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ASYMPTOTIC ANALYSIS OF NONLINEAR SECOND ORDER
DIFFERENCE EQUATION

BY
M.R.S. KULENOVIC and M. BUDINCEVIC

1. Introduction. In this paper we study the oscillation and asymptotic
behavior of solutions of second-order nonlinear difference cquation of the
form

(1.1) A(r(m)Ay(n))+pn+ 1D f(y{n+1))=0, n=0, 1, ..,

where the forward difference operator A is defined by the equation Ay(n)=
— y(n-+1)—y(n) and the sequence {r(n)}7 and function f satisfy the follo-

wing conditions
(1.2)  r(#)>0 (n>0) and fisa nondecreasing function such that
#f(1) >0 for us£0.

In (1.1} {p(n)}c is a given real sequence.

It is well known (sec [11 and {3]) that the general linear difference
operator of second order can be presented as the first term of (1.1).

By a solution of (1.1) we mean a real sequence {y(n)}7 satisfying (1.1).
Obviously, a solution {y(n)}s of (1.1} is uniquely determined by the initial
values y(0) and y(l) or cquivalently by any two successive values y(k) and
y(k+1) and can be defined for all #=0, L ...

Now, we introduce some notions which will be used in the sequel.

A real sequence fg(n)}y cventually has some property if therc exists
N 20 such that g(n) has this property for #=N, N+1, ...

Throughout this paper, we usually refer to a solution {y(n)ig of (1.1)
simply as a solution v and consider only nontrivial solutions v i.e. the solu-
tions such that y(k)=y{k-+1)=0 do not hold for any k=0, 1, ...

A nontrivial solution y of (1.1) is said to be oscillatory if y(#) changes
sign infinitely many times. Otherwise, ¥ is said to be nonoscillatory.

Equation (1.1) is called oscillatory if every its solution is oscillatory.
Otherwise, it is called nonoscillatory.

In Section 2. we list some well known results which will be used in the
sequel and we obtain an uscful estimate for nonoscillatory solutions of (1.1).
In Section 3. we assume that p(n) >0 and obtain the characterization of
nonoscillatory solutions of minimal and maximal type mentioned in the
preceding section. Section 4. contains some oscillatory results for (i.1)
in the case where p(n) is not of constant sign. In Section 5. we apply the
obtained results to the discretc Emden-Fowler cquation and get the
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complete information on the oscillatory and nonoscillatory behavior of
this equation. For instance, we show that, under appropriate conditions,
Emden-Fowler equation has only nonoscillatory solutions of minimal and
maximal type. In Section 6. we get some comparison resuit of Sturm type.
Finally, Section 7. discusses some possible extcnsions of presented results.

The results presented in this paper include previous results contained
in [4].

We remark, that detailed discussion on various problems of qualita-
tive theory of sccond order difference equation (1.1) can be found in [1],
while in the case of oscillation and asymptotic behavior of nonoscillatory
solution of (1.1), we refer to [3] for lincar case and to {4} {or nonlinecar casc.

The phrase “without loss of generality” is abbreviated as WLOG.

2. Preliminaries. In what follows, we will make use of a simple fixed
point theorem due to Knaster.

Theorem 2.1. [71. Let < be a partral ordering with ficld A, and suppose
that every B A has a lcast upper bound. Suppose that F maps A into A in
such a way that for all x, y in A, x<y tmplies that Fx<Fy. Then Fx=x for
some x = 4.

Several of the arguments in subsequent sections make use of the follo-
wing summation by parts formula:

el n—1
(2.1 Y wAvi=uv,— i, Z v+, Au;.
t=m 1=m

The following lemma provides an uscful information about the asym-
ptotic behavior of nonoscillatory solutions of (1.1).

Lemma 2.1. Consider {1.1) subject lo the conditions (C,) p(n) 20 for n=
=0, 1, ... and p(n) is not eventually zero, and

n—1 l
(Ce) R(ny= Y, == -» for n—c0.
Zor(t)

Then, cvery nonoscillatory solution v of (1.1)‘ salisfies eventually “a priori”
estimate

(2.2) a< |y(n)|< AR(n),

for some posilive constants a and A (depending on y).

Proof. WLOG we supposc that y =0 eventually, which implies that
A(r(m)Ay(n))<0 eventually, which means that Av(n) is eventually of con-
stant sign. First, we show that Av(n} =0 cventually, docs not hold. For if,
we have 7(n)Ay(n)< —M <0 cventually, which vields

Nn—1 ]
yy— ()< —M E 7—(5—> -00(#—>00),
which is an immediate contradiction. Thus, we conclude that Ax(x)>0
eventually, which immediately gives y(n) >a >0 eventually and r(n)Ay(n)
< 4,, eventually from which we obtain

n—1 1
Yy v(m) + A, ‘2" 0 < AR(n)

for all large #.

T T——
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Lemma 2.1. naturally implies that solution asymptoticaly equivalent

to nonzero constant will be called the solution of minimal type, while the
solution which is asymptotic to A4 R(n) will be called a solution of maximal
tvpe.
_P 3. Characterization of minimal and maximal type sclutions. Theo-
rem 3.1. Conusider the difference equation (1.1) subject to the conditions (Cy)
and (C,). Then, (1.1) has a ncnoscillatory solution of minimal type iff the
following condition holds

(Cs) X R(iypiy<eo.
Proof. First, suppose that (C;) holds. Then, there exists #,2>0 such
that f(2K) ¥, R(i)p(i)< K, for some arbitrary constant K =0. Let S be the

set of all nondecreasing sequences x with the property K<x(n)<2K for
#>n, Theset S is considered endowed with the usual point-wise ordering < :
O X (Y za) (1)< Xa(n). )

Obviously, for every B S, inf B =S and sup B &S. Hence, we consider
the mapping F on S defined as follows:

n—1
(FOm=K+ R % p0f(0)+ B REOPOSE), #3m
It is clear that all conditions of Theorem 2.1 arc satisfied which implies
that there exists z€ S such that Fz=z i.e.

o n—1
) =K+R(n) X pf(x()+ XK REOPOS@), n2m.

Obviously, the sequence z is the required nonoscillatory solution of {1.1).

Now, we suppose that (1.1) has a nonoscillatory solution y such that
y{(n)->a =0 for n—>00, which by Lemma 2.1 implies that Ay(n) >0 eventually.
Thus, there cxists #, >0 such that for #>#5, y(%) >af2 and Ay(n) >0.

Denoting U(t)= R(}r(:)Ax(f) and using (1.1} we obtain

AU () =Ay(i) + R(i-+ DAF(DAY() =Ay()) — R+ D+ Df(y(E+1),

which, by summation from #; to n—1, yiclds

n—1

0< U(n)=U(m)+y(m)—y(m}— § R(i+1)p(i4+ Df(3(+1))<

()5 o
::,U(nl)—l—a——y(nl)—f‘z] ; R4+ 1)p(r+1).
] 3 '

Hence, f(af2) ¥ R(i+1)p(i+ 1)< U(n1)4a— y(#.),which completes the proof
of theorcm. ’ . .

Theorem 3.2. Consider the difference cquation (1.1} subject {o the condi-
tions (C,) and (C,). Then, (1.1) has a nonoscillatory solution o [ maximal tvpe
if f the following condition holds
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(Cd) ,.i;o () 1f(eR(n)}| <o,

for some constant a=0.
Proof. First, suppose that (C,) holds. Then, therc exists #,>0 such

that E plE)f(aR(i))<ej2. Let S be the set 'of all nondecreasing scquences
% such that (x/2)R(n)< x(n) < aR(n) for # zn,. The set S is considered endowed

with the point-wisc ordering < as in the proof of preceding thcorem. Fur-
thermore, we consider the mapping G on S defined in the following way

c " . el E . )
)= R+ ¥ = {5, =,
G =5 B+ B o B pU)fti) »>m
Obviously, all conditions of Theorem 2.1 arc satisfied, which implies
that G has a fixed point z.i.e. Gz==2. Hence, we get

a 1 = . )
(3.1) Ber)= 5o + B POIEGNI) for n>ns

which implies that z is the required nonoscillatory solution of (1.1).

Next, we assume that (1.1) has a nonoscillatory solution of maximal
type y such that y(n)—~AR(n) for n—>, where 4 >0 is constant. Lemma
2.1 implies that Ay(n) >0 eventually. So, there exists 5, >0 such that for
%20,

y(1) 2 (A[2)R(n) and Ay(n)>0.

Now, from (l.1) we obtain by summation from #, to n—1

n--1

(3.2) r(n)Ay(ng)—r(n)Ay(n)= ‘g i+ f(3GE+1)),
which yields !
E P+ DA/IRGE D)< E i+ DA+ D) <r(m)Ay(m),

and the proof is complete.

Remark 3.1. Theorem 3.1 is related to the result of Hooker and
Patula [4, Theorem 4.2}, which is originated by the continuous analoguc
of a result of Atkinson [1]. Morcover, Theorem 3.2 is an improvement
and generalization of a result of Hooker and Patula [4, Theorem
4.4], since obviously the solution which has asymplotically positively
bounded dif ferences in the sensc defined in [4] is a solution of maximal type.

Remark 3.2. It is easy to prove that in a sufficient part of Theorem
3.1 condition (C,) can be replaced by the following one:

o ] n
(Ca) ’lg() r(n) '_go P(T’) <0,

4. Oscillation results. In this section we obtain some oscillation
results, which complement the nonoscillation resuits of preceding scction.
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Theorem 4.1. Consider the dif ference eyuation (1.1} subject to the condi-
tions

n=0

@ @ 1 " ;
(Cy) ”Z_]O pn)y=cc and (C)) X o ‘_ZE) Ppli)—c0.
If the following condition holds

(C) Y iy €

. o (1)
then (1.1) is oscillatory.
Proof. Let x be a nonoscillatory solution of {1.1). Then xis of constant
sign eventually, say for #2#,. Let
e r{n)Ax(n)

f(x(n)

] u.;nl.
Now, we have
_\w(u)=f(x(n))A(r(u)Ax(n)—r(n)'_\.v(u)Af(,r(u)) _ A(r(m)Ax(n))

JQem)) f(x(n+1)) fx(n+1))
_ r{mAx(m)Af(x(n))
f(x()) f(x(n+1))
. _ r(m)Ax(m)Af(x)n))
wd A=A D e et
which yields _
Aw(n)< %:—pm 1), n 211,

and
(4.1) w(m+1)—w(ig) < — \; pin+1).
Thus lim w(m)=—c0 and consequently there exists #,>#, such that

x(n)Ax(n) <0 for every #,2n,.
So, we obtain that lim [x(n)|=d, 4>0.

Ho o

Hence, by (Cs), (4.1) implies
w(m-+1)<—1{2 ¥ p(n+1) for every m >,

n="mn,

where n; 20, is chosen appropriately. Moreover, for every #m >n;,

Ax(m41) - 1 1 L
_— g bl 1),
T < 27t 2P
which, by summation from #; to #>#; gives
» Ax(m41)
m=n, f(¥(m-1))

" 1 m+1

1
e Em‘g,., r{m-+1) ,,,;H_. rAGdR
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Taking n—c0, by (Ci) we get
¢ du

z(§,) f(u)
which is, by (C;), an immediate contradiction.
Theorem 4.2, Consider the dif ference equation (1.1) subject fo the condi-
tions (C,) and

(Cs) 'SOR(n)p(n)=oo and (C,) K:J—r((% <o, ¢>0.

Then, the differcnce equation (1.1} is oscillatory. .
Proof. Let x be a nonoscillatory solution of (1.1). Then x is of cons-
tant sign eventually, say for nz#n, If

v(n)= %%ﬂ- R(n), nz=n,
o) — JE))A(r(m)Ax(n)}—r(n)(Ax(#))A f(x(n))
B J(E) J(x(n 1)) -
r(n)Ax(n) AR(#)—R : A(r(n)Ax(n) R | r(n)Ax(n)(Af(x(n)))+
Ty R ey D e )
%AR(?&)Q—R(n+I)p(n+I)+ ?%%;%, nzn
Summing the last inequality from #, to m>n,, we get

for m>n,.

" m o Ax
v(m+ 1< v(n,)— ”=an R(n+1)p(n-+1)4- »=2u: ﬁ%—

Taking into account the conditions (C,) and (C;) we conclude that
lim |x(m)|=d, 420 and x(n)Ax(#) <0 for every mu,>n,.
m>= WLOG we suppose that x(n)>0, which implies that Ax(n)<0.

Now, introducing the function U(n)=R(n)r(n)Ax(n) for n>n, we
have

AU(n)=R{n+ DA(r(n}Ax(n))+r(n)(Ax(n))AR(n) =
— )R+ 1) f(x(n+ 1))+ Ax(n)

for n>n,, which by summation from #, to m >#,, yields

e+l

Um4 )=Un)+x(m+Y—x(n)— X pn+1)R(n+1)f(x(n+1))=

ne=y

—U(na) 3t = x(n)~ % f(x(n+ 1))A(Z" R(i)p(i)) -

n=n, jemmy

Now, applying the relation (2.1) we get

Unt )=+ 2w 1)=x()+ 3 (B Riop(9)aftstt 1)

nany \1=mn,
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m i1

s f(x(m-+2)) Y REWWEIS U(ny) <0 for m>u,.

i=n,

Thus, we get

. 1 . AR(m+1)
im0y U, = U(n) 28] .
Ax(m+ 1)< Ulny) Ty Ty {n Rm ) for m>n,,

which implies nT )
' ‘. AR(m+1)
SN et DFU) & =5 =

Now, taking into account the condition (C,) we obtain lim y(h)=—c0
which is an immediate contradiction. Lt

Using similar methods one can prove the following result.

Theorem 4.3. Consider the difference equation (1.1) subject to the condi-
tions (Cy), (C.) and

(Cio) - L p(n) t flaR(n)) | =c0, for all a=£0,
If [ is strongly sublincar 1.e. if there exists a number v < | such that f(u)|u|*sgn u
is nonincreasing for u>0 and nondecreasing for u <0, lthen (1.1} 25 oscillatory.

Corollary 4.1. Consider the differcnce equation (1.1) subject to the condi-
tions (Ci), (Cy) and (C.). Then, (1.1} is oscillatory iff (Cs) holds.

P’roof. It is an immediate consequence of Theorems 3.1 and 4.2.

Corollary 4.2. Consider the dif ference equation (1.1) subject to the condi-
tions (C,) and (C,). If f is strongly sublinear in the above mentioned semse,
then (1.1} is oscillatory iff the condition (C,q) holds.

Remark 4.1. Corollary 4.1 improves and generalizes in various direc-
tions the result of Hooker and Patula [4, Theorem 4.1.] Moreover,
Corollary 4.2 is an improvement of a result of Hooker and Patula
(4, Theorem 4.3].

We also note that Theorems 4.1 and 4.2 are discrete analogues of the
corresponding results for differential equations and incqualities obtained
by Kulenovi¢ and Grammatikopoulos [5]. Furthermore,
Theorem 4.3 is a discrete analogue of a continuous result for Em d e n-
Fowler differential equation, sce [10] and references therein.

Finally Theorems 4.1 and 4.2 are, in point of contact, more general
than the result of Szmanda (8]

5. Application to the Emden-Fowler equation. In this scction we
apply the obtained results to the special case of Emden-Fowler equation
of the form
(3-1) A(r(m)Ax(n))+p(n+ 1) |v(n+ 1) sgn v(n+1)=0, v=0 and n=0,1,...,
obtaining some further results on the asymptotic behavior of nenoscillatory
solutions.

Theorem 5.1. Consider the dif ference equation (3.1} subject to the condi-
tions (C\) and (Co). If vz 1 and the condition (C,) holds, then every nonoscilla-
tory solution of (5.1) is either of minimal or of maximal tvpe.

Proof. Since v 1, the condition (C,) implies (C,) and by Theorems
3.1 and 3.2 the equation (5.1) has both type of solutions. Now, we show
that (5.1) has no other tvpes of solutions.
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Suppose that y is an unbounded solution of (5. l) WLOG we assume
that y =0 eventually ie. y(u#)>0 for # 2#,. Then, by Lemma 2.1 we con-
clude that Ay{n) >0 ‘eventually and the estimate (2.2) holds. We may suppose
that Ay(n) 20 for n 2w, Now, by discrete analogue of L'Hospital rule we
get that

)] . o B
lim =L =lim r(n)Ay(n) =L [0, ©).
noam R(u) Ao

Multiplying (5.1) b\ % | 1/r(k)] and summing we obtain
”l =0

oo
REIA(r(k YAy (k) Z —+ T pte 000y B 75 =0

and
n=l

(32) r(may(m) % (,)—v(u)—w )+ E plR+- D) (p(A1)) i}—l—)— .
which by Ay(n) 20 for nzn, yiclds
53 x0<a(n E REE ARG ROIATE, 2>
Thus, we have
y(n)sy(m)ﬂ(w):_'z; R(h-4 1)p(+1) (o (kD) ROy (n)By(), 0 >0,
and

s R(n)r(n)Ay(n) ">y,
(5.4) 1< W) »E,.lh (k1) pleA (VRN T 0

\@

Now, using the estimate (2.2) we abtain

5 RMPEGENE E REHEOAREN <A™ T (R AR).

Reaytl k'.-l'l,
If #, is chosen large enough to provide A"'lh?ﬂ (R(R)'p(R)< &, for

arbitrary €0, then (5.4) implies
ym) | Rmrmdytn)
¥(n) v(n)

which immediately gives
R(w)r(n)Ay(n) S1_e,

lim inf
n ()
and
(5.5} R(n)r(m)Ay(n) = (1— &) y(n) for every nzNzn,.

Now, using (3.5) from (5.1) we obtain

(1— e BASN) =)y ()= (1) T A+ D(3(k+ DS
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e

P B RIAY ) < A% p()) R (R R(NAY ()<

<AY HNAY(N) E I\"(/e)j)(lc)<slr(.\')A_-;f.-\'),
k=N

X
-

=
\

if N is large enough to provide A¥ X RY(&)p(k) < e, Thus, we get
LR

(5.6) (1— &) [7(N)AY(N)—r(n)Av(n) 1 <er(N)A)y(N)
and r(n)Axy{n) > (1—2 s.l)r(N)Ay(N) eventually,

which implies that lim r(n)Ay(#)=1 =0and solim x(u)/l(n) =L =0, which

completes the proof of theorcm.

The corresponding result for sublinear case is the following.

Theorem 5. 2 Consider the dif ference equation (3.1) subject fo the condi-
tions (Cy) and (Cy). If v< 1 und the condition (Cs) holds, then cvery nonoscilla-
tury selution of (5 1} 1s either of minimal or of maximal tvpe.

Proof. Since v< 1, the condition (C;) implies (C,) and by Theorems
3.1 and 3.2, the equation (3.1) has both type of solutions.

Suppose that y is an unbounded solution of (3.1}). WLOG we suppose
that y =0 eventually which implics that Ay{n) >0 cventually ie. therc
exists #, 20 such that y(#) =0 and Av(s#) >0 for # 2#,. Starting {from the
relation (5.2) we obtain (5.3} which by Ay(n) >0 and the estimate (2.2)
yiclds

y{n)< (n)—[— 2. R{k+1)p(k+ D a(k+ )Y+ R{n)r(n)Ay(n)<

<y 1(u) ).. I\(k-|—1)/>(k—|—1)( (R 1))t R(n)r(n)Av(n)<
< o) o () X RN+ R(n)rmAy().

Now, we obtain

1< y(#) doav . RUR) LY - R(n}r(n)Ay(n) gj'(?h)

s T O T )

b o T o R{n)r(m)Ax(n) _y(m) | R(n)r(n)Ay(n)
+a Z R(R)p(k)+ ) < o e+ T

where #, is large enough to provide o”! >.. R{k)p(k)< e, for an arbitrary

, for n =z,

e>0. Using the same arguments as in tht_ proof of preceding theorem we
obtain the relation (3.5), “which gives
(1= 2)(r(N)AYN) =)y ()= (1 =) X p()y' (k)=
=(1—e) I y(Bp(Rr RS S r(BAYERRER(E) R
LR ¥

LEREN!
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sa! i R(Ic PRy (R)AYy(RYy< a1 (N)Ax(N ) E R(R)p(RY< e (N)AN(N).

where N is chosen such that a™} L R{k)p(h)< e

Thus we obtain the relation (5 6) and the proof follows in the same
way as the proof of the preceding result.

The following result gives a stronger result on the asymptotic beha-
vior of nonoscillatory solutions of {3.1).

Theorem 5. 3 Conszder the difference equation (5.1) subject o the com-
ditions (C) and (C.). If the following condition holds

(&) lim inf R(n))* 5 (k) >0, for some O0<h<v
n-r k=n

then, for every nomoscillatory solution the following estvmate holds
(5.7) 0< |v{n)| < A(R(#))™, eventually,

where a and A are some appropriate positive constants depending on y.
Proof. Suppose that v is a nonoscillatory solution of (3.1}, WLOG we

suppose that v >0 eventu: ly which, by Lemma 2.t implies that Ay(n) >0

eventually i.e. there c‘usts Nz0 such that ¥(n) =0 and Ay(n) 20 for 2N,

Multiplying (5.1) by L 1/r(7) and then by summation from N to k—1 we
i=¥

obtain

{5.8) E A(r(n)Ay(n) 2’_'.‘, (L

k=1

I port 1) (3(n+ 1)) Z -(%) =0.

=57

Applying the rclation (2.1) to the first summand of the last relation
we get

n 1 1 LA no]
Z A(r(n)Ay(n)) ,‘Z.\-;(i_) =r(k)Ay(k);(-i—)— ”Z:\‘ (A-';\'E) r(n+1)Ay(n+
NAY(N) e = By Ay
+1)—r(N)Ay(N) wEe r(k)Axy /)'gv 0 Ay(N)— z Ayn+1)=
~rHAYE) 5 -~ 5 v =rBAs(h) % —(—5—;(fe+1)+ ().

o \f(Tr =

Thus, we obtain

(5.9) EA m)Ay(n) ):

On the other hand from (5.1) we have

I
\.._,

=AY 5 75 301+ )

(5.10) (M)A y(M)—r(k) Ay (k) +‘§: P+ DA(¥(n+ 1)) =

Using (5.9) and (5.10), the relation (5.8) vields

e e e i
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(5.10) vk D) =v(N)+r{(A)Ax(:

(ﬁ : )z/) nt

R (1) nek

N{y{n+1})"+ \; P4 {x(+1)) Eﬂ -—(I-_-, eventually,

t\r)

which immcdlatcly implies

M- M1

v(k+1) Z — Z Pl D{(n+ DY 2 CR{R) Y, pn+ 1Y x(n+ 1)),

l'\rln Nk

eventually, for some appropriate constant C =(0, 1}. Taking A -0 we get
W12 CRIE 3 p)(3(n) > CRIGU)” X p(n), eventually
n-k

which, by (C,;} and the estimate (2.2} yields :

O poyios 5 5 > Gty LD
C i T 5 0> Coth -2

for some appropriate constant C, which completes the proof of theorem.

In a similar manner, we can prove the following result.

Theorem 5.4. Consider the difference equation (3. I) subject to the con-
ditions (C;), (C,) and (C,,). Then, for every nonoscillatory solution y the follo-
wing estimate holds

a< |v(n)|< A(R(n))»=17=1, eventually, for 1 <)<

y(n) = , eventually,

and
B(R(n))' 'V [y(n)| < bR(n), eventually, for 0 <v<h <1

Corollary 5.1. Consider the dif ference equation (5.1) subject to the con-
ditions (C,), (C,) and (C,).

() If v>1, then cvery solution with bounded differences of (5.1) is etlher
of minimal or of maximal tyvpe:

(by If 0<v<1 and Ay(n)—0 as n—co, then cvery solution of (5.1) 1s
efther of minimal or of maximal Lype.

Proof. Tt is an immediate conscquence of Theorems 5.1 and 5.2 and
of 4, Theorem 35.1].

6. Comparison result. In this scction we get a comparison result of
Sturm’s type for the nonlincar equations. Consider the difference equation

(6.1 A(R(m)Ay(n))+ P(n+ 1 (v(n4-1})=0, n=0, 1, ...
where R(n) >0 and P(n) >0 for #=0, 1, ... and F is nondecreasing function
such that #F(u) >0 for u==0.

Theorem 6.1. Cousider the equation (1.1) along with the equation (6.1)
subject to the conditions

(6.2) if:o[l/R(n) o0,
{6.3) r(n) = R(n) and P(n) > p(n} for n=0,1, ..,
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and
(6.4) (F—/)[0, ) 20 and (F—f)(~ o0, 0]<0.

If the difference equation (1.1} is oscillatory, then (6.1) is o:scillator)' too.

1{roof. I{éft ¥ be z? nonosc(illat)ory solution of (6.1}, WILOG we suppose
that 3 =0 eventually which, by Lemma 2.1, implies that Ayv(n) ;;0 even-
tually i.c. there exists V 2 0 such that v(n) =0 and Ay(n} 20 {orr n 2 N. Hence,
by (6.3} and (6.4) we get P(n}l(y(#) > p(u)f(v(n) for neN and A(R(n—
1) Ay(n—1)+p(n) f(3(n))<0, # =N which implies

Rin—1)Ay(m—1)> = p(n)f(s(m), m>N
and by (6.3) i
Apm—1)> ——— 3T pim)f(3() > ¥ f(y(m)).

=
R{m—1) o= rim—1) s,

Summing the last inequality from N to k, wec obtain

k l kY
yB) s yN—1) 4 Y —— ¥ (), k>N
wimn F(—=1) &S
Let X be the set of all nondecreasing sequences %, such that
N—1)< x(k)< (k) for every k2 N.

The set X is considered endoved with the usual point-wise ordering
as in the proof of Theorem 3.1. We consider the mapping H on X defined
by :

* s T
(AR =31+ % ——= 5 A, k>N
o F(m—1) a5

Taking into account the assumptions, it is easy to see that all condi-
tions of Theorem 2.1 are satisfied, which shows that H hz_is a fixed po}nt
z i.c. (Hz)(k)=2(k) for every k>N. Obviously z is a nonoscillatory solution
of (1.1), which is a contradiction. ) ‘ .

7. Concluding remarks. Remark 7.1. In the case of Thoma sFermi
difference equation (1.1) i.e. in the case where the condition (C,) is replaced
by the following condition

(o) p(n)<0 for n=0, 1, ... and p(n) is not eventually zero,

it is easy to see that all solutions are nonoscillatory (see [4]) and using the
similar methods as in the proofs of Theorems 3.1 and 3.2 we cap prove,
under the appropriate conditions, the existence of solutions asymptotically
cquivalent to constant and to R(n). The corresponding results can be for-
mulated as follows. .

Theorem 7.1, Consider the dif ference equation (1.1) subject to the condi-
tions (C,) and (C,). Then (1.1) has a nonoscillatory solution of (a) minimal
type iff the following condition holds
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(b) maximal type iff the conditicn (C,) holds.

Unfortunately, in the case of Thomas-Fermi equation “a priori” esti
mate of the form (2.2) fails. Thus, the terms maximal and minimal type
of solutions makes no sense in this case.

We note that in this case some comparison results for nonoscillatory
solutions can be obtained using the similar methods as in the preceding
section or using some elementary methods as it was done in [4].

Remark 7.2. Most of the obtained results can be extended to the more
general case of the difference inequality

(7.1 v(#) [A(r(n)Ay(n))+ pn+ 1 f(y(n-+1))]1€0, #=0, 1, ..,

where the sequences 7 and p and the function f satisfy the same conditions
as in the case of difference equation (1.1). Actually, all results of Sections
2.4 and 6 can be extended, under the same conditions, to the case of ine-
quality (7.1). Morcover, as in the case of the corresponding differential
equations and inequalities we can prove the following result on the equi-
valence of (1.1} and (7.1), with the respect to the oscillation (sce [9] for
detailed study on this subject).

Theorem 7.2. Consider the dif ference equation (1.1} and the correspon-
ding imequality (7.1), subject to the conditions (C,) and (C,). Then the following
concluston holds

(1.1) is oscillatory <(7.1) 1s oscillatory.

Further, in the casc of linear difference equations and inequalities,
we can get stronger conclusion (see {6] for continuous analogue).

Theorem 7.3. Consider the lincar difference equation (1.1) and the linear
tnequality (7.1). Then

(1.1) s oscillatory < (7.1) is oscillatory.

Finally, we note that in the case of Thomas-Fermi equation (1.1) i.c.
in the case where p(#)<0, for #=0, 1, ... the corresponding inequality has
the form

v

(7.2) Y Ar(n)Ay(n)) 4-pr+ D f(vin-+1))120, n=0,1, ..,
and the result of Remark 7.1 as far as the results of [4], concerning this
equation, can be extended to this more general casc.

Remark 7.3. We note that in the case where (C;) holds we can trans-
form the equation (1.1} to the form where 7(z)=1 for every +=0, I, ... In
fact introducing the following discrete analoguc of standard Liouville trans-
formation : m=R(n), x(m)=2x(n), we reduce (1.1} to the form

Arx(m)r(m)p(n+ 1) f{x(m4- 1)) =0, m=0, 1, ...

Thus, we could treat the last equation instead of (1.1), but we prefer
our method for the sake of technical simplicity.

Finally, all obtained results can be extended to the other two types
of second order difference equations namely to the equations A(r{n)Ay{u))+
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S pn)f(v()) =0, n=10, 1, .. and A(r(n)Av(n) + p(n+2) f{(v(n+2)) =0, n=
0, I, ..., in which case, the conditions that we used, must be replaced by
the related, appropriate conditions, while the methods are the same.
Also, the presented results of Section 2--4 and 6 hold if the condi-
tion (1.2) on function f is replaced with the condition that [ is sublincar
(f(z)/u is nondecrcasing for i <0 and nonincreasing for u =0) or superlinear
(f(1r)/u is nonincreasing for # <0 and nondecreasing for n =0).
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ON THE CONVERGENCIE OF THE METHOD OF FINITE
DIFFERENCES APPLIED TO A BOUNDARY VALUE PROBLEM
FOR FUNCTIONAL-DIFFERENTIAL NEUTRAL TYPE EQUATIONS
BY

. D BAINOV and N. G, KAZAKOVA

The convergence of the method of finite differences when applied
to the problem of periodic solutions of ordinary differcntial equations wi-
{hout deviation of the argument is considered, c.g. in [1]. The convergence
of this method in the case of diffcrential cquations with a transformed
argument is considered by Saarniit LR. in 2—4] and others. The con-
vergence of this method in the case of an initial value problem for functional-
differential neutral type equations is considered, e.g. in "5—7".

The present pazer deals with the convergence of the method of finite
differences applied to a boundary value problem for functional-diffcrential
neutral type equations.

|. Formulation of the boundary value problem. Let us consider the
boundary value problem for a functional-differential neutral type equation
with lincar boundaryv conditions

(1) X(B)=f(4 xp Xy, W), 20, T,
@) x()=olt), t=[—ky 0, () eD)+ § v =

where the operator f: [0, T xC({—{,, 0], R") x C([—%o 0], R™)xR™"—R"

is continuous, C*({a, b1, R™) (k=0 is the spacc of the continuous functions

v:[a, b]->R™ with continuous derivatives up to the A-th order endowed
k

with the uniform norm ||a]lc o.4y= £ max {x¥(t)], R” is the m-th dimensi-
i=0¢€a,b]

onal space with a norm |-|, v =R™ is a parameter, 5 =CY[—4, 0], R™), x
and &, arc clements of the spacesC([—t,, 0], R"} such that x{s)y=x(t+s)
and &(s)=x(¢+s) for cvery Se=[—f, 0] where >0 1s a fixed number,
¢(t) is (m xm)-matrix with a bounded variation on [0, 17, s (mxm)-
matrix, I =R™, o(0)=f(0, ¢, ¢, 2} for cvery 2 =R™

The pair (x, X)€C({—t, 7], R")xR™ satisfying the cquations
(1)—(3) will be considered as a solution of the problem (H—(3).

Let

0, t=[—4o 0]

(JoyHt)= j),(s)ds’ re0, T] (Jy)) =

(P(t)’ te [_to’ O]
2(0)+] y(s)ds, t=[0, T]

for y ([0, T, R™).



