds,
"7 33 3 b 2(q(x ¥, 2)) by 2(g(y, )y H{(x, v)), 1)=(Twz) (% ¥)

dt

O - H

where z(x, y) is an unknown function. Equation (1) is a gencralization of
the 1ntcgrai equation recently studied by Kwapisz 4] and contain
'15 spccnl cases the functional cquations studied by many authors (sce,
2, 3, 97). The Darboux problem for the functional differential equation

{2) Zry (X, y)=F(x, », z(.,,), Ze(-s:)s 31:("')’ zey(8(2s 3)s "’("—» M)

with z(x, 0)=c(x), 0€x<a, 2(0, ¥)==(y), 0<v<B can be reduced to
a particular case of equation (1). Recently. Kwapisz and Turo
[3, 6, 7] have applied the general idea of W azewski [10] to study the exis-
tence and uniqueness of solutions of equation (2) and its more general form.
The main concern of this paper is to study the existence, uniqueness and
continuous dcpcndumc on parameter of solutions of the functional inte-
gral equation (1). Gur results in this paper are obtained by using the well
known Banach contraction mapping principle [8], monotone iterative
method and the notion of upper and lower soluttons.

2. Existence and uniqueness. In this scction we shall establish our
results on the existence of a unique solution and continuous dependence
on parameter of the solutions of equation (1). For convenience we first
list the following hypotheses.

Hypothesis 7. (1) Let (I, [|. ) be a Banach space, A=[0, 2 X
< [0, B], A,_{ (¥, v, 8, 8): O=s<aga, 0<t<y<Bl, A,={{v, ¥, 8): 0<s<g
caga, O0grg Bl 3.-,{ 1, v, 8) 1 0ga<e, 0<i<y<B]. The functions a, 4, ¢,

d b, q, & # are defined and continuous on A and alx, v), oy, ¥, gy, 3
£(3,3) S10, o] and b(x, v}, d(x, v} p(x, ), b6, ¥) S {0, ), f= CIA X E, E),
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freClA, % E, E], fieC[AXE, E], FeCAxE‘xR, E], where K=
=(—00, ™).
(i) For ueR, (x, 3, 21 22 %3 7 u), (%, ¥ Z1» Tay By %y ) =Ax
X Evx R, | F(x, ¥, 21y 22 233 %1 wu)—F(x, ¥, %1y Ra 2y )<Ly |2 —
—Z 4 +Le | 2a—Rall + L 23— & |+ M || 2424 |l;

”fl(xy .:"s Ss t: 2')—f1(x, J'; S, t! E) “"<- 1‘”-1”'?"_;E ” H]
”fa(-’v', ¥ s, z)—fz('r’ BIRN E) ||"'-<--“/I2 li z—% i, “fs(% ¥ b Z)—f;,(x, Mt :2) ll<
<M, z2—%|),

where L;, M, and M are nonnegative constants for i=1, 2, 3.

(ili) Let L be a positive number. For every fixed # € R there exists a
constant P >0 and (X, ¥, 21, %2 33 e 1) eAxE*x R such that

| (Tub) (2, 5) ISP exp (L(x+2))s

where 6 is the zero element in E.
(iv) There exist constants N,, N, such that 0<N,+N.<l and

DL, M, exp (Lla(x, 3)+5(x, )1)+L LMy exp (Lle(x, 3) 4205 2)) +
FTALa M, exp (Llg(x, ¥)+d(x )< Niexp (L(x+5))

M exp (Llg(x, 2)+h(x )< Naexp (L(x+3)-

Hypothesis 2. There exist a constant K >0 and a function A(x, 3) : A~
—R.=[0, ) such that for =1, 2, (¥, ¥, #1, &5 %3 Zas n) SAXLEYXR,

and

| F(xX, 3, 21y Zos 20y Zay th) —E (X Y5 21 220 20 205 1) || SA(x, ) | —ne |,

and
sup [A(x, y)exp (—L{x+»)I<K,

[x, ¥) €A

where | 1 || denotes the absolute value of 7.

Let G be a space of those functions ® : A—E which are continuous in
A and fulfil the condition

(3) | ©(x, y) [=0(exp (L(x+)))-
In the space G we define the norm (see, {1]}
(4) ® j= sup | Ul ®(x, ¥) exp (—L{x+x)]-

1t is easily seen that G with norm defined in (4) is a Banach space (sce, 21,

We note that the condition (3) implies that there exists a constant
M,>0 such that | d(x, ») €M, exp (L{(x+¥), (% y)€A. Using this
fact in (4) we observe that

(5) | @ <M,
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Now we shall prove the following

Theorem 1. Let Hypothesis 1 be fulfilled. Then for every ue R there
exists exactly one solution =G of equation (1), given as the limit of successiv
approximalions.

Proof. Let 2= R be fixed. We shall prove that 7, maps & into itself.
Evidently T,z is continuous in & and (7,z) (¥, v) =I for (v, y)=i. We
verify that (3) is fulfilled. Using (i) - (ili) we obtain

I (Taz) (% ) 1< {Ta2) (3 30— (Fa0) (% 2 IHI(L0) (5 s
ajy, ¥} Bix, 7]

<L, M, % § 12, £} |l exp (— L(s+1)) exp (L(s+1)) dsdt+
0

Lt (s, p, ) Rexp (—LsHp(x D exp (L 205 ) 4o+

dix. ¥
+LMy § algl, ), 1) llexp (—Llglx 2)-+43) exp (Llg(n ) +4) de

M || 2(g(x, ¥)s B(x, ) | exp (—LIg(x, y)+h(x, )]y exp (Llglx, ¥+
+h(x, )+ D exp (L(x+5))
ez | [DLM, exp (L{a(x, 3)+b(x, y)))+LILM, exp (LLp(x y}+e(x, 0
YT M, exp (LIgix, y)4d(x ) )+ exp (L{g(x y)+hx y) D1+
4+ P exp (L(x+2)).
Using (iv) and (3) we obtain
1 (Taz) (5, 3) || < [MoN,+MoNo+P)] exp (L(x-+3))-

From which it follows that T,z=G.
Now we verify that the transformation T,z is a contraction map.
We assume that z, 2 €G. From Hypothesis 1, we have
afr, ¥) bix, ¥)

(Tuz) () —(TE) (n ) I Ly § ] Il 2(s, () —E(s, 1) | exp (—L(s+

(%, ¥)

+1)) exp (L(s-t-2)) dsdt+L.Ms c()[, || 2(s, p(x, 3))—E(s, p(#, 3)) ll exp (—
dix, ¥)
—L{s+p(x, »)]) exp (LIs+p(x, 3)]) ffS+LsMa( J;] | 2(g(x, ¥} 6)—
—-Z(q(x. ¥), 1) ll exp (—LIg(x, 3)+11) exp (Llg(x, ¥) 1) di+
M || 2(g(x, 3), A, 3)—E(g(x, 2 (X x)) lTexp (—Lig(x, ¥)+
+h(x, 3)]) - exp (L[g(x, y)-HA(x ¥)])
<|z—% | [L:L,M, exp {L[a{x, y)+5(x, W)L LM, exp (Lle(x, )+
Fp(x, ¥Y)+ LM exp (Llg(x, ) d(x, y) I+ exp (Lg(x Y+
Ah(x, 3) Y€ 2—F | [N, N1 exp (L(x+3))

3 — Matematica
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Consequently, we have
(6) | Tuz— T2 |[< (N, +N,) | =% |.

By using the known Banach’s fixed point principle for contraction map
{8] for every fixed # =R there cxists a unique fixed point of transforma-
tion ¥, i.c. there is a unigne solution &G of equation (13, and it is given
as the limit of the successive approximations. This completes the proof
the theorem.

Our next theorem deals with the problem of continuous dependence
of solutions of equation (1) on a parameter .

Theorem 2. If Hypotheses 1 and 2 are ful filled, the solution z(x, v, u)
of equation (1) belonging to G is contrnnous with respect to the variables {x, v, u)
wm AxR,

Proof. Let z, 2€G, then from (6) we have

(7} | Tu(z) = To(z) | (N HNY) | 2—2 |
Next from Hypothesis 2, we obtain

(8) 1 Tu)=T(2) | < sup [A(x, ¥) | #—, |l exp (—L(x+3) <K | u—u, |
x ¥IEA

From Theorem 1 there exists a unique function z(x, v, #) such that Ty(z(x, v,
w))=z(x, ¥, 4) and T,,o(:(.v, ¥y wg))=z(x, ¥, 1) for (v, v)€A. Therefore,
from (7) and (8) we have

(6, 3 i) —2(x, 3y ) | <§ Tofz( 3y 1) — Tula(x, 3, 10)) |4 Loz, 2y 16)) —
= L%, 30 ta)) | S(NvHNo) | 2(x, 3, 1) —3(x, 3y #t0) | + K | it .

Hence
[ 2(xy a5 ) —a(x, vy wg) | <(1-N, =NV K | -u, .

This shows that the function z(x, », #) is continuous with respect to the
variable # in R uniformly with respect to the variables (x,3) in A, and
conscquently z(x, v, i) is also continuous with respect to the variables
(v, ¥ u) In A R, which completes the proof.

3. Maximal and minimal solutions. In this scction we employ the
notion of upper and lower solutions to study the existence of maximal and
minimal solutions of equation (1) when #=0 and describe how these func-
tions become upper and lower bounds of solutions of the equation.

ajy, ¥) b(r, ¥) oy, ¥]

e )=E(n s B0 A 0y s, 625 4) dsidty §7 1%, 3,5, 2(s,p(%, )))ds,

9 arsile o : T o) (v 4
I Jaolw 3 2(g(w, ), ) dty 2(g(x, 30, B3, 9))),=(T'a2) (% 3)

where z{x, v) is an unknown function. Hercafter, without further mention,
we assume that E==R" the # dimensional Euclidean space and all inequali-
ties between vectors are componentwise.

Definition 1. A function w=C{A, R"] is said lo be an upper solu-

tion of (9) if

5 NONLINEAR FUNCTLONAL INTEGRAL EQUATION 3

w(x, v) = (Tow) (1, ¥)
and similarly, a function v=C[A, R*] s said to be a lower solution of (9) 1f
o(x ¥)< (To0) (%, 2).

Definition 2. The functions %, z=C[A, R"] are callgd maximal aﬁd
minimal solutions of (9) respectivelv, if every other solution zeC[A, R
of (9) satisfies the relation z(x, y)<z(%, V}<SE(Y, ¥) for all (x, y) €A,

In our further discussion we need the following hypotheses. ’

Hypothesis 3. (i) The functions », w =C[A, R"} with o(y, y)<u(¥, ¥)

x, ¥) €A are lower and upper solutions of equation (9).
or (f,(;:)) The functions a, 0, ¢, d, $, ¢, &, # are defined and gontm)uo;? on 1)3
' 3 V) gl bx, ¥), (% v) p(% ¥)s
and a(x, ¥), c(x, ), q(x, ¥), &, y)e [O,‘cx] andu ‘s %, y)
h{x, 3")(5[09 pl, fieC[A; X R", R"], .fzec[Azy R*, R"), faEC[APaXR R"]
and FeC[A x (R}, R*]. For each 1, frd %, 95 8, 6 B), faul Xy 3 85 E), farx, v,
t,£) are monotone increasing in £ for fixed (x, y,s, 1) €4, (%, ¥ s} €4A,,
(x, ¥, t) €Ay whenever o(x, y)<E<w(x, v} for (x, ¥)€A and i=1, .., 7,
where A, A,, A, and A, are as defined in section 2. _
(iii} For each 4, Fy(x, ¥, 21, 22, 25, 2,} 15 INCreasing with respect to the
variables z,, 2., zs fpor fixed (x, v) €A, o N
Hypothesis 4. For (x, 3, 2y, %2 25 Za)s (%5 ¥ B1y 22y 2y %.) €A X{R"),

| F(xs v, 21, 22, 23, 1) — F (%, 3, 21y Bey B3y ) 1 €
<Lyl mv—Fg |4+ e |l 2a— s 14 Lo | 25— 2 - Lo L 2a—24 |l
and for (x, 5,4 2)SAXRE"Y, (x4, 55, ) €A, XRY (%, 3, 8, 2) =A;x R*,
I fi(xs 9, 5, 8 2)—fulxs 95 8, 1, B) (<M, lz—=2 1\,
Lfal%s 3 5, 2)=Ja(%s 3§ B) | < Mol 2=Z |y 1| ful2s 3 & 2)=Sul% 30 1 B} NI
<M,|lz—%|,

where L;, M, arc nonncgative constants for 1==1, 2, 3, 4, j=1, 2, 3 such
that
(10) LM aB+L.Ma+LMB+Li<l,

and || .| denote a convenient norm defined on R™ . .
In order to prove the existence of maximal and minimal solutions
of erquation (9) we define the sequences {w,} and {z,} by the relations

(1) wal %, ¥)=w(%, ¥), ©al%s ¥)=(Towu=1) (% 5)
(12) vo( X, ¥} =V(¥, ¥)=ValX, Yy={Tovn1) (¥ ¥)s for n=1, 2,

We arc now prepared to establish the following theorem on the exis-
tence of maximal and minimal solutions of equation (9).

Theorem 3. Let Hypothesis 3 be fulfilled. Then the sequence {wn}

] ' 1 imal solution zof
defined by {11) comverges wniformly from above to a maximar
eqiation ()‘J))(whl'le the s:quenr;e {vh defined by (12) converges uniformly from
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below to a minimal solution & of equation (9). Furthermore, if z(x, ) is any
soluiton of equation (9 such that v(x, v)<z(x, ¥)<w(x, v} on A, then i

113) LU, SV .. €U, <.. LI€3€z€ . SUE .. W, 0, S,

on A.
Proof. Define p,(x, vy=wvulx, ¥)—vi(x, ¥) for (v, y) €4, then
pi(x, 3) 2 (L) (%, 1) —(To0) (¥, 3)=0,
which implies v(x, ¥)<vi(¥, ¥) on A, where T4z denotes the i-th com-
ponent in the definition of the operator (T4z) given in (9). Let us assume that
for some integer k=0, v, (v, v)<vi(x, ¥) on A Then setting pilx. v)=
=vVwene (% ¥) -t (¥, ), we get

P, M =(Tovps1) (%, ¥)—(Tots) (%, ¥) 2 (o) (0, V)= (Tow) (¥, 3)=0,

which implies vi(+, ¥)<ve, (v, v) on A. Hence, it follows by induction
p1 (%, ¥)<v{x, ¥) on A, By following the above argument we can show
that w,(x, ¥)€wpa(x, ¥) on A.

Now define pi(v, ¥)==w,{x, ¥v)— 2%, v), then using the fact that
v(x, ¥)<w(x, v) on A, we have

Pdx, My=Tein) (¥, VI —(To) (%, ¥} 2 (Tov) (v, ¥)=(T 0w} (N, v}=0,

which implies #,(x, ¥)<w,{x, ¥) on A. By following an induction argument
we have 2,(x, ¥)<w,(x, 3) on A. Thus, the sequences {z,}, {w,} are monotone
nondecreasing, nonincreasing respectively, and o(x, y)<va(¥, Wiy, ¥)g
<w(x, ¥) on A, Furthermore, using the standard arguments, it follows that
these sequences converge uniformly and monotonically to the solutions
Z(x,y) and Z(x, y) of equation (9). -

Let z(x, ) be any solution of equation (9) on A such that o{x, y)<
<z(x, y)<w(x, y) on A, Then, by the induction argument, it is casily seen
that z(x, y)<wa(¥, ¥) and z(x, y) 20y, ¥) on A for every »=0, 1 2, ..
Hence, we have z{(x, ¥)<7(%, ¥)<E(x, ) on A This shows that z{x, ¥) is
a maximal solution and z(x, y) is a minimal solution of equation (9).
This completes the proof of the theorem.

We next establish the following theorem which shows that under
some additional conditions on the functions involved in (9) the maximal
and minimal solutions obtained in Theorem 3 coincide on A

‘Theorem 4. Let the Hypotheses 3 and 4 hold. Then the wma vintal
solution Z(v, v) and the minimal solution z(x, v} obtained in  Theorem £
cotncide on N, that 1s B(v, ¥)==(x, ¥) on A,

Proof. Since Z(x, v) and (v, v} are solulions of ¢uation (9) we have

20, ) =3 ) =163 (6 ) —(La2) (4 )]

afx, ¥) bx, ¥ efx, ¥l

<L 30 IZ(s, ) — (s, £) | dsdt+ LMo . | E(s, p(x, ¥ —
4]

. dle, ¥ _
—3(s, plx ) I ds+Ladds 1 [E(g(x: 3): )—Z{g(% 3) 8) dt+
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Ly V(g (s 3 BLY, 7)) —2(g(xs ), h(x, o) | < [0 M oB- Lot
4L AR+ L] Sl;p | 2(x, 3)—3{x, 3 |l

Then setting A=sup || &{x, ¥}—=(x, ¥} [l we get
Ky
1< (LM @B+ Lo e+ LM B+ L] 3

which implies in virtue of the condition (10) that A=0, lLe. 2(v, 3)=%(x, y) on
A. This completes the proof of the theorem.

We note that in general the maximal and minimal solutions obtained
in Theorem 3 are different. However, when (9) has a unique solution,
z(x, v}, they coincide. In this casc, the iteration scheme (13) has the advan-
tage that {o,} and {w,} converge to z on A and ©,= z<u,. That is, an appro-
cimate solution can be constructed to any degrec of accuracy by making
| va— 1, || sufficiently small.

In concluding this paper, we note that the results obtained in this
paper can be very easily extended to the Volterra integral functional
equation of the form

ay(x, ¥] Bils; )

(14) z2(x, y=F(x, ) Si{x a8 4 z(s, t)) dsdt, ...,
o

[

a(x, ¥} o(x, ¥} £yx, ¥
£ 0 Ty s bals, 0) dsdh [ gdn 3, 525 Pl 3N 45
Ealre ¥) dy{x, ¥
f gm(x, ¥s Sy Z(S, Pm(x: .y))) ds’ ‘ hl(x! ) t’ z(ql(x’ J'): t)) dl’ o
Q

0

d (x, ¥

I Tl s 2(ga(x, ¥)s 1)) @6 2(0a(%, 3)s Ba(x X)) oo
ey (%, 3), Balxs ¥))s )

with suitable modifications. Similar results can be obtained for morc
gencral forms of equations (1) and (14) with an unknown function of »

variables. In this case the notation will be much more complicated but
the methods will be cssentially the same. We omit the details.
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ASYMPTOTIC ANALYSIS OF NONLINEAR SECOND ORDER
DIFFERENCE EQUATION
T BY
M.R.S, KULENOVI(G and M. BUDINCEVIC

1. Introduction. In this paper we study the oscillation and asymptotic
behavior of solutions of second-order nonlincar difference equation of the
form

(1.1) Afr(m)Ay(n))+p(n+ D f(y{n+1))=0, =0, 1, ..,

where the forward difference operator A is defined by the equation Ay(n)=
— y(n-+1)—y(#) and the sequence {r(n)}7 and function f satisfy the follo-

wing conditions
(12)  7(n)>0 (1>0) and / is a nondecreasing function such that
uf(u) >0 for u=k0.

In (1.1) {p(n)}c is a given real sequence.

It is well known (see [11 and [3]) that the general linear difference
operator of second order can be presented as the first term of (1.1}.

By a solution of (1.1) we mean a real sequence {v(n)}e satisfying (1.1).
Obviously, a solution {y(n)}¢ of (1.1} is uniquely determined by the initial
values y(0) and y(1) or equivalently by any two successive values y(k) and
y(k+1) and can be defined for all =0, 1, ... .

Now, we introduce some notions which will be used in the sequel.

A real sequence {g(n)}e cventually has some property if there cxists

N 20 such that g(») has this property for n=N, N+1, ...
Throughout this paper, we usually refer to a solution {y(n)ig of (1.1)

simply as a solution y and consider only nontrivial solutions ¥ i.e. the solu-
tions such that y(k)=7y{k-+1}=0 do not hold for any k=0, I, ...

A nontrivial solution ¥ of (1.1) is said to bLe oscillatory if y(n) changes
sign infinitely many times. Otherwise, y is said to be nonoscillatory.

Equation (1.1} is called oscillatory if every its solution is oscillatory.
Otherwise, it is called nonoscillatory.

In Section 2. we list some well known results which will be used in the
sequel and we obtain an usecful estimate for nonoscillatory solutions of {1.1}.
In Section 3. we assume that p(») >0 and obtain the characterization of
nonoscillatory solutions of minimal and maximal type mentioned in the
preceding section. Section 4. contains some oscillatory results for (1.1}
in the case where p(n) is not of constant sign. In Section 3. we apply the
obtained results to the discretc Emden-Fowler equation and get the



